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Abstract: The Analytical Strip Method (ASM) for the analysis of thin isotropic cylindrical shells is presented in
this paper. The system of three governing differential equations for the cylindrical shell are reduced to a single
eighth order partial differential equation (PDE) in terms of a potential function. The PDE is solved as a single
series form of the potential function, from which the displacement and force quantities are determined. The
solution method applies to cylindrical shells with simply supported edges, clamped edges, free edges, or edges
supported by isotropic beams. The cylindrical shell can be stiffened with isotropic beams in the circumferential
direction placed anywhere along the length of the cylinder. Any combination of point loads, uniform loads,
hydrostatic loads, patch loads, and line loads applied in the radial direction, can be incorporated in the
solution. The results of the ASM are compared to results from existing analytical solutions and numerical
solutions for several examples; the results for each of the methods were in good agreement. The ASM
overcomes limitations of existing analytical solutions and provides an alternative to approximate numerical and
semi-numerical methods.
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I.  Introduction

Cylindrical Shells are important structural elements with widespread applications in various fields such
as civil, environmental, mechanical, and aerospace engineering. Much effort has been dedicated to
understanding the behavior of these structures. Several shell theories have been developed to simplify complex
three-dimensional elasticity based solutions. These theories are roughly divided into two categories, thin shell
theories which adopt Love’s assumptions and higher order shell theories that relax one or more of the Love’s
assumptions (Kraus [1]). Due to the complexity of the governing equations for cylindrical shells, many of the
existing analytical solutions are based on thin shell theory. Leissa [2] provides an excellent review of available
thin shell theories.

Analytical solutions to cylindrical shells subjected to axisymmetric loads are widely available.
Timoshenko and Woinowsky-Krieger [3] provide solutions for cylindrical shells with uniform internal pressure
as well as cylindrical tanks subjected to hydrostatic loads. Due to the introduction of a second variable in the
circumferential direction, non-axisymmetric type loadings are difficult to incorporate in the solution. Bijlaard
[4] developed a double series solution for cylindrical shells subjected to a patch load as well as a similar solution
for point loads. Odgvist [5], Hoff et al. [6], Cooper [7], and Naghdi [8] have developed unigue solutions for
cylindrical shells subjected to a uniform line load along a generator. Meck [9] presented a solution for line
loads applied along the circumferential direction.

The objective of this paper is to develop an analytical strip method (ASM) of solution for stiffened
isotropic thin cylindrical shells. The ASM was first developed by Harik and Salamoun ([10], [11]) for the
analysis of thin orthotropic and stiffened rectangular plates subjected to uniform, partial uniform, patch, line,
partial line, and point loads or any combination thereof. The solution procedure requires that the structure be
divided into strips based on the geometric discontinuities and load patterns applied (Fig. 1). The governing
differential equation for each strip is solved analytically and the applicable continuity and boundary conditions
are used to combine the solutions for the strips.

The primary contribution of the ASM is in its ability to handle a wide variety of loading and geometric
configurations. At present, analytical solutions are limited to axisymmetric and simple non-axisymmetric
loadings applied to cylindrical shells of basic geometry. Other more complex cases must utilize numerical or
semi-numerical techniques. Unlike numerical based solutions, the accuracy of the ASM does not depend on the
number of strips within the structure, but rather the number of modes considered in the series solution.
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Flgure 1 Stiffened cylmdrlcal sheII W|th strip and edge loadings
Note: The stiffeners are concentric with the shell

Il. Governing Differential Equation
The surface coordinate system used in the derivation of the governing equation for a cylindrical strip is
shown in Fig. 1. The strain-displacement equations associated with thin shell theory are given as (Kraus [1]):

_ Ouy dus , w __Oug | Ouy

€x = o =% TR Yas = 50 T 5 (1ab, c)
=g k=g(Eo%) R =iee 2o (19, .7
And the equilibrium equations are (Kraus [1]):

aaAix 4 s azvsx +q, =0 (2a)
%+6N5+ +q,=0 (2b)
el tg o @)
aﬁ”%—(?ﬁo (2d)
4 20, = 0 e

The five equilibrium equations are reduced to three by substituting (2d) and (2e) into (2¢). Substitution
of the strain-displacement equations into the equilibrium equations yield a system of three differential equations
that may be presented as:

ux qx
{us} = {qs} (3)
w q

where L;; are differential operators:

L12 L22 L23

[Ln Li; Lys
Liz Lz Lss

a2 1-v , 82

ln=A4sm+5 45 (42)
[ = L 9?2 (4b)
12 2 0x0s
a

Lz = %A I (4c)
1-v 1-v 92 92

L= (S2A+2D) 2+ (A+ D) (4d)
1,0 1 a3 a3

L23 T R8s R ax?as 953 (48)
1 9% 04 9%

Ly = 2A+DW+2D—axZasz+D@ (41)

A and D are the extensional and bending stiffness of the shell:
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A=_— (5a)
Et3
T 12(1-v2) (50)

And t is the thickness, E is the elastic modulus, and v is Poisson’s ratio.
The displacements in the x, s, and r direction, u,, Us, and w, can be presented in terms of the potential
function ®(x, s) (Sharma et al. [12]):

Uy = (Liploz — LizLyp) @ (x, 5) (6a)
ug = (Lyslay — LasLy)@(x,s) (6b)
w = (Ly1Lyy — LipLa)®(x, 5) (6¢c)

For the case of radial loads only, the three equations can be combined into a single eighth order
differential equation expressed in terms of the potential function & (Sharma et al. [12]):

a8 GRL %o o % %o % % *®
F80 3x® + F62 9x60s2 + F44 dx*os* + F26 dx20s6 + F08 358 + F42 dx*0s? + F24' 0x20s* + FO6 s6 + F40 x4 +
e o*®
Fp2 550+ Foaga = a(x,s) U]
The coefficients F;; are:
1-v 2 1-v o
F80 = EAD +TA D (8&)
Fop = L2009 4p2 4 2(1 — v)4%D (8b)
_ (v=1)(+3) 2 2
Fup = TAD +3(1 —v)A“D (8c)
_ a-n? 2
F26 = FAD + 2(1 - V)A D (8d)
Fog = = AD (8e)
Fpp = 9002 p2p (8f)
1-v)(v+3)
Fpy = —————A’D (89)
Fos = S242D (8h)
—1)2 _1)2
F4_0 _ (4 12)Riv+1) AZD + v 12)R(2v+1) A3 (8I)
(1-v)(3v+5) .
Fpp = == A’D (8i)
(1-v)
Foy = ZRZ A%D (8K)

Where A and D are the extensional and bending stiffness provided in (5a) and (5b).

I11. Isotropic Beam Equations
The following differential equations can be derived from the equilibrium of an isotropic curved beam
element (Vlasov [13]):

d*uyp  1d%¢y EpCw (d*¢p | 1d*uy Gplp (A*¢pp | 1d%uyp
=Bl (Gt -2 o)+ (R ) - 2 () 9
dxb bir\ gst R ds? R \ds* 'R dst R \ds2 'R ds? ©)
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d*w, 1d3%u EpAp (du 1
rp = Eplx ( ds4b TR ds;b) + l;eb( d:b + Ewb) (10)
__ Eply d3wb _ ldzusb) _ (dzusb ldﬂ)
9sp = R ( ds3 R ds? EbAb ds? + R ds (11)
Epl d?u 1 d*¢ 1d*u d?¢ 1d%u
Map = %(_ ds;(b + Ed)b) +EpCy ( ds4b + R ds:b) — Goly ( dszb + R ds;{b) (12)

The terms d,,, Grs, and gy, are the distributed forces per unit length applied to the beam in the x, r, and s
directions (Fig. 2); my, is the twisting moment per unit length applied to the beam; u,,, Us, and wy are the
deflections of the beam in the x, r, and s directions (Fig. 2); ¢, is the twist angle of the beam; R is the radius
measured to the centroid of the beam; E,l, = flexural rigidity about the r-axis (Fig. 2); Eylx = flexural rigidity
about the x-axis (Fig. 2); ExA, = axial stiffness of the beam; GpJ, = torsional rigidity of the beam; E,C,, =

warping rigidity of the beam.
X, Uy
Sa U i $

R. w.
Figure 2. Coordinate system for the ring stiffener

IV. Analytical Strip Method
4.1 General Solution

The solution of the differential equation for a general strip assumes that the form for the potential function ®
satisfies continuity at the surface coordinate s = 0 and s = 2nR. Let:

& =37 ¢ (x) cos(B,s) (13)
Where:
ﬂn = % (14)

Substituting (13) into the governing differential equation [(7)], multiplying both sides of the equation
by cos (B,,s), integrating from s = 0 to s = 2rR, and summing from m = 0 to m = oo yields the following
equation by orthogonality:

1

o [ d5Pmx) « d%Pm(x) v d*Pm) « PPm(x) . 27R
S { Fom 2+ gy “om® oy, LOmE 4 SO B (1)} = = [ q(x, 5)ds +

dx8 dx® dx* dx? 27R

m=10017R0O27Rq(x,s)cosfmsds (15)
Where:

Fgm = Fgo (16a)
Fom = —FeoPm” (16b)
Fim = FyaPm* — FaaPm’ + Fao (16c)
Fim = —F36Bm® + FoaPm” — FaoBm” (16d)
Fom = FosBm® — FosBm® + FouBm* (16e)

Form=0, F;, = Fjp=0andform=1, Fj; = 0.

(15) is an infinite set of linear 8" order ordinary differential equations for ¢,,(x) (m = 0,1,2, ..., ).
The solution is obtained by superposition of the associated homogeneous and particular solutions:

D(x,s) = dy(x,s) + Dp(x,s) @an

where the homogeneous solution:
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@y (x, ) = Xin Prm(x) cos(Bms) (18)
and the particular solution:
©p(x,5) = X Ppm(x)cos (Bms) (19)

4.2 Homogeneous Solution
The homogeneous solution for mode m, ¢y, (x), is expressed as:

Prm (x) = e¥mbm? (20)
The characteristic equation of (20) for mode m = 0 is:
F§¥m® + FoYm® + Fiym* =0 (21)

And the homogeneous solution for mode m = 0 is:

Dpolx,s) =
Cio + Caox + C30x% 4 Chox® + [Cso cosh(yzx) + Ceosinh (y30x)] cos(yax) + [C7 cosh(yzox) +
C80sinhil (y30x)sinil (y40x) (22)

The characteristic equation of (20) for mode m = 1 is:
F3Ym® + Fo¥m® + Fiym* + F3ym® =0 (23)
And the homogeneous solution for mode m =1 is:

@y (x,s) = { +[Csq cosh(yy1%) + Ceq sinh(y11x)] cos(y21x) ¢ cos (B;5) (24)
+[C71 cosh(y;1x) + Cgqsinh (yq;x)]sin (y21x)

The characteristic equation of (20) for all other modes (m=2, 3, ...,) is:
ngm8+FgYm6+F4TVm4+F;ym2+F5=0 (25)
And the homogeneous solution for all other modes (m=2, 3, ..., o) is:

[Cim cosh(Y1X) + Copp sSinh(Y17,X)] cOS(Y2mX)
+[CSm COSh(ylmx) + C4m Sinh(ylmx)] Sin(}/me)
+[Csm cosh(Yzmx) + Com Sinh(yzmx)] cOS(Yamx)
+[Cm cosh(yzmx) + Cemsinh (yzmx)]sin (Vamx)

Py (x,5) = cos (Bms) (26)

(21), (23), and (25) can be reduced to quartic equations for which the characteristic roots can be solved
analytically (Editing Group of the Manual of Mathematics [14]). The constants Cy,, (d = 1,2, ...,8) for each
mode (m = 1,2, ..., ) are determined by the boundary conditions at x = 0 and x = x,, and the continuity
conditionsat x = x; (i = 1,2, ...,n — 1), see Fig. 1.

4.3 Particular Solution
The particular solution is dependent upon the load distribution applied to the strip. For a given strip
loading, the load distribution function, q(x, s), is expressed as:

q(x,s) = qof (x)g(s) (27)

where ( is the load amplitude and f(x) and g(s) are the load distribution functions in the x and s directions.
Substituting into the right hand side of (15) yields, for mode m = 0:

I (278 5 (s)ds (28)

2R 70

And for all other modes (m=1, 2, ..., «):
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W (2T § (5) cos(Bns) ds .

The potential function, ¢, (x), can be found for a wide range of commonly encountered load
distributions. The particular solution for most common strip loadings are shown in Table 1. When a strip is
subjected to more than one load, the method of superposition is employed to determine the particular solution.

4.4 Edge Loading

For cylinders subjected to point loads and radial line loads distributed along the circumferential
direction, the structure is divided into strips such that the loads coincide with the edges of the strips (Fig. 1).
These loads are expressed as a Fourier series and incorporated into the solution as shear force discontinuities
between strips. Table 2 presents the edge loading function ;(s) for several common loadings.
When an edge is subjected to a combination of loads, the method of superposition is employed to determine the
edge loading function.

4.5 Boundary Conditions
The boundary conditions along the edges x = 0 and x = x,, are:

For simply supported edges: u, =0, u;,=0, w=0, M,=0 (304, b, c, d)
For clamped edges: u, =0, ug=0, w=0, ‘;—':: =0, (31a, b, c,d)
For free edges: Q, =y, N, =0, N, =0, M,=0, (323, b, c, d)
For beam support: w = wy, ‘;—';V =¢,, Qy=¢qp+Y, M,=my (33a, b, c,d)

4.6 Continuity Conditions
The following continuity conditions are applied along the edge between strips I and I + 1 at x = x;:

dwy _ OW(i41)
Uer = U1y Ust = Usgrnyr Wi = Wy, o - ox (34a, b, c, d)

My = Myg+1)s N = Nyge1)r Qur = Qxgvn) Wi Nist = Nisa) (353, b, ¢, d)

When a beam is present at x = x;, the following continuity conditions are imposed along the common
edge x = x;, between strips | and 1+1.

Uy = Uggr1)r Ust = Usger)y, Wi = Wy, % = % = ¢y (36a, b, c, d)

Mep = My+1) = Mars @xp = Nyv1) = N (37a,b)

Grb = Qx+1) — @t T ¥isGsp = Nase1) = Nast (38c, d)
V. Solution

A cylindrical shell is divided into N-strips (Fig. 1) depending on the number of loading discontinuities
and the locations of the ring stiffeners. For each of the N-strips, eight equations are generated from the
boundary and continuity conditions. This yields a unique 8N system of equations for each mode (m = 0, 1, 2,
..., ©). Solution of this system of equations provide the constants Cyy (d = 1, 2, ..., 8) in the homogeneous
solution. The potential function @; for each strip | (I =1, 2, ..., N) is derived by summing the homogeneous
and particular solutions. The potential function is then back-substituted into the relevant force and displacement
equations.

VI. Application
6.1 Computation of ASM Solutions
Because of the ill-conditioned nature of the solution, the ASM is susceptible to numerical instabilities
when computing solutions using double precision floating point format. To eliminate this concern, examples are
computed with a MATLAB program using an arbitrary-precision package.
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Table 1.Particular solution®,, (x, s) for cylindrical strip |

Load Case Dpi(x,s)

Case 1 - Zero load

@p;(x,5) =0

q(x,s) =qo —y(x — x;_1)

9o Y
®pymo(x,s) = 4_ 5
prm=0(%,5) 2445, x 1204, X

Dpim=12,.0(%,5) =0

qo
\ @prm=o(x,s) = 24A20 x*

Pprm=12,.,0(x,8) =0

o

v _ 4
a8rRAL, 2 T SDX

Ppim=o(x,s) =

Dpm=1(x,8) = 2111612(3431 [sin (%2) — sin (%1)] x? cos (%)

Ppim=2,3,.,0(%,5) = ﬁ [sin (% Sz) — sin (% sl)] cos (% s)
m
Ppim=0(x,5) = #;AZOXL}

Dpm=1(x,8) = 2”2231 cos (%1) x? cos (%)

Ppim=23,.,0(x,8) = anXB cos (%51) cos (% S)
m
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Table 2. Edge loading function ;(s) along the edge x = x;

Load Case Pi(s)
Case 1 - Zero load

0 X
N
Yi(s) =0
1 I+1
wim=0(s) = Ls
Yim=12,.,0(s) =0
X; Xiig
_ LS(SZ - 51)
L 1/’im:o(s) = T
2LS . m m S1 + 83
¢im=1,2 ..... oo (S) = % sin [ﬁ (SZ - 51)] COoS I:E (S — 2 )]
I+1

Case 4 - Concentrated point load P

0 X Xig X; Xy
§ P
\s\ \A/P Yim=o(s) = R
1
P m
wimzl,z,...,oo (S) = E cos [E (S — 51)]
1 I+1

6.2 Example 1: Cylindrical Shell Subjected to Non-Axisymmetric Loads

The purpose of this example is to compare the Analytical Strip Method (ASM) results for cylindrical
shells subjected to non-axisymmetric loads to an existing analytical solution developed by Bijlaard [4] for the
design of pressure vessels subjected to point and patch loads.

The shells in Fig. 3 and Fig. 4 are simply supported at the ends, (““/;) =us=w =M, = 0, and are
subject to a point load and a patch load at mid-length, respectively. The magnitude of the point load is
designated as P, while the resultant (or total) magnitude of the patch load is P* = 4pc,c,, where p is the

8uxl
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distributed load and c, and c, are the half-lengths of the patch area in the circumferential and longitudinal
direction respectively (Fig. 4). Poisson's ratio v = 0.30.

¢,/ R=0.125
/2 ¢,/ R=0.125
I—— L/2 P*=4pc c
P P [£3(&) G (&)
o k*u_ﬁgggii \<///-T-\\\>y
= S, Us X Us 4T \Q p “Ill"'
w ? W t P 5t

| L | | L |
Figure 3. Cylindrical Shell Subjected to Point Load Figure‘4. Cylindrical Shell Sﬁbjected to Patch Load

Table 3 presents the dimensionless radial deflection and force quantities corresponding to bending
moments M and M, as well as membrane forces Ns and N,. The results are presented for prescribed radius-to-
thickness ratios (R/t) and length-to-radius ratios (L/R) at x = L/2, s = 0. The results are presented for an existing
analytical solution (Bijlaard [4]), the Analytical Strip Method (ASM), and a finite-element (FEM) solution
generated using SAP2000.

The results show excellent agreement between the ASM and FEM solutions; the dimensionless
quantities are all within 2% difference. There is also good agreement between the existing analytical solution
(Bijlaard [4]) and the ASM for the dimensionless deflection quantities and the dimensionless force quantities
corresponding to Ms and N,; the values are predominately within 3% difference. The dimensionless force
quantities for M, and Ns show more variation between the existing analytical solution (Bijlaard [4]) and the
ASM; the difference in the two solutions is as much as 10% with the larger differences occurring at larger
radius-to-thickness ratios.

In development of the existing analytical solution, Bijlaard’s intent was to develop a set of practical
equations that could be used in practice for the evaluation of local stresses in pressure vessels. As a result, there
were several simplifications made in his formulation at the cost of accuracy in the solution; the most significant
being the neglect of the fourth-order terms in his combined eight-order differential equation. The neglected
terms correspond to the absence of:

%y d%v

[a-nZ2+ L] (39)

t2
12R?

in the second of Timoshenko’s [3] three uncoupled differential equations. This term is fully incorporated into
the ASM solution. The neglect of this term will not fully capture the membrane stiffness of the shell and is
likely a major contributor in the differences in the dimensionless M, and Ny values between the existing
analytical solution (Bijlaard [4]) and the ASM and FEM.

The ASM results in Table 3 are based on summation of the first 51 modes. For the case of radius-to-
thickness ratio of 100 and length-to-radius ratio of 3, Table 4 presents the cumulative dimensionless deflection
and force quantities for selected modes. The solution demonstrates good convergence. The dimensionless force
quantity associated with bending moments My and M, converged slower than the other results with variation of
1.7% and 0.6%, respectively, between modes 40 and 50.
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Table 3. Dimensionless deflection and forces at x = L/2 and s = 0 for the cylindrical shell subjected to point
load, P, in Figure 3 and to patch load, P* = 4pc,c,, with ¢; = ¢, in Figure 4.

Point
Load Patch Load
WER wER M, M, NgR NxR
Rit LR Method P P p P~ P~ P*
Bijlaard® 300 272 0.1324 0.1057 2613 2.320
3 ASMP 296 267 0.1321 0.1045 2.482 2.282
FEM® 299 269 0.1333 0.1052 2.460 2.300
Bijlaard 468 442 0.1438 0.1100 2592 2.640
15 6 ASM 463 434 0.1438 0.1079 2.439 2,619
FEM 469 438 0.1452 0.1086 2.420 2.640
Bijlaard 601 576 0.1463 0.1102 2574 2784
10 ASM 597 566 0.1473 0.1087 2.428 2719
FEM 586 570 0.1486 0.1095 2.420 2.740
Bijlaard 4352 3645 0.0863 0.0559 6.451 7.120
3 ASM 4324 3573 0.0857 0.0556 6.367 7.038
FEM 4350 3596 0.0864 0.0559 6.360 7.060
Bijlaard 7631 6924 0.0967 0.0614 6.482 8.064
50 8 ASM 7608 6826 0.0956 0.0585 6.310 8.001
FEM 7656 6844 0.0964 0.0588 6.300 8.020
Bijlaard 13430 12930 0.1030 0.0634 6.434 8.704
20 ASM 12667 11853 0.1007 0.0599 6.292 8.466
FEM 12702 11890 0.1015 0.0603 6.280 8.500
Bijlaard 20227 15800 0.0626 0.0343 9.578 12.784
3 ASM 20256 15643 0.0617 0.0341 9.517 12.744
FEM 20532 15660 0.0627 0.0344 9.520 12.760
Bijlaard 34350 30136 0.0716 0.0394 9.792 14.192
100 8 ASM 34747 29857 0.0704 0.0366 9.450 14.142
FEM 35032 29870 0.0711 0.0368 9.460 14.160
Bijlaard 74379 71448 0.0767 0.0400 9.618 15472
30 ASM 74124 68968 0.0760 0.0382 9.432 15.400
FEM 74472 69020 0.0767 0.0385 9.440 15.420
Bijlaard 231738 158362 0.0337 0.0137 13.696 29.328
3 ASM 234848 157615 0.0332 0.0135 13.617 29.188
FEM 237974 157180 0.0337 0.0136 13.620 29.140
Bijlaard 402590 313842 0.0406 0.0172 14.963 32.288
8 ASM 397532 315039 0.0394 0.0154 13.532 32.197
200 FEM 404260 314592 0.0399 0.0155 13.540 32.160
Bijlaard 625855 566530 0.0440 0.0180 14.584 33.424
20 ASM 676570 590498 0.0431 0.0165 13512 34.344
FEM 683356 590092 0.0436 0.0166 13.520 34.300
Bijlaard 968910 925438 0.0453 0.0180 14.200 34.128
40 ASM 1014420 925796 0.0453 0.0171 13.504 35.043
FEM 1021380 925506 0.0458 0.0172 13.520 35.000

®Bijlaard = Existing Analytical Solution (Bijlaard [4])
® ASM = Analytical Strip Method
¢ FEM = Finite Element Solution (SAP2000)
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Table 4. ASM cumulative dimensionless deflections and forces at x = L/2 and s = 0 for the shell subjected to a
point load, P, in Fig. 3 and to a patch load, P* = 4pc,c, with ¢; = ¢, in Fig.4; R/t =100 and L/R = 3.
Note: w = ¥3'wy,, M =X Mp,, N = X3 N,

Mode Point Load Patch Load
m wER WER M My o NR MR
P P* P* P* P* pP*
0 102 64 0.0001 0.0004 0.641 0.000
1 371 255 0.0004 0.0012 1.917 0.227
2 1043 842 0.0008 0.0021 3.174 1.127
5 9930 9054 0.0146 0.0098 6.410 7.212
10 16698 14448 0.0435 0.0248 8.972 11.530
20 19401 15648 0.0644 0.0348 9.510 12.738
30 19969 15666 0.0647 0.0350 9.514 12.752
40 20167 15643 0.0627 0.0343 9.516 12.744
50 20256 15643 0.0617 0.0341 9.517 12.744

6.3 Example 2: Cylindrical Shell Subjected to Line Load along the Generator

The purpose of this example is to compare the Analytical Strip Method (ASM) results for a cylindrical
shell subjected to a line load with an existing analytical solution developed by Hoff et al. [6] with numerical
results derived by Kempner [15].

The shell in Fig. 5 is simply supported at the ends, (““/5) = us =w = M, = 0, and is subject to a line
load centered at mid-length of the cylinder. The line load has a total magnitude designated as P* = 2c,p and a
half-length designated at c,. The modulus of elasticity E = 2.07x10%kPa (30x10° psi) and Poisson's ratio v =
0.30.

L/2=1778 mm
(70 in) P*=2cp
p
X, Us

w 26,=178 mm (7 in)

t=15.875 mm (0.625 in)

| L =3,556 mm (140 in) |
Figure 5. Cylindrical shell subjected to a line load

Table 5 presents the dimensionless radial deflection and force quantities at x = L/2, s = 0 corresponding
to bending moments Mg and M, as well as membrane forces N5 and N,. The results presented by Kempner [15]
are compared with ones generated using the ASM and the finite-element method (FEM) solution generated
using SAP2000. The results of all three methods are in very good agreement.

Table 5. Dimensionless deflection and forces at x = L/2 and s = 0 for the cylindrical shell subjected to a line
load with total magnitude of P* = 2¢,p in Figure 5.

wER M M, NgR N,R

Method P p* p* p* P
Kempner (1955) 6211 0.196 0.107 8.094 9.275
ASM 6201 0.190 0.102 8.031 9.304
FEM 6208 0.196 0.105 8.170 9.337
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6.4 Example 3: Stiffened Tank

The steel tank in Fig. 6 has a fixed base and is stiffened with standard W10x49 steel rolled sections
having an area A = 9290 mm? (14.4 in®) and a moment of inertia I, = 1.132x10® mm* (272 in*). The dimensions
and fluid properties for the tank are presented in Table 6. The modulus of elasticity of the tank and stiffener E =
2x10°kPa (29x10° psi) and Poisson’s ratio v = 0.3.

N VA Table 6. Dimensions and fluid properties
| ‘ — for the tank in Figure 6
Hy | ||k | Specific | 71= | 981 kN/m? (62.4 pcf)
, | Gravity |, = | 7.35 kN/m® (46.8 pcf)
1 H % t= | 762 i
H, Thickness | ¢, = | 38.1 mm (1.5 in)
H {7 H L 3 Radius R= |6.1m(20ft)
H | H= | 6.08m (20 ft)
3 ' ___________v____}
i, | 4 = H,= | 1.52m (5.0 ft)
{7 H | H,= | 0.76 m (2.5 ft)
. 3 Height
Fluid 1 () g Hy= | 0.76 m (2.5 ft)
H, X | _
| H,= | 1.52 m (5.0 ft)
‘ r w |
Figure 6. Stiffened’tank with Clafjped base’ | Hs= | 1.52m (5.0ff)

The inclusion of the stiffeners and variation in wall thickness and loading through the height of the
cylinder limits the use of existing analytical solutions. The Analytical Strip Method (ASM) is deployed by
identifying six geometric and loading discontinuities, dividing the cylinder into five strips between the
discontinuity points, and imposing boundary and continuity conditions at the ends of each strip. Fig. 7 through
Fig. 9 present the radial displacement w, bending moment M,, and shear Q,, along the height of the stiffened
tank. Comparison with existing analytic methods of solution is not possible. Consequently, the results of the
ASM are compared with the finite-element (FEM) results generated using SAP2000. The two results are in
good agreement.

Radial Deflection, w (x10* in)
-10 8 % 4 2 0
20 e e . . . . p
—ASM
—FEM
151 H - 45
£ £
3 =
H 3
=) =
g 10 1 F 3 £
: <
Z S £
= [ —— s
< p— &
a a
5 1 H 1.5
x
m W
oo —H— : ; 0
-300 -250 -200 -150 -100 -50 0
Radial Deflection, w (x10* mm)

Figure 7. Radial deflection for the stiffened tank in Fig. 6
Note: The ASM and FEM results are in very good agreement and difficult to discern in the figure
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Bending Moment, M, (lb-in)
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20 —= : : : L6
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15 1 H > —FEM L 4s

Distance from Base, x (f7)
=
I
s

Distance from Base, x (m)

%
N N

[

400 -200 0 200 400 600 300 1,000

Bending Moment, M, (x10* kN-m)
Figure 8. Bending moment, M,, for the stiffened tank in Fig. 6
Note: The ASM and FEM results are in very good agreement and difficult to discern in the figure

Shear, Q. (Ib)

-135.0 -90.0 450 0.0 450

20 — - / - 6.08
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Distance from Base, x (ff)
=
I
(7]
(=]
=

Distance from Base, x (m)

i

600 -400 200 0 200

Shear, @, (x10° kN)
Figure 9. Shear, Q,, for the stiffened tank in Fig. 6
Note: The ASM and FEM results are in very good agreement and difficult to discern in the figure

6.5 Example 4: Stiffened Tank Subjected to Line Load

The purpose of this example is to demonstrate the application of the Analytical Strip Method (ASM) to
a stiffened cylinder subjected to non-axisymmetric loading. EXxisting analytical solutions to these type problems
are not available.

The steel cylinder in Fig. 10 is stiffened with standard W10x49 steel rolled sections having an area A =
9290 mm? (14.4 in?), a moment of inertia about the section x-axis I, = 1.132x10® mm* (272 in%), a moment of
inertia about the section y-axis 1, = 3.888x10" mm* (93.4 in*), and a torsion constant J = 5.786x10° mm* (1.39
in*). The modulus of elasticity of the cylinder and stiffener E = 2x10%kPa (29x10° psi) and Poisson’s ratio v =
0.3. The ends are simply supported with boundary conditions, u =s =w = M,= 0. The cylinder is subjected to a
line load p = 0.01 kN/mm (57.1 Ib/in).
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p=0.01 kKN/mm
(57.1 1b/in)

JERRRRERITY

R =500 mm
(19.7 in) N
t=5mm

(0.197 in)

‘ 4 Strips at 250 mm (9.84 in) |
Figure 10. Stiffened cylindrical shell subjected to a line load

The inclusion of the stiffeners, as well as the non-axisymmetric loading, limits the use of analytical
solutions. Just as in Example 3, for a shell subjected to axisymmetric loads, the ASM is deployed by identifying
four strips between the stiffeners and imposing the boundary and continuity conditions at the ends of each strip.
Comparison with existing analytic methods of solution is not possible. Consequently, the results of the ASM
are compared with the finite-element (FEM) results generated using SAP2000. Fig. 11 presents the radial
deflection along the generator, s = 0. There is excellent agreement between the ASM solution and the FEM
solution.

The ASM results are based on summation of the first 51 modes. The series shows good convergence
characteristics, mode 50 contributes less than 0.04% to the cumulative deflection at x = 375 mm (14.8 in) and x
=500 mm (19.7 in).

Distance Along Cylinder, x (in)
0 4 8 12 16 20 24 28 32 36

(=] =] (=] =]
(=1 < =3 <
e o (= ~

Radial Deflection, w (mm)

[—]
=
=
Radial Deflection, w (x10° in)

0.02

0.01

0

0 100 200 300 400 500 600 700 800 900 1000
Distance Along Cylinder, x (mm)

Figure 11. Radial deflection, w, along the generator (s = 0) for the stiffened cylinder in Fig. 10
Note: The ASM and FEM results are in very good agreement and difficult to discern in the figure

VII. Conclusions

The Analytical Strip Method (ASM) is presented in this paper for stiffened isotropic cylindrical shells.
The primary advantage of the ASM is its applicability to any generalized distribution of ring stiffeners along the
length of the shell and to any combination of patch, uniform, line, concentrated, and hydrostatic loads. The
following are deduced from the derivation of the ASM and the examples presented in this paper:

e The results of the ASM are in good agreement with existing analytical solutions, and the generality of the
solution method overcomes many limitations of existing analytical solutions.

e Unlike the finite element method, the ASM does not require significant pre-processing effort. Its accuracy
is dependent on the number of modes considered in the solution rather than the fineness of the discretization
of the structure.

DOI: 10.9790/1684-1404032438 www.iosrjournals.org 37 | Page



Analytical Strip Method for Thin Isotropic Cylindrical Shells

[1].
[2.
[3].
[4].
[5].
[6].

[7].
(8].

[al.

[10].
[11].
[12].

[13].
[14].

[15].

The finite element method does offer more flexibility in structure geometry. For instance, the ASM requires
stiffeners to be concentric with the shell walls and stepped wall thicknesses to have a coincident middle
surface.

The finite element method has less potential for numerical instabilities than the ASM.
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