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Abstract:
In this article, we establish certain fixed point theorems for four pairwise self-maps that are weakly compatible 
in an Sb-metric space. We combine a contractive condition together with weak compatibility of pairs of 
mappings. Our findings expand upon and generalise some of the previous findings in the literature.
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I. Introduction And Preliminaries
Brouwer was the first to develop the fixed point theorem in an n-dimensional Euclidean space. The 

existence theorems in the theory of differential equations were then established in 1922 by Birkhoff and 
Kellogg using Brouwer's fixed point theorem. Schaiider extended Brouwer’s fixed point theorem to the case 
where E is a compact convex subset of a normed space. The famous fixed point theorem for contraction maps 
was later established by Banach. The proof of this theorem is straightforward and doesn't require much of 
topological knowledge. After that, several researchers extended fixed point results to b - , S – and Sb – metric 
spaces.

The idea of Sb-metric space is due to Nizar Souayah et al [1] and S. Radenovic et al [2]. It is introduced 
by combining S-metric space [5] and b-metric space [3,4]. After that several authors proved various fixed point 
theorems in Sb-metric spaces [10-14].
Now we give the definition and some topological properties of Sb-metric Space.

Definition 1.1.  [2] Let X be a non-empty set and 1b   be a real number. An Sb-metric on X is a function S: 
3 [0, )X    that satisfy the following conditions, for each , , , ,u v w a X

(Sb1) ( , , ) 0S u v w   if and only if ,u v w 

(Sb2) ( , , ) [ ( , , ) ( , , ) ( , , )].S u v w b S u u a S v v a S w w a  

In this case, the pair (X, S) is called an Sb-metric space.
Since every S-metric is an Sb-metric with 1b  , it is clear that Sb-metric spaces are the generalisations of S-metric 
spaces.

Example 1.2. [2] Let X R  and let the function 
3: [0, )bS X    be defined as 

2( , , ) { }bS u v w u w v w     is 
an Sb-metric on X with 4.b 
Definition 1.3. [2] Let (X, S) is an Sb-metric space. A sequence { }nu in X
a. is said to converge to some ,u X if to each 0  there exists a number 0n N such that 

( , , )n nS u u u  whenever 0 ,n n that is, ( , , ) 0n nS u u u   as .n

Here, we write nu u

as 
n

 or 
lim .nn

u u




b. is said to be a Cauchy sequence, if to each 0 there exists a number 0n N such that ( , , )n n mS u u u  
whenever 0, ,m n n  that is, ( , , ) 0n n mS u u u   as , .m n

The Sb-metric space X  is said to be complete if every Cauchy sequence is convergent in X.
Lemma 1.4. [2]  Let (X,S) is an Sb-metric space. Then for every , , ,u v w X

(1) ( , , ) ( , , )S u u v bS v v u

(2) 2( , , ) 2 ( , , ) ( , , ) 2 ( , , ) ( , , ).S u u v bS u u w bS v v w bS u u w b S w w v   
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Gerald Jungck [6] first proposed the idea of compatibility in 1986 as a generalisation of commutative property. 
Later, the concept of weak compatibility of mappings was put forward by Jungck and Rhoades [7]. 
Additionally, they demonstrated that two mappings that are compatible are always weakly compatible, but not 
the other way around. Subsequently, in 2002, Aamri and Moutawakil [8] established the (E.A) property, which 
has been widely used by the authors to establish fixed points. Later on, in 2011, the common limit range (CLR) 
property was introduced by Sintunavarat et al. [9]. By using this property, it was proved that the closedness of 
the range of any of the underlying mappings is not necessary for having fixed points.
Definition 1.5. Let (X, S) be an Sb-metric space and F, G be two self-maps of X. Then the pair (F, G) is

(i) said to be compatible [6] if lim ( , , ) 0n n nn
S FGu FGu GFu



 for every sequence  nu  in X such that 
lim limn nn n

Fu Gu t X
 

  

(ii) said to be weakly compatible [7] if FGu GFu  for every u X  such that .Fu Gu

(iii) said to satisfy (E.A) property [8] if there exists a sequence { }nu  in X such that 
lim lim , .n nn n

Pu Qu t t X
 

  

Definiton 1.6. (Sintunavarat and Kumam, [9]) The pair (F,G) of self mappings of X, where X is an Sb-metric 
space is said to satisfy the common limit in the range of G (CLRG)- property if there exists a sequence { }nu  in X 

such that lim limn nn n
Fu Gu Gu

 

  , .u X

Definition 1.7. Let X  be a non-empty set and F, G be two self-maps of X. Then a point u X  is said to be a 
coincidence point of F and G, if .Fu Gu We denote  ( , ) { : }C F G u X Fu Gu  

Some fixed point theorems for four pairwise weakly compatible self-maps in a complete Sb-metric space are 
established in this study.

II. Main Results
Theorem 2.1: Let A,B,P and Q be self-maps of an Sb-metric space (X,S) with 1b  such that 

( , , ) ( , )k
bb S Au Au Bv M u v  for all ,u v X , where k > 1 is a constant and

( , , ) ( , , )( , ) max{ ( , , ), ( , , ), ( , , ), }.
2b

S Au Au Qv S Pu Pu BvM u v S Pu Pu Qv S Au Au Pu S Bv Bv Qv
b




         (2.1)
If either
(i) The pair (A,P) satisfy PCLR -property and ( ) ( )A X Q X  ; or
(ii) The pair (B, Q) satisfy QCLR - property and ( ) ( ),B X P X

Then ( , ) ( , ) .C A P and C B Q  

Furthermore, if the pairs (A, P) and (B,Q) are weakly compatible then the maps A, B, P and Q have a unique 
common fixed point.
Proof : Firstly, we consider the assumption (i).
From the ( PCLR ) property of the pair (A,P), we can see that there must be a sequence { }nu  in X such that 
lim lim ,n nn n

Au Pu Pz q
 

   for some 
, .z q X

                                                                                 (2.2)
Since ( ) ( ),A X Q X   there must be a sequence { }nv in X such that n nAu Qv .

Hence lim .nn
Qv q



                                      (2.3)

Now, we claim that lim .nn
Bv q





By replacing u, v with ,n nu v  respectively in (3.1) and using n nQv Au , we get
( , , ) ( , )k

n n n b n nb S Au Au Bv M u v                                                                                        (2.4)
where,

( , , ) ( , , )
( , ) max ( , , ), ( , , ), ( , , ),

2
n n n n n n

b n n n n n n n n n n n
S Au Au Qv S Pu Pu Bv

M u v S Pu Pu Qv S Au Au Pu S Bv Bv Qv
b
 

  
 

( , , )
max ( , , ), ( , , ), ( , , ),

2
n n n

n n n n n n n n n
S Pu Pu Bv

S Pu Pu Au S Au Au Pu S Bv Bv Au
b

 
  

 

( , , ), ( , , ), ( , , ),
max [2 ( , , ) ( , , )]

2

n n n n n n n n n

n n n n n n

S Pu Pu Au bS Pu Pu Au S Bv Bv Au
b S Pu Pu Au S Bv Bv Au

b

 
 

  

 
 
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1max ( , , ), ( , , ), ( , , ) ( , , ) .
2n n n n n n n n n n n nbS Pu Pu Au S Bv Bv Au S Pu Pu Au S Bv Bv Au 

  
 

On taking limit superior in (2.4), we get
limsup ( , , ) lim sup ( , )k

n n n b n nnn
b S Au Au Bv M u v






1lim sup max ( , , ), ( , , ), ( , , ) ( , , )
2n n n n n n n n n n n nn

bS Pu Pu Au S Bv Bv Au S Pu Pu Au S Bv Bv Au


 
  

 

lim sup ( , , ) lim sup ( , , ),since ( , , ) 0 as ,n n n n n n n n nn n
S Bv Bv Au bS Au Au Bv S Au Au Pu n

 

   

Since 
1,kb b 

 we get 
limsup ( , , ) 0n n n

n
S Au Au Bv





and hence 
lim ( , , ) 0.n n nn

S Au Au Bv




Also,  ( , , ) 2 ( , , ) ( , , ) 0 as .n n n n nS q q Bv b S q q Au d Bv Au Au n   

Thus, lim .nn
Bv q



          (2.5) 
Now, we prove that .Az q

By taking , nu z v v   in (2.1) and using ,Pz q  we get
( , , ) ( , ),k

n b nb S Az Az Bv M z v   (2.6)                                                                          Here,
( , , ) ( , , )

( , ) max ( , , ), ( , , ), ( , , ),
2

n n
b n n n n n

S Az Az Qv S Pz Pz Bv
M z v S Pz Pz Qv S Az Az Pz S Bv Bv Qv

b
 

  
 

 ( , , ), ( , , ), 2 ( , , ) ( , , ) ,
max 2 ( , , ) ( , , ) ( , , )

2

n n n n n

n n n

S q q Qv S Az Az q b S Bv Bv q S Qv Qv q
bS Az Az q bS Qv Qv q S q q Bv

b

 

 
   

 
 

On taking limit as n  and using (2.3) and (2.5),

we have lim ( , ) ( , , ).b nn
M z v S Az Az q





Therefore (2.6) implies, lim ( , , ) lim ( , ) ( , , ).k
n b nn n

b S Az Az Bv M z v S Az Az q
 

 

That is, ( , , ) ( , , ),kb S Az Az q S Az Az q  by (2.5).
Hence ( , , ) 0,S Az Az q   because 1,kb b   Then .Az q          (2.7)
From (2.2) and (2.7), q Az Pz   and hence ( , ) .C A P 

As ( ) ( )A X Q X , we have q Az Qw   for some point .w X                                                     (2.8)
We claim that .q Bw

By taking ,u z v w   in (2.1), we have ( , , ) ( , )k
bb S Az Az Bw M z w  and

( , , ) ( , , )( , ) max ( , , ), ( , , ), ( , , ),
2s

S Az Az Qw S Pz Pz BwM z w S Pz Pz Qw S Az Az Pz S Bw Bw Qw
b
 

  
 

( , , )max ( , , ),
2

S q q BwS Bw Bw q
b

 
  

  , by using (2.2), (2.7) and (2.8)
( , , )max ( , , ),

2
bS Bw Bw qS Bw Bw q

b
 

  
 

( , , ).S Bz Bw q

Then ( , , ) ( , , ).kb S q q Bw bS q q Bw

It follows that ( , , ) 0,S q q Bw   because 1.kb b   Hence .q Bw                                     (2.9)
From (2.8) and (2.9), we have q Bw Qw   and therefore ( , ) .C B Q 

Therefore, .Az Pz Bw Qw q                                                      (2.10) 
From the weak compatible property of the pairs (A,P) and (B,Q), it follows that
Aq = Pq and Bq = Qq
Now, we will show that .Aq q                                                                                                                  (2.11)

From (2.1), we have ( , , ) ( , , ) ( , ),k k
bb S Aq Aq q b S Aq Aq Bw M q w 

where 
( , , ) ( , , )( , ) max ( , , ), ( , , ), ( , , ),

2b
S Aq Aq Qw S Pq Pq BwM q w S Pq Pq Qw S Aq Aq Pq S Bw Bw Qw

b
 

  
 
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( , , ) ( , , )max ( , , ), ( , , ), ( , , ), ,
2

S Aq Aq q S Aq Aq qS Aq Aq q S Aq Aq Aq S q q q
b
 

  
   by (2.10), (2.11)

( , , ).S Aq Aq q

Hence ( , , ) ( , , ),kb S Aq Aq q S Aq Aq q  which follows that q Aq Pq   because 1.kb b 

Similarly we can prove that .Bq q

Similarly, from (2.1), we have ( , , ) ( , , ) ( , ),k k
bb S q q Bq b S Aq Aq Bq M q q 

where 
( , , ) ( , , )( , ) max ( , , ), ( , , ), ( , , ),

2b
S Aq Aq Qq S Pq Pq BqM q q S Pq Pq Qq S Aq Aq Pq S Bq Bq Qq

b
 

  
 

( , , ) ( , , )max ( , , ), ( , , ), ( , , ), ,
2

S q q Bq S q q BqS q q Bq S q q q S Bq Bq Bq
b
 

  
 

( , , ),S q q Bq

Hence ( , , ) ( , , ),kb S q q Bq S q q Bq  which follows that q Bq Qq   because 1.kb b 

Therefore  .Aq Pq q Bq Qq   

To prove uniqueness of q, if possible suppose that 
*q *( )q q be another common fixed of A,B,P and Q .  Then 

* * * * *.Aq Pq q Bq Qq   

From (2.1), 
* * *( , , ) ( , , ) ( , )k k

bb S q q q b S Aq Aq Bq M q q 

and 

* *
* * * * * ( , , ) ( , , )( , ) max ( , , ), ( , , ), ( , , ),

2b
S Aq Aq Qq S Pq Pq BqM q q S Pq Pq Qq S Aq Aq Pq S Bq Bq Qq

b
 

  

 

* *
* * * * ( , , ) ( , , )max ( , , ), ( , , ), ( , , ),

2
S q q q S q q qS q q q S q q q S q q q

b
 

  

 

=
*( , , )S q q q  since 1.b 

Hence, 
* *( , , ) ( , , ),kb S q q q S q q q

Since 1,kb b  this is a contradiction to our supposition 
*.q q

Therefore 
* ,q q

Similarly the proof follows under assumption (ii).

Corollory 2.2. Let A and P be two self maps of an Sb-metric space (X, S) with 1b  such that 
( , , ) ( , )   , ,   1k

bb S Au Au Av M u v for all u v X where k    is a constant and 
( , , ) ( , , )( , ) max ( , , ), ( , , ), ( , , ), .

2b
S Au Au Pv S Pu Pu AvM u v S Pu Pu Pv S Au Au Pu S Av Av Pv

b
 

  
 

If the pair (A, P) satisfy PCLR   property and    A X P X , then ( , ) .C A P 

Furthermore, if the pair (A, P) is weakly compatible, then the maps A and P have a unique common fixed point.
Proof: The proof follows by taking B = A and Q = P in Theorem 2.1.

III. Conclusion
Common fixed point theorems for four weakly compatible self-maps in an Sb-metric space are 

established in this study under suitable contractive conditions. By employing the Common Limit Range 
property, which provides a more general framework than traditional assumptions, the existence and uniqueness 
of a common fixed point are demonstrated. Corresponding results are also presented, along with corollaries in 
which the conclusions are restricted to two self-maps. These findings contribute to the ongoing development of 
Fixed Point Theory in generalized metric settings by extending several well-known results from classical metric 
and related spaces to the broader context of Sb-metric Space.
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