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Abstract: After defining, dual prime numbers will be presented: Bolcsfoldi prime numbers from 23 to
33333333223, Birkas prime numbers from 227 to 77772727777, Bélcsfoldi-Balogh prime numbers from 353 to
53333335333, Bolcsfoldi- Madar prime numbers from 557 to 57775777757 . How many dual prime numbers
are there in the interval (10°*, 10°) (where p is a prime number)? On the one hand, it has been counted by
computer at least to 13 digits. On the other hand, the function (1) gives the approximate number of dual prime
numbers in the interval (10°*10°). Near-proof reasonig has emerged from the conformity of Mills’ prime
numbers with dual prime numbers. The sets of dual prime numbers are probably infinite.
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. Introduction

The sets of special prime numbers within the set of prime numbers are well-known. For instance, the
Erdés-primes  (the sum of the digits is prime) [8], Fibonacci-primes (Fo=0, F1=1, F,=F,.1+F,.»), Gauss-primes
(in the form 4n+3), Leyland-primes (in the form x’+y*, where 1<x<y), Pell-primes (Py=0, P;=1, P;=2P.1+P,.,),
Bolcsfoldi-Birkas primes (all digits are prime, the number of digits is prime, the sum of digits is prime), etc.
Question: Which further sets of special prime numbers are there within the set of prime numbers? We have
found 4 further sets of special prime numbers within the set of prime numbers. It are the sets of Bolcsfoldi-, of
Birkas-, of Bolcsfoldi-Balogh- and of Bolcsfoldi-Madar primes.

1. Bolcsfoldi prime numbers [3], [9], [10], [11], [12].
Definition:a positive integer number is a Bolcsfoldi prime number, if
a/ the positive integer number is prime, b/ all digits are 2 or 3, ¢/ the number of digits is prime,
d/ the sum of digits is prime.
The set of prime numbers meeting the conditions a/ and c/ is also well-known: it is the set of prime-long prime
numbers [3], [9]. Positive integer numbers meeting all the four conditions (a/, b/, ¢/, d/) at the same time are
Bolcsfoldi prime numbers .
Bolcsfoldi prime number p has the following sum form:

k(P k(p)
p=x¢i(p).10’ where ej(p) € {2, 3} and k(p)+1 is prime and eq(p) € {3} and )’ ¢j(p) is prime.
j=0 j=o
The Bolcsfoldi prime numbers are as follows (the last digit can only be 3):
23,
223,

32233, 32323,33223,

2222333, 2223233, 2232323, 2233223, 2332333, 2333323, 3223223, 3223333, 3233323, 3332233,
22222222223, 22223333333, 22233332333, 22233333323, 22332233333, 22332333323, 22333233233,
22333332233, 23222333333, 23223332333, 23232233333, 23233223333, 23233223333, 23233232333,
23233333223, 23322323333, 23323322333, 23332223333, 23332332323, 23333233333, 32223332333,
32232333233, 32233323233, 32323223333, 32323333223, 32332232333, 32332333333, 32333223233,
32333322323, 32333332333, 33222323333, 33223332323, 33223333333, 33233323223, 33322233323,
33332333233, 33333222233, 33333332323, 33333333223, etc.

T(p) is the factual frequency of Bélcsféldi prime numbers in the interval (107, 10).
T(2)=1, T(3)=1, T(5)=3, T(7)=10, T(11)=39, T(13)=104, T(17)=2526, T(19)=4915, etc.
S(p) function gives the number of Bolcsfoldi prime numbers in the interval (10°*,10°). We think that
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S(p)=1,0404x1,6"* , where p is prime.
1)

The factual number of Bolcsfoldi primes and the number of Bolcsfoldi primes calculated according to function
(1) are as follows:

Number of digits The factual number of The number of
Bolcsfoldi primes Bélcsfoldi primes
p in the interval (10°*,10°) T(p) according to function S(p)=1,0404x1,6"*  T(p)/S(p)
2 1 1,6 0,63
3 1 2,66 0,38
5 3 6,82 0,44
7 10 16,78 0,60
11 39 114,39 0,34
13 104 292,85 0,36
17 2526 1919,20 1,32
19 4915 4913,15 1,00

I11. Birkéas prime numbers [3], [9], [10], [11], [12].
Definition:a positive integer number is a Birkés prime number, if
al the positive integer number is prime, b/ all digits are 2 or 7, ¢/ the number of digits is prime,
d/ the sum of digits is prime.

The set of prime numbers meeting the conditions a/ and c/ is also well-known: it is the set of prime-
long prime numbers [3], [9]. Positive integer numbers meeting all the four conditions (a/, b/, c/, d/) at the same
time are Birkas prime numbers (Fig.1, Fig.2).

Birkas prime number p has the following sum form:

k(p) k(p)
p=Y¢i(p).10/ where &j(p) € {2, 7} and k(p)+1 is prime and eo(p) € { 7} and ) ¢;(p) is prime.
j=0 j=o0

The Birkds prime numbers are as follows (the last digit can only be 7):
2217,

2227721, 2272721, 2772221, 7272221,
22222272727, 22222777277, 22227222727, 22227227777, 22227277727, 22227722227, 22227772727,
22272272227, 22272277277, 22272727727, 22277227727, 22277772227, 22722222277, 22722222727,
22722277727, 22727222227, 22727277227, 22772227727, 22772722277, 27222222277, 27222227777,
27222722227, 27222727277, 27222777227, 27227222777, 27272222227, 27272227727, 27272722727,
27277777777, 27722227277, 27727272227, 27727722227, 27772227227, 27772777777, 27777777277,
72222722227, 72222722777, 72222772277, 72227222777, 72227722727, 72227727227, 72272222227,
72272227277, 72272277227, 72277227227, 72722222777, 72722727227, 72727222727, 72777222227,
T2TTTTT7727, 77222227727, 77272272227, 77277772777, 77772727777, etc.

3

H(p) is the factual frequency of Birkds prime numbers in the interval (10°*, 10P).
H(2)=0, H(3)=1, H(5)=0, H(7)=4 , H(11)=54 , H(13)=207, H(17)=2485, H(19)=7950, H(23)=59043,. etc.
S(p) function gives the number of Birkés prime numbers in the interval (10°*10°). We think that
S(p)=1,9078x1,6"*, where p is prime. (1)

The factual number of Birkéas primes and the number of Birkéas primes calculated according to function (1) are
as follows:

Number of digits The factual number of The number of

Birkas primes Birkas primes

p in the interval (10"*,10°) H(p) according to function  S(p)=1,9078x1,6"*
H(p)/S(p)

2 3,0525 0

3 1 4,8840 0,20

5 0 12,5030 0

7 4 32,0076 0,12
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11 54 209,7648 0,26
13 207 536,9980 0,39
17 2485 3519,2698 0,71
19 7950 9009,3308 0,88
23 59043 59043,5501 1,00
Fig.1

Frime-long primes

— L .
Full primes/ Birkasprimes f .Erdﬁﬁ—

T~

Fig.2
Prime numbers a
Primes consisting of prime-digits b
Prime-long primes c
Erd8s-primes d
Full primes e

Birkas primes f

IV. Bolcsfoldi-Balogh prime numbers [3], [9], [10], [11], [12].
Definition:a positive integer number is a Bolcsfoldi-Balogh prime number, if
a/ the positive integer number is prime, b/ all digits are 3 or 5, ¢/ the number of digits is prime,
d/ the sum of digits is prime.

The set of prime numbers meeting the conditions a/ and c/ is also well-known: it is the set of prime-
long prime numbers [3], [9]. Positive integer numbers meeting all the four conditions (a/, b/, c/, d/) at the same
time are Bolcsfoldi-Balogh prime numbers (Fig.3).

Bolcsfoldi-Balogh prime number p has the following sum form:

k() k(p)
p=Y¢j(p).10/ where &(p) € {3,5} and k(p)+1 is prime and eq(p) € {3} and Y’ ¢j(p) is prime.
j=0 j=o
The Bolcsfoldi-Balogh prime numbers are as follows (the last digit can only be 3):
{353}, {33353, 33533, 35353, 35533, 53353, 55333},
{3353333, 3355553, 3553553, 3555353, 5353553, 5533553},

{33333353533, 33333355553, 33333555553, 33335353333, 33335553353, 33353335553,
33353353333, 33353355353, 33353553533, 33355333553, 33355535533,
33355553333, 33355553353, 33533355533, 33533555353, 33535333553,
33535355333, 33535533533, 33553335533, 33553353553, 33553553353,
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33553553533, 33555333353, 33555353353, 33555533533, 33555535553,
35333335553, 35333533553, 35333553533, 35335355353, 35335533533
35335533553, 35335555553, 35353333333, 35353335553, 35353353353,
35355335333, 35355533333, 35533333553, 35533555333, 35533555553,
35535335533, 35535355553, 35535533353, 35535533533, 35553333353,
35553335353, 35553353533, 35553533333, 35553535553, 53333335333, etc.

R(p) is the factual frequency of Bolcsfoldi-Balogh prime numbers in the interval (107, 10).
R(2)=0, R(3)=1, R(5)=6 , R(7)=6 , R(11)=95 , R(13)=187 , R(17)=3184 , R(19)=11477 , R(23)=94435, etc.
S(p) function gives the number of Bélcsféldi-Balogh prime numbers in the interval (10°*,10°). We think that

S(p)=0,472x1,7° , where p is prime. (1)

The factual number of Bolcsfoldi-Balogh primes and the number of Bdélcsfoldi-Balogh primes calculated
according to function (1) are as follows:

Number of digits The factual number of The number of
Bolcsfoldi-Balogh primes Bolcsfoldi-Balogh primes
p in the interval (10°,10°) R(p) according to function S(p)=0,472x1,7° R(p)/S(p)
2 0 1,36 0
3 1 2,32 0,43
5 6 6,70 0,90
7 6 19,37 0,31
11 95 161,76 0,59
13 187 467,50 0,40
17 3184 3904,57 0,82
19 11477 11284,22 1,02
23 94435 94246,93 1,00
Fig.3

Prime-long primes

Primes a "-F’ull;::rl'rnes(E"f’l‘:Sfc'hdl-_BalcIg I Erdds-
— primes  f .prrmes d

\Primes consisting of prime-digits

V. Bodlcsfoldi-Madar prime numbers [3], [9], [10], [11], [12].
Definition:a positive integer number is a Bolcsfoldi-Madar prime number, if
al the positive integer number is prime, b/ all digits are 5 or 7, ¢/ the number of digits is prime,
d/ the sum of digits is prime.
The set of prime numbers meeting the conditions a/ and ¢/ is also well-known: it is the set of prime-
long prime numbers [3], [9]. Positive integer numbers meeting all the four conditions (a/, b/, c/, d/) at the same
time are Bolcsfoldi-Madar prime numbers (Fig.4).

Bolcsfold-Madar prime number p has the following sum form:
k(p) k(p)
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pzZe,—(p).le where ej(p) € {5, 7} and k(p)+1 is prime and eq(p) € {7} and ) ¢j(p) is prime.

j=0 j=0
The Bolcsfoldi-Madar prime numbers are as follows (the last digit can only be 7):

{557, 577, 757}, {57557, 75557, 75577, 77557}
{5555777, 5557757, 5575777, 5577577, 5755577, 5775557, 5777557, 7575577, 7577777}
{55555555777, 55555557557, 55555575557, 55575555577, 55575575557
55575777577, 55575777757, 55577777557, 55755577777, 55755777577
55757775757, 55775557777, 55775577577, 55775777557, 55775777777
55777555777, 55777755757, 55777775777, 57555577777, 57557557777,
57557577577, 57575755777, 57577577557, 57577577777, 57577775777,
57577777577, 57755575777, 57755775577, 57755775757, 57757757557,

STISTTISTTT7, STTSTTT77757, 57775775777, STTTSTT7757, etc.

Q(p) is the factual frequency of Bolcsféldi-Madar prime numbers in the interval (107, 10°).

Q(2)=0, Q(3)=3, Q(5)=4 , Q(7)=9 , Q(11)=67 , Q(13)=161 , Q(17)=3792 , Q(19)=5229, Q(23)=112849,
etc. S(p) function gives the
number of Bélcsfoldi-Madar prime numbers in the interval (10°*,10°). We think that

S(p)=0,5651x1,7° , where p is prime.
1)

The factual number of Bolcsfoldi-Madar primes and the number of Bolcsfoldi-Madar primes calculated

according to function (1) are as follows:

Number of digits The factual number of The number of
Bolcsfoldi-Madar primes Bolcsfoldi-Madar primes
p in the interval (10°*,10°) Q(p) according to function S(p)=0,5651x1,7°  Q(p)/S(p)
2 0 1,63 0
3 3 2,78 1,08
5 4 8,02 0,49
7 9 23,19 0,39
11 67 193,67 0,35
13 161 559,70 0,29
17 3792 4674,73 0,81
19 5229 13510,00 0,39
23 112849 112836,73 1,00
Fig.4

Prime-long primes

. L B e
Primes a Full primes/ Bolcsfoldi-Madar ' Erd&s-
T primes  f - primes  d

\PrimES consisting of prime-digits
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V1. Number of the elements of the set for example of Birkéas prime numbers [3], [9],[10], [11],
[12].
Let’s take the set of Mills’ prime numbers! Definition: The number m=[M ad 3"] is a prime number, where
M=1,306377883863080690468614492602 is the Mills’ constant, and n=1,2,3,... is an arbitrary positive integer
number. It is already known that the number of the elements of the set of Mills’ prime numbers is infinite. The
Mills’ prime numbers are the following: m=2, 11, 1361, 2521008887,...
The connection n—m is the following:1—2, 2—11, 3—1361, 4—2521008887,... The Mills’ prime humber
m=[M ad 3" corresponds with the interval (10™!10™ and vice versa. For instance:2—(10, 10?),
11—(10%,10™), 1361—(10%%,10™*"), etc. and vice versa. The number of the elements of the set of Mills’ prime
numbers is infinite. As a consequence, the number of the intervals (10™*, 10™) that contain at least one Mills’
prime number is infinite. The number of Birkés primes in the interval (10™*,10™) is S(m)=1,9078x1,6™". The
number of Birkas prime numbers is probably infinite:
lim H(p)=c0 is probably where p is prime.
p—)OO

VII.  Conclusion
Countless different sets of special prime numbers have been known. We have found the following set
of special prime numbers within the set of prime numbers. There may be further sets of special prime numbers
that we do not know yet. Finding them will be task of researchers of the future.
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