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Abstract: The main objective of this paper is to optimize design of three layer compound cylinder for a specific
internal pressure. Optimally designed three layer cylinder has equal maximum hoop stresses at the inner
surfaces in each cylinder. Here three important parameters are considered for optimization - interface
diameter, interference and outside diameter, keeping other parameters such as material, internal diameter and
internal pressure, etc. are constant. In order to shrink-fit successive shells upon one another, the outer shell
must be expanded by heating; it may then be slipped over the inner shell or shells and allowed to cool. So a
preheat temperature necessary to provide the required thermal expansions. This paper introduces the
methodology for optimum design of shrink fitted three-layer compound cylinder based on maximum tensile
stress. Then the analytical results of optimum design calculated are validated with Finite Element Analysis in
ANSYS WORKBENCH environment.

Keywords: Compound cylinder, Finite element analysis, Maximum tensile stress, Optimum design, Shrink fit.

l. Introduction

The pressure vessels are used to store fluids under pressure. Pressure vessels find wide applications in
thermal and nuclear power plants, process and chemical industries, in space and ocean depths, and in water,
steam, gas and air supply system in industries. The material of a pressure vessel may be brittle such as cast iron,
or ductile such as mild steel.

With increasing demands from industrial processes for higher operating pressures and higher
temperature, new technologies have been developed to handle the present day specialized requirements.
Multilayer Pressure Vessels have extended the art of pressure vessel construction and presented the process
designer with a reliable piece of equipment useful in a wide range of operating conditions for the problems
generated by the storage of hydrogen and hydrogenation processes.

Patil has introduced optimum design of two layer compound cylinder and optimized intermediate, outer
diameter and shrinkage tolerance to get minimum volume of two layer compound cylinders [2]. Humid Jahed et
al. have investigated the optimum design of a three-layered vessel for maximum fatigue life expectancy under
the combined effects of autofrettage and shrink fit [3].

It is also assumed that the compound cylinder is fabricated by shrinking on each successive shell from
the inside outwards and that after each shell is shrunk on, the outside diameter is machined to size before the
next cylinder is shrunk-on to the inner shell or shells. In this paper three cylinders are considered. Cylinder 2 is
shrink-fitted on cylinders 1 and cylinder 3 is shrink-fitted on cylinders 2. The stress distribution is influenced by
shrinking radii (the outer radii of the inner cylinders and the inner radii of the outer cylinders) and shrinking
allowances (shrink fit). The main objective of the work is to optimize the values of these parameters so that the
minimum material volume for the three layer compound cylinder is achieved while maximum tensile stresses in
all three cylinders are equal.

I1. Lame’s Theory

The method of solution for compound cylinders constructed from similar materials is to break the
problem down into four separate effects:

i) shrinkage pressure P, only on the cylinder 1

if) shrinkage pressure P, and P,,; only on the cylinder 2
iii) shrinkage pressure P,,, only on the cylinder 3

iv) internal pressure P, only on the complete cylinder

2.1 Radial and Hoop stress in Cylinder 1

If P =0 i.e. with no internal pressure, radial stress in cylinder 1 is given by using Lame’s equation:
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r 2 r.2
o, = _Pslz r22 2_ r12 (1_;—2j (1)
o, is maximum at outer radius r, of cylinder 1 . Using equation (1):
o, max(atr, ) = _PSlZ (2)
Hoop stress in cylinder 1 is given by using Lame’s equation:
r 2 I,.2
%0 =—Puz - e 1+ ®)
Hoop stress at outer radius r, is:
r,> +r°
Oo(atr,) = —P, |: rzz — r;z :| *)
While hoop stress at inner radius r, is:
2P, r,°
O-(Imax(atrl) = _[%} (5)
r,—n

In the shrink-fitting problems, considering long hollow cylinders, the plane strain hypothesis (in general o, = 0)
can be regarded as more natural. Hence as per relation:

o, =v(oc, +0o,)
the expression for the hoop strain is given by:

& =é[o-§ —vo, —vo-z]zé[ag —vo, —v(o, +06)]:l+v[(1—v)0'6 —vo, |

E
Using equations (2) and (4), assuming plane strain condition the hoop strain at the outer wall r, of cylinder 1 is:
1+v 1+v r,> +r? U, 6
Epro = ?[(1—1/)0-9 —vo, |= ?[(1—1/)(—&12 [ﬁ:ﬂ —v(=Py )J = r_zl (6)
Radial displacement U, is:
— 2 2
O - B2 (g [E i ) Q
E L —n

2.2 Radial and Hoop stress in Cylinder 2

Contact pressure P, is acting as internal pressure and contact pressure P,,, is acting as external
pressure on cylinder 2.
Using Lame’s equation, radial stress in the cylinder 2 at inner radius r, is given by:

Gr(atrz) = _Pslz (8)
While radial stress in the cylinder 2 at outer radius r, is given by:
Gr(atrS) = _P523 (9)
Hoop stress in the cylinder 2 at inner radius r, is given by:
r,2+r? 2P_.r.2
-pP 3 2 |_ s23'3 (10)
O-Hmax(atrz) s12 |: r32 _ r22 :| |: r32 _ r22 :|

While hoop stress in the cylinder 2 at outer radius r, is given by:

o _ 2P,,r° _p R’ +n,° (1)
o(atrz) r.32 _ r.22 s23 r 2 r22

3
Using equations (8) and (10), and assuming plane strain condition the hoop strain at the inner wall r, of cylinder
21is:
o2i = 1_;‘/ [(1_‘/)0-6' —VO'r:I =

1+v r +r? 2P..r2 U ..
-l (1-v P 3 2 52313 _v(—P _ Y
E [( )(|: s12 r32 _ r22 r32 _ r22 ( 512) r2

Radial displacement U, :

(12)
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U= B8 (@ B )| 2228 13)

3 2 " — r2
Referring figure 3 and using equations (7) and (13), total interference ¢,, at the contact between cylinder 1 and 2
is:

é‘:I.2 :Ur2i _Urlo
_ P! (1+ V) _ r32 + r 2P523r3 _ _P'512r2 (1+V) _ r22 + r-12 _
= [Pﬂz [(1 e r2—r,? —(=v) r2 —r,? E Pz r?—r? Y

_ 2 2 2 2 2
= r2 (1 V) |:P512 ( r32 s l’22 + I’-22 - r12 J 2&23[ 2r3 2 ]} (14)

E [ E R P nL-—n L El P
Using equations (9) and (11), hoop strain in the outer wall r, of cylinder 2 is given by:

1 1 2P, Pos (" + 1 20 15
€20 = +V|:(l V)O-ofVO_ :If _'_V|:(-‘L )( 512:2 - 3r( 7r )J 23):| —= ( )
Hence radial displacement U, :

o s1212 (l v ) r32 + r22 (16)
Va0 = EI:T sz*“”[“”ﬁ”ﬂ

2.3 Radial and Hoop stress in Cylinder 3

Contact pressure P, is acting as internal pressure on cylinder 3 and external pressure P, is zero.
Radial stress in the cylinder 3 at inner radius r, is given by:

Gr(atrz) = _PSZS (17)

Hoop stress in the cylinder 3 at inner radius r, is given by:
r?+r?

O-Hmax(atrS) = P523 |: rzz _ rzz :| (18)

While hoop stress in the cylinder 3 at outer radius r, is given by:
2P23r

O-H(atr4) - r425_ r32 (19)

Using equations (17) and (18), hoop strain at inner wall r, of cylinder 3 is given by:
1+ 1+ o+
Ep3i =?V|:(1_V)O-9 _Vo-r:lz?v|:(1_v)[_psz3 |:r42—3:D ( 23):| (20)
4 3

Radial displacement U, :

U, Zw[@_v)[%jw} (21)
E r,°—r

Using equations (16) and (21), total interference J,, at the contact between cylinder 2 and 3:
Oy =U, 5 —U,,

P,.n(1+v r.2 +r? 2P,,1n% (1—Vv? r2+r,
el (o [ P (@i

1— 2 2 2 2 2
:E(Tl/)[l:)szg[r42+r32 +r32+r22]_2|:)512[ 2r2 2]i| (22)
- —r, L —r, L —r,
Hoop stress at any radius I in compound cylinder due to internal pressure only is given by:
2 2
-p [1+ r“—zj (23)
I’ — r r

24 Principle of superposition

After finding hoop stresses at all the radii, the principle of superposition is applied, i.e. the various
stresses are then combined algebraically to produce the resultant hoop stresses in the compound cylinder
subjected to both shrinkage pressures and internal pressure P, .

2.4.1  Resultant hoop stress in cylinder 1
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Using equations (23) and (5), maximum hoop stress at the inner surfaces of cylinder 1 atr, :

r,>+r? r,? 24
0‘51=Pi|:ﬁ:|—2pslz|:r222_rlz:| (24)

2.4.2  Resultant hoop stress in cylinder 2

Using equations (23) and (10), maximum hoop stress at the inner surfaces of cylinder 2 at r, :

2 2 2 2 2 2
_ Rr|rn +n + Pao (r3 +h )— 2Pl (25)
> | r?-r? r?+r°

Cy2

2.4.3  Resultant hoop stress in cylinder 3

Using equations (18) and (23), maximum hoop stress at the inner surfaces of cylinder 3 at r, :

2 2 2 2 2
Gy = i[u} P, {M} (26)

2 2 2 2 2
I3 n—-n Pl £

I11.  Optimum Design Based On Maximum Tensile Stress

To obtain optimum values of the contact (shrinkage) pressures P, and P,,, which will produce equal

hoop (tensile) stresses in all the three cylinders, maximum hoop stresses given by the equations (24), (25) and
(26) have been equated.

Equating equations (24) and (25) i.e. o,, = o,, and rearranging:

2,2 2 2 2 2
r°+r’ r’ -Rr | +r, Pao (5" +15,7) — 2P,
|:)i 2 2 | 2Psl2 2 2 +
r2

- —n —-h r22 I’42 - r12 I’32 + r22
2r7 r° +r,° r>+r® r?lr?+r? 2r? (27)
Pz rz—r2+r2—r2 =R r2_r2 r2lrz_,2 +Psz3rz_r.2
2 1 3 2 4 1 2 4 1 3 2
st L _r _r
Let the ratios: t,="2, t,="3, t,=14 (28)
N r, 3
2 2 2 2 2
Let: &:2252+QSWQ=§H sl (29)
L -~ -~ -1 t°-1
K — r,>+r? r? [rf +r? } 22 +1 6t +1 (30)
2 = 2 2 2| .2 2 | T T2 25 2 T 2p 2. 2
r,,—n r; r,,—n t1 tz t3 -1 t1 tz t3 -1
2 2
L ” 2t

k, =2 (31)

r2-r? t2-1
Hence equation (27) becomes:

k k
Pa, =R |:k_j:| + Py |:k_j:| (32)

Equating equations (25) and (26) i.e. o,, = o,, and rearranging we get:
Pirl2 r42 + r22 Pslz (r32 + I’22) — 2Pszsr32 P|r12 r42 + r32 I"42 + I’32
+ = +PRal T 7
4 3

2 2 2 2 2 2

r, r,—n r32 + r22 s r,—n
r, +r} >r2+r? r’r?+r? r?+r? 2r7
" Pae =3 z=R| =73 2 2 2 7 |+ Pas| =3 2T 2 2 (33)
PRl P L N L L r,—-n PRl P
2 2 2
Let: k=l *l _ L +1 (34)
rZ-r? t?-1
K :ri r”+r7° _ﬁ r, +r’° _ > +1 B %7 +1 (35)
5 2| rZ-r? 2| r?2-r? t°,7° -1  tt,°t2 —1
2 2 2 2 2
r. r? +r. 2t 2 +1
kg=2—2—+4 3 -2 3 (36)

2 2 2 2 T4 2 2
L°—r, - —r, t2 -1 t°-1

Hence equation (33) becomes:
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K Ke |
Pa. =R |:k_j:| + Py |:k_j_ (37)
Equations (11) and (15) have been solved to get P,, and P,,, interms of P, as follows:
-P (ks/ke)_(kzlkey)ﬁ (38)
2 (K Tk ) — (K /K5 |
F)SZBZR[(kS/k4)—(k2/k1)_ (39)
(ks /ky)— (kg /k4)_

Putting the values of t;, t, and t,, the equations (14) and (22) can be written as:

r(1-v® t,2+1 t2+1 t,2
80 = Z(E )[Pﬂz[;z T Jzez{—f ] (40)
;-1 4 - " -1
s :rg(l—vz) P t32 +1 t22 +1 _2|3512 (41)
% E 2|21 7 1) -1
3 2 2

3.1 Steps in optimum design

1. Assume internal diameter of cylinder 1 (d, ) say 100 mm

: ¢ r
2. Lettheratios t, =2, t, ==
r

1 2 r3
3. For the given internal pressure P, one can find contact (shrinkage) pressures P, ,and P, in terms

of ratios t, t, and t,using equations (33) and (34).

r
1t3:_4

4. Find the volume of the compound cylinder using equation V = ;r(df —df)/4

5. Minimize the volume subjected to the constraints, a) o, <o, ,b) 0, <0o,,¢) 0,3<0,,d) 6, >0
ande) 6,, >0,

6. Optimize parameters t,, t,, t,and J,, J,,.

7. By selecting the various values of t, t, and t,and using iterative numerical method (with the help of
computer programming), contact (shrinkage) pressures P,,, and P,,, for given internal pressure P, are calculated

using equations (38) and (39) respectively. These contact pressures are then used to find out interferences
Oy,, 0,3 With the help of equations (40) and (41) respectively. Volume is minimized subjected to the above said

constraints. Actually the condition that maximum hoop stresses in all three cylinders being equal is met by
number of combinations of t;, t, and t,. Out of these, some selected combinations have been included in this

paper where volume is relatively less as compared to rest of the combinations. Using the five selected
combinations of t, t,, t;, d,, d;, d,, 5,,and &,, are calculated through computer programming and results are

listed in the table no. 1. It is found that parameters in set no. 5 produce minimum volume.
Analytical Results of (MS-EXCEL):

Table no. 1
Parameters Setl Set 2 Set 3 Set 4 Set5
t, 1.17 1.3 1.22 1.38 1.20
t, 1.35 1.2 1.3 1.3 1.29
t, 1.44 1.44 1.45 1.27 1.45
d, 117 130 122 138 120
d, 157.95 156 158.6 179.4 154.8
d, 227.44 224.64 229.97 227.83 224.46
O g1 max 246.58 249.718 241.017 241.714 249.72
Parameters Setl Set 2 Set 3 Set 4 Set5
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B 246.58 249.718 241.017 241.714 249.94
s, 246.58 249.718 241.017 241.714 249.94
Corin -123.225 -123.851 -125 -127.589 -126.363
o -39.709 3.445 -24.407 19.464 19.943
Conr 62.461 59.817 60.161 85.84 86.528
5, 0.0186 0.0315 0.0234 0.0383 0.038
S 0.0364 0.0225 0.0316 0.0326 0.032
Do 16.603 25.283 20.602 30.295 295
Pur 21581 20.893 23.246 22.005 21.948
Volume 32757.22 31763.55 33665.66 32909.95 31763

3.2

Effects of parameters in design

The effects of variation of t, t,and t, and the interferences on the maximum principal stresses in all
three cylinders are shown in the following figures.

Go1: 0p2; Op3

ty

300
240} A————a— s 4
180
120
A
60 A— - —a- — - — a—
R A{** Coimx
0 N a . A -8 Cpamax
: 4 Cp3max
-60
A& Ggimin
-120 A A A sl 44 Coxmin
44 Gg3min
-180
1.15 1.2 1.25 1.3 1.35 1.4 1.45

Fig 1: Variation of maximum and minimum hoop stresses w. r. t. t
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-80 Go1min
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44 Gg3min
-160

1175 1.2 1225 1.25 1275 1.3 1325 135 1375 1.4
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Fig 2: Variation of maximum and minimum hoop stresses w. r. t. t,
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Go1» Op2 » Op3

Fig 3

Go1 s Op2 » Op3

Fig 4:

Go1 s Op2 » Op3

Fig 5: Variation of maximum and minimum hoop stresses w. r. t. J,,
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From the Fig. 1, 2, 3, 4 and 5, it is observed that for change in t,t,, t;, J, and &, there is little
difference in maximum principal stress at the inner surfaces in all three cylinders. Hence for minimum weight of
three layer compound cylinder, the values of t, , t, and t;are so chosen that it will keep the maximum hoop

stresses developed in all three cylinders are equal.
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IV.  Validation By FEM

The three layer compound cylinder is modeled in design modeler of Ansys Workbench’13 with the
computed dimensions. Here, we have used brick elements for meshing. The type of bond is coarse and mesh
size is 10 mm. The contact between these cylinders are rough-solid to solid contact. The inner surface of the
cylinder is subjected to fluid pressure of 250 N/mm? To avoid rigid body motion, weak spring forces in
appropriate directions are applied.

Data for modeling in Ansys:

Table no. 2

1.20 1.29 1.45 100 120 119.96 | 154.8 | 154.76 | 222.46 | .022 .032

20000 (mrm) 20000 (mm)

100.00 100.00

Fig 6: Maximum principal stress in cylider 1 Fig 7: Maximum principal stress in cylider 2

y

Min
0.00 300,00 (mrn) X 000 20000 (mm) X
) —_— )

Fig 8: Maximum principal stress in cylider 3 Fig 9: Contact pressure between cylinders
no. 1 & 2 without P,

I v
000 200.00 (mm) X
[ Se—]

100.00

Fig 10: Contact pressure between cylinders no. 2 & 3 without P,
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FEM model of three layer compound cylinder is prepared in ANSYS Workbench’13 using values of
the diameters from table no. 2.

Table no. 3
Maximum Hoop stress with pressure 250 MPa
Parameter
Analytical results (MPa) FEM result (MPa) Error (%)
1% cylinder 249.94 249.15 0.31
2" cylinder 249.94 254.79 1.94
3" cylinder 249.94 251.66 0.68
Table no. 4
Contact pressure without internal pressure
Parameter
Analytical results (MPa) FEM results (MPa) Error (%)
Paz 18.922 20.862 10.2
Poas 20.893 24.807 18.73

From the table no. 3 and 4 it is observed that there is very small difference in analytical and FEM
results, i.e. FEM gave virtually similar results as analytical ones.

V. Conclusion

> Multilayer compound cylinders are suitable for high operating pressures.

> There is saving in material by using multilayered compound cylinder as compared to solid walled
cylinder. This decreases not only weight of compound cylinder but also the cost of the material required to
manufacture of multilayered compound cylinder.

> The results are indicated that for an optimum condition, the stress at the inner surfaces of all cylinders

become equal to the yield stresses of the materials used for multilayer compound cylinders.

> Theoretical calculated values by using different lame’s formula are very close to that of values obtained

from “ANSYS WORKBENCH’13” analysis. The differences are due to the numerical techniques.
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