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Abstract 
This paper analyzes a multi-server queueing system in which a main server provides consultation to regular 

servers. The main server performs dual roles: serving customers and offering consultation to regular servers on 

a first-in-first-out (FIFO) basis, with preemptive priority over cus-tomer service. As a result, customer service 

at the main server may be interrupted whenever it engages in consultation. Both customer arrivals and 

consultation requests are modeled as mutually independent Poisson processes. The service time of the main 

server follows a phase-type distri-bution, while each of the k regular servers provides service independently 

with exponentially distributed service times. The duration of consulta-tions is also assumed to follow an 

exponential distribution. An explicit stability condition for the system is derived. Furthermore, an optimiza-tion 

problem is formulated to determine the optimal number of regular servers that maximizes the expected total 

profit. Numerical analysis is conducted to evaluate key performance measures and to illustrate the impact of 

system parameters. 
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I. Introduction 
Indeed, in today’s world, the demand for various services is consistently high, leading service providers 

to adopt strategies to maintain goodwill and enhance customer satisfaction. Multi-server queueing systems are a 

common approach to efficiently handle service demands. In multi-server queueing systems, the nature of 

services offered by different servers can indeed vary significantly. In some systems, all servers may offer the 

same type of service. This means that each server is capable of handling the same tasks or requests from 

customers. Alternatively, servers in a multi-server system might provide entirely different types of services. 

There are some other multi-server systems also in which servers offer some common services and some 

different services. This means that while the services provided may differ in certain aspects, they share common 

functionalities or resources. 

It is common for some servers, such as trainees or less experienced staff, to require frequent 

clarifications or assistance. In such cases, experienced servers play a crucial role in providing timely support 

while simultaneously serving customers. This practice is observed in various industries, including banks, hos-

pitals, supermarkets, etc. In a bank, the manager or senior staff members often assist other bank staff in addition 

to serving customers. They provide guidance, resolve complex issues, and ensure smooth operations within the 

bank. In hos-pitals, chief physicians or experienced doctors not only treat patients but also clarify doubts and 

provide guidance to junior doctors or medical staff. This ensures that medical procedures are carried out 

efficiently and accurately. In supermarkets, senior employees or supervisors may assist other staff members 

when handling complex customer queries. They ensure that the checkout pro-cess runs smoothly and help 

resolve any issues that arise. 

Consider a multi-server queueing model offering the same type of services. For example, in a call 

centre, all agents handle customer inquiries or support re-quests related to a particular product or service 

Similarly, in a fast-food restuar-ant, all counter staff serve customers by taking orders and processing payments. 

In these cases, the queueing system is designed to effectively distribute incom-ing requests among available 

servers, optimizing service delivery. By providing timely clarifications and support, experienced servers 

contribute to a positive customer experience and enhance the reputation of the service provider. 

Chakravarthy [1] is credited with introducing a multi-server queuing sys-tem that incorporates a 

consultation mechanism. This innovative approach to queuing systems integrates the concept of consultations 

between servers, offer-ing new insights into optimizing service delivery and resource utilization. In this 

described system with c servers, where one server is designated as the main server and the rest as regular 

servers, the main server primarily serves customers directly but also provides timely consultations to the regular 

servers. The con-sultations are given preemptive priority on a first-in-first-out (FIFO) basis to the regular 
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servers. Preemptive priority implies that if a regular server requests a consultation while the main server is 

serving a customer, the main server will pause the current task, address the consultation request, and then 

resume the original task. This ensures that the regular servers receive timely assistance from the main server as 

needed. FIFO means that consultation requests are addressed in the order they are received. The main server 

does not prioritize consultations based on urgency or any other criteria besides the order of arrival. This fairness 

principle ensures that all regular servers have an equal opportu-nity to receive consultations from the main 

server without any bias or preference. 

Consequently, whenever a consultation is initiated, the service of the cus-tomer currently being served 

at the main server is interrupted. The other regular servers can queue up for consultation. Once all consultations 

are concluded, the main server resumes service for the interrupted customer. When the main server is idle (no 

customer to serve directly), it can immediately provide consultations to the regular servers without interruption. 

No restriction falls on the number of consultations to a regular server when he is serving a particular customer. 

Customers arriving at the main server are served according to the exponential distribution with rate µ1 while 

those at the regular servers get service according to the same distribution with a different rate µ2. 

One notable application of a queueing system with consultations, in the context of an airport is 

elaborated in this paper [1]. 

Jeganathan K. et. al. [2] study a multi-server queueing–inventory system consisting of n junior servers, 

one senior server, and two separate waiting halls designated for customers and junior servers. During service, 

the junior servers seek guidance from the senior server. 

Dudin S. and Dudina O. [3] consider a multi-server queueing system with a finite buffer. The arrival of 

requests is governed by a Markov arrival process. Service is provided in batches, where both the minimum and 

maximum group sizes are fixed. The service time of each group follows a phase-type distribution with an 

irreducible representation that depends on the group size. Additionally, the requests exhibit impatience, with the 

patience time of each request being exponentially distributed. 

Vardanyan A. P. [4] studies a multiprocessor queueing model where tasks demand a random number of 

processors and are constrained by queue waiting times. In contrast to classical multi-server systems, the model 

integrates both resource requirements and waiting time limits, enhancing its applicability to real-world 

computing scenarios. 

Krishnamoorthy et al. [5] analyze a single-server queueing system with in-terruptions, in which the 

occurrence of interruptions is controlled through a super clock mechanism and limited by a predetermined finite 

upper bound. 

Early studies on queueing systems with service interruptions date back to White and Christie [6], who 

assumed that a customer’s service resumes imme-diately after an interruption ends. Later, Gaver [7], Keilson 

[8], Ibe and Trivedi [9], Avi-Izhak and Naor [10], and Fiems et al. [11] extended the analysis to models with 

generally distributed service processes and interruption times. 

In the present paper a multi-server queueing model with k + 1 servers is examined in which the main 

server’s service time has a phase type distribution. 

 

II. Model Description 
Customers arrive according to a Poisson process with rate λ. Upon arrival, a customer immediately 

enters service if at least one server is available. If the main server is idle, it is given priority, and the arriving 

customer is served by the main server. The service time at the main server follows a phase-type distribution with 

representation (α, U ) consisting of p phases, whereas the service times at the k regular servers are independent 

and identically distributed exponential random variables with parameter µ. 

If i regular servers are busy (1 ≤ i ≤ k), then the rate at which consultation is required is 1 ≤ i ≤ k), then 

the rate of requirement of consultation is iδ. . Each request for consultation is attended immediately whenever 

the main server is available. When the main server engages in consultation, its ongoing customer service is said 

to be interrupted. However, if the main server is currently oc-cupied with a consultation, subsequent requests 

from regular servers are placed in a queue. These requests are then processed by the main server in a first-in-

first-out (FIFO) manner. At any given time, at most k regular servers can require consultation. The service of a 

customer interrupted at the main server is resumed only after all pending consultation requests in the queue have 

been completed. The duration of each consultation is assumed to be exponentially distributed with parameter γ. 

Here, the service of a customer at a regular server that requires consultation during its service is not regarded as 

interrupted, since such consultations are considered an integral part of the service process. 

In this queueing system, the main server can transit between several distinct states depending on its 

current activities and workload. These states encompass various scenarios involving customer service, 

consultations, and interruptions. Specifically, the main server can be in one of the following states: 

1. In this state, the main server is actively serving customers. During this period none, one, or more regular 

servers may be in service. 



Analysis Of A Multi-Server Queue With Consultation By Main Server Having Phase Type……… 

DOI: 10.9790/5728-2202015665                           www.iosrjournals.org                                                  58 | Page 

2. Here, the main server is not currently serving any customers, but one or more regular servers are actively 

engaged in customer service tasks. 

3. In this state, the main server is solely focused on providing consultations to other servers. It is not possess any 

interrupted customer but is instead assisting other servers with their tasks. 

4. This state occurs when the main server is interrupted from serving a cus-tomer due to a consultation. While 

providing consultations, the main server has one interrupted customer whose service remains suspended un-til 

consultations are completed. 

 

Notations: The following notations are used in this paper. 
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completed. This leads to an increased number of customers in the system MS and MQ. As the system 

becomes more congested due to increased customer ac-cumulation, the fraction of time all servers are busy 

serving customers ab tends to increase. This indicates that the servers are more fully utilized. Conversely, with 

the increased congestion and higher interruption rates, the fraction of time servers are idle δmi tends to decrease. 

This is because servers are more fre-quently engaged in serving customers or experiencing interruptions, leaving 

less idle time. 

Table 5.3 shows that as the arrival rate increases, customers arrive at the system more frequently, 

leading to higher customer accumulation in the sys-tem and in the queue. This results in an increase in both the 

total number of customers in the system MS and the number of customers waiting in the queue MQ. With more 

frequent customer arrivals, the servers are kept busy for a larger portion of time, leading to an increase in the 

fraction of time all servers are busy serving customers δab. Since the servers are busier due to higher customer 

arrivals, the idle time of the main server δmi decreases. This means that the main server spends less time idle 

and more time engaged in serving customers or experiencing interruptions. 

From table 5.4, we can see that as the service rate µ of the regular servers increases, customers are 

served at a faster rate, resulting in a slower accumu-lation of customers in the system and in the queue MS and 

MQ. With faster service rates, customers spend less time waiting in the system and in the queue before being 

served, leading to a decrease in the total number of customers in the system and in the queue. Since more 

customers are being served by the regular servers, fewer customers approach the main server. Consequently, the 

main server experiences more idle time δmi, as it has fewer customers to serve. With the main server 

experiencing more idle time and the regular servers serv-ing customers at a faster rate, the overall fraction of 

time all servers are busy δab decreases. This indicates that the system is less congested and that servers are not 

fully utilized all the time. 

We see from table 5.5 that as γ increases, the rate of consultation completion increases as well. This 

allows servers to have more uninterrupted time to serve customers. With interruptions occurring for lesser 

duration, servers can serve customers fasty, leading to a decrease in the accumulation of customers in the system 

and in the queue MS and MQ. Since a larger number of customers are served by the regular servers due to 

duration of consultation is less, the main server experiences more idle time δmi. Now consider δab. We see that 

δab increases till γ=3.5. If again γ increases, since the value of λ is fixed, the servers need less amount of time 

for service completion and therefore the fraction of time all servers are busy serving customers δab will 

decrease. 
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