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Abstract: Settlement of ground can be explained by Terzaghi’s theory of consolidation in the field of soil 

mechanics. Terzaghi introduced the concept of strain to the consolidation equation in the theory. On the other 

hand, the diffusion-like equation for earthquake prediction can explain precursory phenomena such as crustal 

movement and electrical resistivity closely link to the relationship between magnitude and precursor time. 

However, the reason is obscure why derived from the diffusion-like equation in spite of given seismological 

impact. Accordingly, we noticed the void ratio from the point of view of consolidation rather than the equation 

by the concept of hydrostatic pressure. Therefore, this consolidation idea (to relate void ratio and dilatancy) 

can effectively explain the electrical resistivity composed in saturated ground. 
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I. Introduction 
Liquefaction by earthquake sometimes can induce severely damage to our life. When geo-deformation 

phenomena caused by consolidation settlement are described, we conventionally classified the field of 

earthquake and consolidation independently. Because of different fields, we study seismology or geology for the 

earthquake and soil mechanics or civil engineering for consolidation. In this study, we would like to receive the 

baton from both fields and previous research for the goal of earthquake prediction. Firstly, the earthquake 

prediction in light of dilatancy model has been proposed actively in 1970’s. Water diffusion in rocks could 

explain a large class of phenomena precursory to earthquakes such as crustal movement, electrical resistivity, 

radon emission, seismic shear velocity anomaly and b value of Gutenberg–Richter law [1]. These observed data 

were fitted as a coordinate axis of magnitude and precursor interval (lead time). However it is heuristics and 

obscure solid foundation for the diffusion-like equation. In addition half a century ago, Terzaghi’s theory of 

consolidation has been instrumental in bearing capacities of footings of structure and its analysis in spite of one-

dimension [2]. Here, we indicate essence on saturated ground settlement process links to above. 

 

II. Critical state soil mechanics 
Critical state [3] at ground (including soil and rock) can be derived from flow rule and some 

constitutive laws [4] as follows:  

Flow rule is used by plastic potential f is given by [5]; 
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where pd  is incremental tensor of plastic strain rate, 
ij'  is effective stress tensor, and h is plastic multiplier. 

Increment of plastic strain tensor is partial differential of the potential due to effective stress in q–p'–v space, 

where q is the deviatoric stress, v is the specific volume and p' is the mean effective stress. When stress state of 

soil reaches to the critical state [3], the state of soil yields and behaves fluidity. Regarding plastic potential on q–

p' plane, it causes plastic expansion on the upper side of the critical state line and causes plastic compression on 

the lower side of the line. Therefore, the critical state line can be understood as condition boundary line. Then, 

the slope of critical state line is expressed by M can be defined by 

'.pMq                                                                                                                                                                 (2) 

On the other hand, the work increment at shear process has been assumed to equal the energy dissipation at the 

critical state [6, 7].  
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where εv is volumetric strain and εd is deviatoric strain. From Eq. (3), we can obtain 
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Moreover, Rowe [8] microscopically studied Eq. (4) from the view point of deformation of granular materials 

and obtained a similar relation as 
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where σ1 is major principal stress, σ3 is minor principal stress, ε1 is axial strain and ε3 is lateral strain. This is an 

expression for the relationship between principal stress ratio (= σ1/σ3) and principal strain incremental ratio 

during the shear of granular materials (= -dε3/dε1) and is usually called stress-dilatancy relation. Moreover, K is 

internal energy ratio of soil. Besides, we can regard Eq. (2) or Eq. (4) as Eq. (5). Then, the outward plastic strain 

increment vector components ( p

vd and p

dd ) orthogonally intersects as shown by Eq. (1). At this point, normal 

vector of plastic potential plane is equivalent to the yield function of 
p  on q–p' plane. Then, we obtain 
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From Eqs. (4) and (6), we can get 
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Then, setting from the case (p' = py, q = 0; py is a hardening parameter) and integrating Eq. (7), the following 

relation is obtained as 
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where F is called the yield function of Cam-clay model. By using py, the plastic void ratio e
p
 is given by [7], 
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where κ is swelling index and λ is compression index at the critical state line. On the other hand, the relationship 

between plastic volumetric strain p

v  and plastic volume ratio pv is given by [9], 
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where v is expressed by void ratio e (v = 1+e).  

 

III. Terzaghi’s consolidation theory 
The amount of settlement of ground is expressed by the well-known consolidation model [2, 10], 
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where e0 is initial void ratio, Cc is compression index, and σ' is effective vertical stress (especially σ0' is initial 

effective vertical stress). Moreover, Eq. (11) is proposed by Terzaghi [2, 10] who fitted experimental 

consolidation data. The slope of consolidation line, which is σ' more increases as the means of e decreases, the 

equation is obtained, 
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where mv is the coefficient of volume compressibility, and (1+e0) expresses the previous volume of soil. From 

Eq. (12), we can get  
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where z is the total thickness of layer, and St is the amount of settlement. Moreover, Eq. (13) can significantly 

link to Eq. (10). Then, we introduce the infinitesimal time of change to Eq. (13) as follows; 
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where t is the time, and va is the displacement rate which is taken as positive downwards in the direction of z. 

On the other hand, total stress is constant, so pore-pressure u is given by 

.
'

t

u

t 






                                                                                                                                                           (15) 

 

From Eqs. (14) and (15), we can get 
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By the Darcy’s law, the relationship between va and u is given by, 
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where i is hydraulic gradient, hl is loss of head and γw is density of water. From Eqs. (16) and (17), we can get 
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Thus 
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where cv = k/(γwmv) is the coefficient of consolidation. Eq. (19) is called Terzaghi’s fundamental differential 

equation for one-dimensional consolidation formula [9, 10], and can be derived based on the concept of critical 

state. 
 

IV. Precursory time of earthquakes 
We introduced in view of the consolidation the ground composed of saturated, so we could predict the 

amount and time of settlement. Relatedly, the diffusion-like equation was given as 
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where P is the fluid pressure, and c is hydraulic diffusivity (constant value) [1]. Then, Eqs. (19) and (20) are 

clearly connected each. Eq. (20) attentively describes flow in a porous medium. Moreover, the data of 

precursory phenomena of earthquakes [1] are fit to τ = L
2
/c, where τ is precursor time in days, and L is the 

longest dimension of the aftershock zone of the earthquake. On the other hand, the relation [11] between 

magnitude (ML) and τ from observational data as 

.92.180.0log  LM                                                                                                                                        (21) 

Additionally, the relationship between the magnitude and the fault length of earthquakes is given by [12, see 

also 13], 

.85.4log)6.0/1(  LM L
                                                                                                                                     (22) 

Putting all these evidences together, τ is approximately proportional to L
2
 [11], and ML can be 

converted to L. However, there is much uncertainty in all of observed parameters [11]. Precursor time τ depends 

on hydraulic diffusivity. Eq. (13) can express the deformation of ground as stain. Therefore, the volumetric 

strain e is a suitable measurement for the dilatancy before earthquake, and electrical resistivity which depends 

on void ratio and water contain. The rate of change dilatancy temporally can be analyzed directly by Eq. (19).  

 

V. Conclusion 
In this study, we discuss the earthquake precursor time based on the Terzaghi’s consolidation equation 

which is equivalent to diffusion-like equation on precursory phenomena for earthquakes. 
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