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Abstract

The orthogonal polynomial set’s properties and its use in the least square sense approximation of data or complex
functions to a polynomial, are discussed. Performance of Chebyshev, Gram and Alfredo-Giuseppe (A-G)
polynomials is examined with a simulated Planck profile with and without noise. For Gram and A-G orthogonal
sets with equal spaced grids, the effect of two types of fake data points at the boundaries are examined by
computing the root mean square deviation of the data fit. When three or more data points of zero values are added
at fake grids, computation orthogonal polynomials of highest allowed degree are possible without divergence (no
Runge phenomenon). When fake repeated data points are added, good data fit to polynomials (computed from the
orthogonal polynomial for each degree) with highest convergence rate results. Good noise discrimination is seen
in the latter case and can be used to identify the best orthogonal polynomial degree to be employed for data fitting
applications.
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I.  Introduction

Orthogonal polynomial set (defined over an appropriate variable domain and boundary conditions, and
a weighted orthogonality integral) are eigenvectors of certain classes of differential / difference operators [1].
This and the fact that they can be generated via recursive, differential or integral formula, have hypergeometric
representation and associated generating functions, have close relation to continued fractions etc., endows it with
several useful properties and consequent computational and analytical advantages. Orthogonal polynomial sets,
by serving as a basis for expansion of arbitrary functions, [2] have applications in approximation theory and
numerical analysis, as in the iteration free least square polynomial fitting, quantum mechanics, probability, signal
& image analysis, etc. Here, after a concise discussion that traces the origin of the several useful properties of the
orthogonal polynomials, its application in data fit is probed. The developments in orthogonal polynomials have a
very long history and diversity with copious literature. However, here only references that are easily accessible
(except for books), broader than the context, but with some bias towards data analysis, are quoted and that too
disregarding the chronological order. An attempt is made to include all relevant details in a coherent manner.

II.  Polynomial Sets And Finite (Converging) Hypergeometric Series
Polynomials offer unparalleled computational and analytical advantages and hypergeometric series [3a-

c] is the general way to generate it with exemplary properties. The general hypergeometric series with the symbol
a «a a
oFq 5i 52 5:;2 or pFo(a,00, . . . ,0p 301,02, . . . ,04;2) (variables separated by “,” can be interchanged
while that by “;” should not be) is defined in terms of shifted factorials (Pochhammer symbol, (a),, =
P (g ;

mola+i—1]) as:- F&=m—o %;—T In terms of Gama function (I'(z) = flm t7-1 e~ 1dt), (a); = r(ruz:;)

(becausel’ (i + 1) = il'(i) = i!), its definition is extended to non integer values of the parameters a.and 8. Among

the many interesting properties of the series, the following are of interest here:-

a) None of the J; can be negative or zero

b) The series is a n'" degree polynomial if anyone the numerators (a;) is -n and hence can be used to generate a

polynomial set of degree zero to n. The coefficients of such polynomials being function of factorials, represents

various types probability distributions.

¢) The convergence of the series depends on the ratio coefficients of the adjacent terms and the value of the

variable, z. Thus convergence is obtained only for specific variable range; for example if p<q, it converges for all

values of z; b); if p=q+1 it converges for | z | <1 only ; and c)if p > g + 1 then the ratio of coefficients grows

without bound unless z=o0. However it can be a polynomial.
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Particular cases of hypergeometric series corresponds to functions expressible as a polynomial series

when an appropriate  variable range is employed. A special case of interest here is
Sy @m@m m _ yoo m _ _ 1) w T(nta)rm+ay)z™ L th
2F1(0u,02;0152)= Y m=0 ot Z Ym=otn Z AT Y=o TnT30) — which is a n™ degree

polynomial when (8;-au-0 ) >0 with a; or az equal to -n.
(a1+m)(az+m)

d) The ratio of coefficients of two adjacent powers of z ( BormmiD
1

) is a characteristics of the hypergeometric

series and it is a rational function of m. It’s derivatives satisfy the relation ;TJI.F (a1,a5;d;2) =
(“1)](0‘2);‘
©F}
[81—(outat+1)z]y' — oy ooy =0 , with  y, = 2F1(-n,02;81;z) (Jacobi polynomials) as a particular set of solutions.
Other related system of differential equations, a) zy"+ [ 6—z] y'— o y=0, with y, =1F1(0;8;z) and b) y"-2zy'+2ny=0,

with y, = (22)“2F0(_2—n, _n(:_l) ;= —z‘z) also have hypergeometric type polynomial sets as solution. The three

linear ordinary differential equations of the type above that can be mapped onto each other and also reducible to
a conjugate form by an appropriate transformation (transformation of abscissa, expressing ordinate as product of
two functions or gauge transformation [4]) are referred to as canonical.

F(a, +j,a, +j;d, + j;z) linking hypergeometic series to the differential equation z(1-z)y" +

Polynomial representation for Data and Function.

Any differentiable function (f(x)) in an independent variable x or its function, with certain restriction
about the point of expansion and the range (limited to a region of no singularity), can always be approximated to
a converging polynomial within a characterize-able accuracy (Weierstrass’s theorem) [5]; Taylor [6a],
trigonometric, [6b] hyperbolic series [6¢] (among many others) being such examples. This forms the basis for
seeking polynomial as the solution of a large class of differential / difference equations and polynomial
representation of complex functions and measured data. A n degree polynomial representation require n+1
linearly independent, n dependent basis sets [2]; the sets {x}, {pa} (polynomials of degree from zero to n), and
cos(nx) (because cos(nx) can be expressed as a polynomial in cos(jx) with j=0 to n) being examples.

Polynomial approximation of data

Given a cluster of data points, to extract any insight, one needs to know the equation connecting an
independent (in the simplest case of one dimension) variable, x, to the data as a dependent variable, y, (given by
a function y=f(x)). If such a function is known with adjustable parameters, one may proceed with various
optimization/regression methods [7a-d] and forms one of the approaches to data analysis. If no such model
function is available or if such a function has a complex form, having a polynomial representation enables efficient
computations.

With (N+1) discrete data (x;,y;) generated using a complex function or some measurement, it is always
possible to construct a N degree polynomial that will have the value yj at each x; [8]. A (N+1)" degree polynomial,
L+, [Ly+r = ([T (x — x;))] and its derivative at each grid point j, I/, (U= [TI25" (x; — x;) j # i) can be used
L(x)

= 51‘

for constructing the N degree polynomial. Since Teex))
™

j» the N degree polynomial, pn, [8] passing through

all the points will have the form:-
N+1_Ln+1
= . n . 1 .
pN Zz—l l‘(x—x]-)y] { } -
An alternate way to approximate to a polynomial is to use the x/ basis and expand the N degree

polynomial, px, as py = Loy, j x/ and obtain ry j from the matrix inversion of the NxN Vandermonde (V)
determinant [9] :-

Yo 1 x . x'||™wo

Nl |7
o I LT | ) PPy (2a}
Yn 1 xy . xNII"wN

Inverting V [9] yield R as V-'F.
If the above equation is multiplied by V7 this takes the form:-

N
>Ny, N+1 Yoxi - Xoxt 1w
N N, 2 N, N+2
Yoxyi | = | Zoxi Yoxi® - 0 Xi T"f'l 2ieF = LR —oeommmmmmmeee {2b}
: . ) . ZIN 1
0x:" i ToxNTt Noa gxi( M L

By column operations, (adding to each column the column on its left after multiplying by an arbitrary
constant) V can be replaced by a matrix with polynomial elements as:-
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Py Pi(x)) . Py(xy)

Po Pi(xz) . Pu(x2) Thus, (after a column and row additive operations on RHS and LHS in 2b)

P;o P1(IxN) PN(.xN)

Y0 po (X)) Y olPo (x)]? Lo Py ()P (x) . XiloPo (x)Py (x| [Tw,0
2oP1G)yi | = [Zio Py (x)Py(x) LolPiGe)? o Zo P )Py ()| || —{2¢c}
S Gyl IS8R GoPy) S0P GOPY () . SNolPyGOP |

Integer powers of x, x!, or in general, a set of i degree (i=0 to n) polynomials formed from a linearly
independent ‘simple’ function set of x can form the basis for such an approximation. Thus irrespective of whether
discrete data is from a function (noise free) or from a measurement (noise may be present), it can have a
polynomial approximation.

Optimum polynomial degree representation

Analytically, the interpolations described above ensure that the generated N degree polynomial coincides
with arbitrary spaced N+1 data points. However, the lack of constraints at regions between the points, the loss of
accuracy (due to overflow/ underflow, rounding off etc.) in computations, and other factors like noncompliant
boundary conditions and discontinuous data, leads to fluctuations referred to as Runge & Gauss [10a-b]
phenomena, close to the boundaries of x or at the discontinuities of y, respectively. Also, such a fit may be just
providing a sketching through the data points. In reality, a meaningful fit may require only a lower polynomial of
degree, n, (n<<(N+1)), with norms for ignoring out-liners (due to error / noise or approximation), sometimes with
a transformed x-range. Of course, then (n<<(N+1)) the polynomial may pass through only few or even none of
the points, so that one needs to look for a polynomial that passes through points ‘closest’ to the data. There are
several approaches, [7] but examination of the least square method that employ linear sum of polynomials of
various degrees, i (i= 0 to n), as basis for an incremental improvement of the fit (approximation) needs attention
in the context of efficient attainability of the above requirement.

Least square fit to data

Let p, = X7 O; where 0; = x* (pnis a n degree polynomial) or a more general 0; = 3‘:0 k; j x/.
For a n™ degree polynomial approximation, pn, the measure of the error with in the least square approximation
Ve — Z T 0;(x)

is :-
N
k=0 i=0

This will have a minimum value with respect to r,; when

N 2

SEn .

Srmy 23N olyk = T i 0:(x;)] 0; =0.; (=0 to n)
FO Gll Glz . GlTl rn,O

. . . F. . 1|,
Setting % = 0 yields the normal equation | *| = Ga1 G2z Gon| |Tmt ieF = GR where F; =
nj . . . . . .

Fn Gnl GnZ . Gnn Tn

ZLO ykoj (xy)and Gi,j = ZQ’:O 0; (xk)oj (xg) == {3}

Thus R=G'F

The inversion of the Gram matrix, G, to get R (ryj) is not needed (a computational advantage) if, the set {O}
satisfy

ZLO 0; (xk)Oj(xk) = hbyj - 4}
This defines discrete orthogonality. This discrete sum and the integral flu 0; 0jdx = h;6;; are

interchangeable if the function set Oj is singularity free in the x range [1,u], not only represent the data points, y;
at X; , but also is a good interpolation between the points, and each member of the set and its derivative satisfy

certain boundary conditions (section 2.2). Since with discrete orthogonality, the Gram matrix is diagonal:-
F
Tnj = G_] """""""""" {5}
J.J )
When x'is used as the basis, (the non-orthogonal polynomial) case the matrix equation corresponding to
the least square norm takes the form:-

PXIEY N+1  Xx . X5 [|™wo

N 1
Yoxyi | = [Zox  Xox® . XoAT r"f'l JieF = LR - (6}
0%V ox™ Xt . B I TNn
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Thus, 1y ; = LY YN_ xi/v;(x;) (in the general form, the elements of L are integrals). This requires
matrix inversion and re-computation for any change in n. However, in the case of orthogonal polynomials, the ry;
are independent of n and hence no re-computation of 1, j is required as the trial degree is incremented to n+1 (<N);
another computational advantage. Note that for any member of the set {pn}, pn (0<n<N), the discrete orthogonality
is defined by a summation over the roots of pn. Also each py is the best n't degree polynomial fit in the least-
square sense and will be a better approximation as compared to any lower degree polynomials.

N+1 YVNx . SNxn 11 . 1 x . x@ 1 1 . 1
N N, 2 N, n+1 n
Since |20%  Zoxi® . Zoxl |- Yo X AwpLoxaoapf %o X AN e
. . . 0 'n 'n . 'n . . . . -n n .n
CETED Y E AR P i xo xp - avlll oxy .oxy Xo X . Xy
Po(x0) DPo(x1) . Dpolxn)
x X . x . .
converted to pi(xo) Pty P1XN | one can rewrite the expression for least square as :-
Pn (xo) pn(xl) - Pn (xN)

|20 2o (x| Lo Pox))? XS P, ()P (x) - XIS Po (k) Bu(x)| Mo
Lop ()yi| - B P, edPi(x)  ZELUPLG)]* . B Py ()P [ [T —
S Cdfil ISP GOPG)  ShoPL GORG) . BllB G2 [

Thus, if XY= P; (x;)P;(x;) = h;8y;, it is equivalent to the use of an orthogonal set ({p;}0<j>N, with a
discrete orthogonality) with the roots of Py as the grid and automatically ensure a least square fit for any n<N.
The discrete orthogonality instead of the orthogonality integral, leads to efficient numerical computations.

Construction of orthogonal polynomials from discrete data.

From the procedure to generate polynomials from discrete data discussed above, it is clear that it is
defined only at discrete (grid) points of the independent variable and a set of finite degree polynomials are needed
for approximations of various degree. To generate such a finite orthogonal set, two approaches are used; use an
x-grid that are the N roots of a ‘suitable’ orthogonal polynomial, px, or construct an orthogonal polynomial that
have N equal spaced (or in general q-spaced [11a-c]; not considered here) roots. These are respectively known as
continuous and discrete cases. In the continuous case, the grid is non-uniform and the needed data is generated
from the complex function that is being approximated to a member of the orthogonal polynomial set. In the
discrete case, the equal spaced data (special g-spaced) points are available at the grid points by construction. Apart
from the restriction on grid spacing, the orthogonal set can be identified as the solution of certain class
differential/difference equations [1,12] that are reducible to a conjugate form. Eigen value equations
d%y
[
are special cases of such equations in conjugate form. The link between orthogonal sets and differential equations
reveal the boundary conditions required and several analytical relations. This also increases the available
orthogonal sets and facilitates in getting approximate solutions to several related differential equations.

Ay = O] with trigonometric functions as eigen vectors and positive real discrete values as eigen values

III.  Orthogonal Polynomials Of Hahn's Class
Several computational Physics and mathematics problems are formulated as a difference or differential

equations [13a-b] that are limiting cases of g-difference equations expressed in terms of Hahn's operator [14a-b].

€ Hahn's operator = Haxdn) ) and r are real numbers wit r and x # —) satisfy a degree
The Hahn's op 8V y((‘fq"jgxf;) qand 1 numb hq#1r#0andx # ) satisfy a deg

conserving (all terms of same degree) q-difference equation of the form:-
abd?y (% (x— r)) + 7,00y (% (x— r)) = A,y with ¢ and 7,4 polynomials of at most two and one

degree respectively [0 = 0,x% + 01X + 0y; Tng = T1X + To]. Since § can be the normal differential operator (for

lin} 6 y) or the difference operator (A or V when q—1 and r=*1), the above equation reduces to two sub classes,
q—)

referred to respectively as continuous and discrete cases.
oY + Tnoy' + Aoy = 0 {8}
o (AVy) + Tpoly + Anoy = 0 {9}
Here only these two sub-classes will be discussed and not the general q difference case [11a-c].
In general equation of the form {8} can be obtained via a transformations of the more general equation

y+ T?Toy! + %y = 0 where Y, and ¢ have degree <2 and 7 is of degree one [13b] and encompasses large

number of cases of scientific interest.
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Properties of differential equations
The equation {8} has, in addition to a singularity at oo, singularities at the roots, s, of o or 7, (s given
by 0,8% + 015 + 0, = 0 or if 6, = 0; = Og, # 0, s:_T—TO). Thus a power series solution (Frobenius method), of
0

(x_s)e+i

the form y,, = Xt okp,; (e, the exponent corresponding to the singularity at s) should exist. This, for the

i!
positive real polynomials, y, leads to a recursion relation for ky; (for 0>n<co.; with k,,=1) [11a] as:-
(n—=D[op(n+i—1) +14]kp; — [2025 + 01)i + 745 + TolKp 41 — (025% + 015 + 0)kp iy =0 —-mmmmv
{10}

This will reduce to a two term recursion if (0,52 + ;5 + d) or T,x + T, equals zero with the region
between the roots of g (or 7,,¢ as the case be) having singularity free solutions. It also fixes zero as one of the two
possible values of the exponent e. With such a monic polynomial solution for {8}, 1,, can be obtained as
—nlo,(n — 1) + 71] (by equating the coefficients of the zeroth power of x with such a trial solution). These are
in fact the conditions for the existence of polynomial solutions to {8}. Such monic polynomial solution of {8}
satisfies the condition on the ratio of two adjacent k, ; required for the existence of a hypergeometric representation

[3a-c,11a]. Thus it is obvious that a set of polynomials of definite degree n, y;,, ([yn =Yiokn (x:—ls)l] skon = 1)

are the particular solutions of {8} and with an appropriate x range, will have a hypergeometric representation.

_s) .
Such particular solutions, pn (i.e. yi=bn = Xi—o kn,; %, n=0,1...0) as a basis set, the converging series

Y20 Tn; Pi (=Y) is one of the general solutions of {8}. As it turnout, {8} is recast-able to a conjugate form and
among many other properties, these solutions form an orthogonal set.

Self conjugate form, weighted solution and orthogonality

In {8}, if ' = 1, it takes the self-conjugate (eigen value equation) form [12]. If the condition o' = 7,
is not met, multiplication of y by a function w that satisfy the condition wo' = wt,,, will recasts {8} into a
conjugate form [12].
Thus oy" + 7,0y" + 4,0y = 0 takes the form

d
— [woy']l + wa,,,y = 0

dz
Provided (wo)' = wt,,
orw' = W(T"OJ_J') ) {11a}
PR . . _1 U (Tno
This implies that:- w = —exp J; (T) A — {11b}

The limits of integration, 1 & u, needs to ensure that w is positive and finite. Since {11b} implies that o
should not be zero within the limits of integration, 1 & u needs to be the roots of o, if ¢ is a second degree
polynomial. In other cases also, the limits are decided by the location of the singularities of {8}.

If pn and pm are two solutions of {8} with eigen values A, and A, then

f[u Pn PmWdx = hy 0,y ----—--mm-m--- {12}

provided a suitable boundary condition sets [Wa (D Pm — PrPi)]¥ to zero [12].

Thus, P,, w, 4, ¢, boundary conditions and restricting the range of x to singularity free region define a
general orthogonal set that satisfy [ B,wP,dx = h,8,,,. The generated set will be unique with an additional
condition that the leading coefficient of P, is positive. It may be noted that such solutions require specific x range
([-1,11,10,1], [0,00 ],[-o0 o0] etc.) in the hypergeometric representation. Thus data will need a linear transformation
to have such compatible range and the use of such standard range has an advantage in numerical computations
also.

Orthogonality implies that like y, any function F, (including x™, B,, etc) may be approximated by an
orthogonal polynomial set as:- F, = Y,i%,1,; ; (m=nifF is a polynomial of degree n, oo otherwise) because rn;
can always be obtained as:-

Tni = [f Fy PjW]dx - U pj Pdex] {13}
Similarly, [ x"B,wdx = [hy = knn|6nm [ XPn_1Bawdx = [kn_1n_1hn] + kppn with p, = 3o kp; xt

Discrete sums and Orthogonality of finite polynomial sets

As discussed earlier, for an integer N, a finite polynomial set can be generated that satisfy a discrete
orthogonality. If pn, pn and pm (m,n< N) belongs to such a set, then the orthogonality integral, because then pnis
the best fit to N points in the least square sense (see sectionl.4), takes the (the superscript i implies the value of
pn at the i root of pn) form:-

évzlwprizprin = hpbpm {14a}
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This expression also implies the existence of another discrete sum as [15] :-
wpkp)
R=1 h’; £ = h8 {14b}
The equations {14a &b} are the discrete form of the orthogonality integral {12}
The Christoffel-Darboux identity and Gauss quadrature also are stated using discrete sums (section2.9 and
[17,17]).

Recursion relation

A consequence of orthogonality is that the RHS of the expansion xP, = ?:01 Tn41,i P; takes the form
Any1XBy — by By — €1 Pnr_1 (because xP;, is a polynomials of degree n+1) with:-
a — an+1Pn+1de . =a anxindx -c — [an+1an(XPn—1)de] — an+1 ____{15}
n+l f(xPn)Pn+1de > ntl n+1 anPanx > n-l [f Pp—1Pp—1wdx] an )
P, b Pp—
Thus xPn = ﬁ"'ﬁpn + an or Pn+1 = (an+1x_ bn+1)Pn _Cn—lpn—l """"""""" {16}

(the -ve signs used for keeping b, & ¢, positive in subsequent relations)
For finite set of orthogonal polynomials, the summation over N replaces the integrals.

The above recursion can be initiated with Py = hy; p; = (agx — by) P, and is the most efficient means
of generating an orthogonal polynomial set.

Recursion and other relations for the polynomial.
Useful relations for the general polynomial expansion coefficients k,, ; (pn =2l okni xi) can be
obtained by equating the coefficients of x' in the recursion {16}:-

n+1 n J Jj-1

i+1 _ i+1 i i
Z kj+1,i X = Aap41 Z kn,i X - bn+1 z kn,i X" —Cph—q Z kn—l,i X",
i=0 i=0 i=0 i=0
These are :-

kn+1,n+1 = an+1kn,n;l =n+1
kn+1,n = an+1kn,n—1- _bn+1kn,n;l =n
kni1g = anprkn—1. —bupikn —Cuikp pl=n—-1n-2,...... 2 e (17a)
Or in general :-

koo = po
kit1i41 = Qiyrki 31 =01,—— =N
kiy1i = Qipakii-1.—biiki;i=12,—— =N
kij=aikiyj1.=biki1j—cizkip;1=23—-———— L s R {17b}

It may be noted that the indexing and sign of a, b & ¢ are in accordance with that used in the recursion
relation {16} and if it is different, as in some literature, those used here should be accordingly readjusted.

Several relations between the recursion coefficients (an, by & cn) and between the recursion and the
polynomial coefficients can be obtained from equations {15} & {17a-b}.

_ knt+1in+1 _ knn
an+1 = k A f(xpn)Pn+1de - hn+1 k
nn n+in+1
Thus using the two alternate expressions of a,
2
h _ kn+1,n+1 _ 2
n+1 — k2 = 0niq
nn
b _ kn,n—l kn+1,n
n+1 = Ant1 k - k
nn n+1,n+1
c _ [an+1an(xPn—1)de] _ hn kn+1,n+1kn—1,n—1 _ hn An+1
n-1= = 2 =
[f Py Pp_ywdx] hy—y kin hyy ay
— . L% O — . _ ka2ko0 h1
Also, a1 = apay_y..... Ao; Ao =735 Cn-1 = Cpn—2Cp—q1:-+-- Cos Co=—"57
ko,0 kis ho

The above listed relations imply that, b can be zero and a & ¢ are not independent variables.
In general, the recursion formula for the generation of the polynomial set takes the form:-

th n
Pn+1 = (an+1x - bn+1)pn - Rt aa:1 Pn—1 === {18}

The recursion coefficients a,, by & ¢, can also be obtained in terms of the coefficients of the polynomials
o and 7, [18a-b] and is given in section2.8 for monic case[11a].

Orthogonality of Derivatives
An important property of the solution of {8} is that all the derivatives of y are also solutions of it, as its
structure is conserved under differentiation [15]. For the m™ derivative (m<n-1) it takes the form:-
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V" + TV = Vs 0 > k < n— 1 (with vy, as the k™" derivative of y)

Tok = Tno + 0k Apge = Apo + Thye + 0 (K — 1k /2

Also w;, = wa*

Thus the orthogonality integral of the k™ derivative

[ BX P¥w,dz = hK 8, can be evaluated from the relation hi,! = 2 h',, starting with h,, = [ pd pSwdz

Recursion relation of k™ derivative of P, can be obtained by differentiating {12} as:-

P1’1(+1 = (an+1Z - bn+1)P7$ - Cn—lprlzc—l + an+1kP1{(_1
(with no negative subscript/superscript allowed in the RHS.). These relations lead to Rodrigues formula as [15]:-
Py o< =

The I* (and all higher) derivative of P, can also be generated [19] byoPs = a,Pyiq + BnPr + VaPr-1
with a,,, , and ¥, computable from the coefficients of ¢ and 7 [19].

Some useful summations

For the evaluation of finite sums of the form F = ) (1, ; p; Clenshaw Algorithm [20a-b] is often used.
As per this algorithm, by virtue of the recursion relation for Pi, as P; = (a;x — b;)P;_; — ¢;_1P;_,, another
recursion B; = A; + (aj41X — bi31)Bis1 — Ciy1Bit+2 (with Bi=0 for i>n ) exists. The recursion is initiated (from
i=n) with A,=B, to get Bo and then, F=PBy.

The Horner recursive algorithm computes polynomials (including orthogonal) with better precision
[21] by avoiding computation of high powers of x.

Extension to more general case.
In the more general case when the independent variable is a function of x, (f), {8} takes the form.
o'y [Tof f' = o' Uy + LU f fly = 0
Following the procedure as in the case of {8} one can get the weight function w as :-
1 un (Tof'f'~o's"

e o () af

For the case when f is obtained as a result of a linear transformation of x (f=l;x+lp, f' =1[; and f" =
0), the weight functions will differ by a factor [, and the degree of o and 7, will remain unaltered. This implies
that all results discussed above are applicable in this transformed case also with changed limits of integration and
the transformed o, 7,0 and w. As an example, a linear transformations (z; = €,x; + €, or the reverse x; =

ei[zi —€ol; €1 =2/[xy —x1]; €0 = =[xy + x11/[xy — x1]),will change the limits of integration between
1

[x1,xn]and [-1,1], but will leave a,, by & cqunaltered because [ f;l" f (x)wdx] = [ f_ll f(2) eﬁ dz]. Since the above
1

transformation implies, x; = n,z; + 1 [with n; = 0.5(xy — x1);n9 = 0.5(xy + x)], the recursion changes as
Ppiy = [Mman1z — (buys — Nont1)1By — a1 Py {19}

The reverse transformation is x; = n,z; + ¢ ; 11 = 0.5(xy — x1);m0 = 0.5(xy + x;) and may also be
used to obtain the grid for other intervals ([0,1], [0,N] and [0, o0]). Thus orthogonal polynomials can be
computed in any convenient range (related through a linear transformation), but as a standardization, results are
often presented in terms of range compatible with hypergeometric representation.

It is possible to assign Py any value that is independent of x, to get compact relations, or numerical
stability in computations.

Two forms of orthogonal polynomials that are often used are the Monomial and Orthonormal and
respectively correspond to cases where all k;, or hy are set to unity.

1) Monomial
hn hn
Poyr = (z— bn+1)Pn - mpn—l Pn+1 = [Z - (kn,n—l - kn+1,n)]pn - mpn—l ““““ 120}
with po=1
The recursive relation obtainable from the orthogonality for the monic case in terms of the coefficients
of o and 7,4 is [11a]:-
. noy[o;(n—1)+11]-70(02-71/2)
Ynt1 = (Z = bpy1)Yn — Cpo1Yn—1 With bpyy = ;Ea:?n—1)+TI}2][T:22111T;2]

_nloy(n—2) + 7,][oy(n — 1) + 190,0,(n — 1) + 017, — 0,7] — 40p[o,(n — 1) +7,/2]°

‘-1 = 4[o,(2n = 3) + 71][o,(n — 1) + 7, /2]*[0,(2n — 1) + 7]
or (b, = _T—Tlo Cp = ;—Twhen o, =0, =0;0, #0).
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2) Orthonormal
n bn n—
Pn+1 = (an+lz n+1)pn pn 1 Or 0= ZPn — [Z = + (A) Pn — u] """"" {21}

n+1 an+1 an

It may be noted that in general Do = koo and hy = [ pypowdz = [ k§,wdz. Ifhois not one, it possible
to scale Py and get a scaled py (P = i) and generate a recursion relation starting with p, = — Py = 22 and
Vho Vho

N

Pn+1 = (@nt1Z — bpy1)Pn — :: Dp - {22}
For conversion between monomial and orthonormal forms the following relations can be employed. If
M1 = (z — bpy1)M, — ¥, M,,_; is a monomial set, then the corresponding orthonormal set is:-

Ony1 = [(Z = bny1)0y — YnOn—l]/\/ Vg1 -mmmmmmmmmmmmmoes {23}
The equations for the orthonormal polynomials p; to pn+1 generated by the recursion relation, after
rearranging it as 2L = [p”—"l + (b"“) pn] — xpy, and written in a matrix form is:-
an+1 an an+1

0 b/a, 1/a, 0 . 0 0 z 00 . 0 0p\][Po

0 | 1/a, by/a, 1/a, . 0 0 0 z 0 .00 P1 |

0 \ 0 0 0 . by/a, 1/a, 000 .z o/pn_l
Ppi1/an4q 0 0 0 . 1/a, bpi/an,l 100 0 . 0 zI/1pn

If we consider that z takes only the values that corresponds to the roots of pa+1, zi, then for each such z;
the LHS in the above equation is zero (because at z=z; py+1=0). Thus on the RHS requires that:-

zz 0 0. 0 O bi/a;, 1/a, 0o . 0 0
0 zz 0. 0 O 1/a, by/a, 1/a, . 0 0 |
- =0 ---m-ee- 24}
0 0 0 . z O 0 0 0 . b,/a, 1/a,
0 0 0 . 0 gz 0 0 0 . 1/a, bpii/ns

The above can be identified as the eigen value equation of the matrix J, known as Jacobi Matrix.
bi/a, 1/a, 0 . 0 0

1/a;, by/a, 1/a, . 0 0
= - . . . . . (25}
0 0 0 . b,/a, 1/a,
0 0 0 . 1/aq  bpii/ans

These eigenvalues (roots/grid points) and the corresponding vectors play an important role in the
quadrature methods that employ orthogonal polynomials.

Christoffel-Darboux identity.

A relation involving discrete sums, known as Christoffel-Darboux identity, exists for two polynomial
sets {py(z;)} and {py(z;,)}. The two variables, z; and z are related via a linear transformation and thus have
the same recursion coefficients. For the general (non-monomial and non-orthonormal) sets [16,22,23] it has the
following form.

ZN 1 pl(lﬂpl(lz) 1 [pN-1(z2)PN(z1)—PN-1(z1)PN(22)] (26a)
T ayhy—s (z1-22)
It takes a 51mpler form for the orthonormal case as:-
Z 0 (Z1)0 (ZZ) ON 1(22)01\](2) 31\; 1(21)0n(22)] {26b}
1742

In particular when z; = zz —z

Zo @0, = o~ [0y 1()0L@) - 0'y 1204 (2]

If the discrete values of z corresponds to the N roots of On (i.e Ox=0), z;, this yields [17(Eq35, chapter 2) ] :-

25 01 (2)0u(7) = o — 0y_1(#)0i(2) {27a}
The corresponding equation for the monomial will be:-
S ) - Ly (2)pi(z) (270}
l. N-1

This expression leads to an efficient computation of weight in quadrature methods.
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Generating new weight functions.
If w is a weight function that yield an orthogonal set {p,} then Q = ¢ w, also satisfies the requirements
of the weight function if ¢ is a non-negative polynomial of degree L within the limits of integration [22]. The

new orthogonal set that corresponds to Q is P = iDn where Dy is :-

pn(x) pn+1(x) . pn+L(x)

Dn= pn(rl) pn+1(rl) ' pn+L(r1) (riaretheLroots of(p)

pn(.rL) pn+1.(rL) pn+l:(rL)

Additional ways of generating orthogonal sets

In general, if a function set, {2; (i=1....n) and it and its derivatives, .(2%, exists, then the n' degree
. . . 1d™"0,
polynomial p, given by Rodrigues formula , p,, = ——
weight function, w, provided {2; and derivatives vanish at the boundaries. The boundary conditions on £2;, 0} and
A+ ip,

dz™+1

form an orthogonal polynomial set [22, page 59] for a

= 0. in fact identifies the set 02,,. When 2,, = wa™, P, satisfy differential equation {8}.

For a given w, orthogonal polynomial set, can be generated via the moments matrix, constructed from
the finite integrals m; = [ [ w z'dx]. Let A & B be:-

1 z .ozl z" m, my . Muyg my
my m, . m, Myt my m; . My Mp+1
A= . . . . . B= .
my_q my . Moy Myy_q My—q my - Map—2 Map—
my Muyy1 - Mop_q mon my Mpy1 - Mapg Man

Then P,=A/B will form an orthogonal set becauseflu DPn PmWdz = 8,,,,. This approach can be employed

to generate a set from any suitable w and need not always satisfy differential equation of the form {8}.
Starting with any suitable linearly independent set {v;} of functions treated as vectors, one can generate

an orthogonal polynomial set {x;} with the same span as {vj} via Gram-Schmidt scheme [24] as:-
i-1

S (vilx;)

Xi = V; — —x]'

= (1)

These general approaches may need the computation of recursion coefficients via integrals.

Classical orthogonal polynomials

Classical polynomials (so named because they were known for a long time as solutions of some physics
problems that have differential equations of the form {8}), have an associated infinitely differentiable function
0; with an auxiliary condition {2,, = wa™ [22,section 2.7]. They give standard expressions (avoiding integration)
for an, by and ¢, and weight function, and are widely used because of the efficient computational possibility. As
mentioned earlier, for variables related by linear transformation, the orthogonal set is not new except for a
modified recursion relation and weight. From the discussion up to now it is clear that the solutions of {8} with
restrictions on the degree and coefficients of ¢ and 7 meet all these requirements. They can also be made to meet
the independent variable range compatible with hypergeometric representation. Thus one can look for the
hypergeometric form of particular solutions of {8}. The requirement of a positive-Definite weight and the possible
solutions of 6=0 or 7=0 give rise to three unique monic Orthogonal Polynomial Solutions [11a].

case 1 degree of ¢ zero implying o, = g; = 0,0, = 1, ;<0 and x range [—o0, o]
The differential equation has the form:- y" + (% + 74)y' = 741

| 2
T -0 . X
(no=9) . w = exp (7‘[1 + ‘L'O);
. . . =T -n
The recursion is:- Y41 = (X — bpi1)Vn — Cne1Vn—1 With by, = T—O cp—1= - 71<0
1 1

The weight function obtained from the relation w' = w

The polynomial expansion takes the form:-

i
— y® To : —n. _ n
Yn = Zi:o Thi (x + ;) with Tan-2i+1 = 0; Tn-2i =

27, 2!

n “n —(n-
The hypergeometric form is:- y, = (x - T—O) Fo| =, D) n; —; zr z
T1 2 2 Tl(x_ﬁ)

o ! 2
Orthogonality integral is:- f_oow VnVmdx = / Z_n exp (ZTTO) Snn
1

71 (—T"

This corresponds to Hermite polynomials
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Case 2 degree of ¢ is one implying o, =0 and o;=1 and x range [—a,, 0]

If 1,0y < 7y and with a parameter a ( Ty + 0y7; — 1 which implies that a+1>0), the weight w (w =
(x + 05)%exp(1,x)),is positive. The differential equation has the form :- (x — )y} + (t;x — 1,00 + @ + 1)y, =
T, Ny, with singularity at -g,(=1).
—(2n+tg) _ n(n-1)+19-1109

71 n-1 T1T1

The recursion is Y11 = (X — bpy1)Vn — Cne1Vn_1 With by =
The polynomial form:-y, = %52, 7,; (x + 05)"
ata) Fi(—n;a + 1;7,(0p + x)) and

The Hypergeometrical form :- y, =

F(n+a+1)n'exp(l1'1)6
( T )2n+a+1

The orthogonality integral :- f_cx;ow ynymdx

This corresponds to Laguerre polynomials

Case 3

Since o is a second degree polynomial, its two roots can be real (which may be equal or unequal) or
complex conjugates. This give raise to three sub classes with the unequal roots case further divided into two
subclass. Here only one of the two subclasses corresponding to the two unequal roots case is listed. This class has
the attractive feature that the x range can easily be changed to [-1,1] and is widely used in numerical computations.

With | and u defined as o=(x-1)(x-u), and two parameters o and  given by 7;,=a + f - 2 and 7, =-
[1B+uo+l+u], a positive weight can be obtained as:-
w=(x-1)%(u-x)P (here 1<x<u and (o+1)(B+1)<0 ensures positive weight).
The corresponding differential equation is:-

x-Du—x)yi+[(@+B+2)x—(a+Du+ B+ Dy, =n(n+a+pL+1y,

The recursion coefficients are
2n(n+a+n+D(@+p)+ 1B+ +ul@+ D](a+p)

bnir = Cnta+pnta+pB+2) Pn-1
nmn+a)(n+p)n+a+ -1

:(2n+a+[>’—1)(2n+a+ﬁ)2(2n+a+ﬁ+1)

When expanded around the singularity at 1 and u, y, respectively have the form:-

(I-w)™*(a+P)n (x 1)
Vp = —(n+a+ﬁ+1)nF( nn+a+pf+La+1; ))

w-D"(B+1)n . ,(x u)
7(n+a+,8+1)n HFy ( nn+a+f+1L6+1; (l—u))

n

The orthogonality integral has the form
u i mMHrrn+a+p+Drn+a+Drin+p+1)
flwy”ymx_ rCn+a+pf+1Dr2n+a+p+2)
This defines the Jacobi polynomials (after the range of x is changed to [-1,1]) and several others for
special values of o & 3; Chebyshev polynomial (o=B=—1/2) for example.
Another distinct roots case with range [u,oo] also exists[11a].
The two equal and complex conjugates roots cases leads respectively to Bessel and pseudo Jacobi
polynomials [ 11a].
These are the list of classical continuous orthogonal polynomials

(u _ l)2n+a+ﬁ+15n,n

IV.  Discrete Orthogonal Polynomials On An Equal Spaced Grid.

When the grid is equally spaced, it can be readily checked that an orthogonal set with unit weight
satisfying a recursion relation can be built as follows:-
Po=1p1=x;—b

Pn+1 = (5 — bp)Py — CnPn 1

with  bpyq = [N % 7] + [Z150 pR] and cpyq = [XN50' pR] + [2150" pii-1] (for each x;, xi= xo+hi,
h, the step seize; h=(xi+1-xi); 0 <1 > N-1). Also reduction of {9} to the form of {8} with an accuracy up to
second order in h (xj+1-xi=h (i=0, 1——--N l .) is possible [15] when N is sufficiently large because:-

[ (X+h) y&x)  y()- y(x h)] d _ [ yx+h)-y(x) (X)—y(x—h)]
(sz h h

Thus for the dlfference equation {9} parallel relations can be obtained [1,11a,15 ], as for {8}, for the
orthogonal polynomial solution, recursion, hypergeometric representation, weighted orthogonality summation
etc. Considering the conditions on the roots of o and 7 for positive weights results in 12 types (Hahn, Meixner,
Kravchuk or Charlier) of possible polynomials [1,11a,15]. Among these, details of only one each of the Hahn,
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Meixner, Kravchuk and Charlier polynomial sets that have asymptotic solutions matching the continuous case,
are listed here.
1) o of degree 0; 0,= 0,=0 gp=1 7,<0

1

W= e X 0L2

Recursion :- y,, .1 = (x -n+ Tl) Vn — Tiyn_1 n=1,23 ......
1 1

The hypergeometric form is given as y,, = # 2Fo(—n, —x; —; 71)
1
-1
exn(3)

o Onm

The orthogonality sum is Y7o W YV = 1!

This is known as Charlie polynomials
1

2a) If o is of degree one with 7,>1 and 7y-7; T0=-N W is positive (W = eIy reTeY

).

nTl—n+N) _ n(1-71)(n—-1-N)
n

The recursion is Y, 41 = (x - B 1

T1 T1

((_rllv)): Fi(—n,—x;—N;7):n =0,1,...... N

(t1-1)N-2np)

This is known as Krawtchouk polynomials

2b) o is of degree one with ¢ + 7=px , 0<u<l; x range 0 to o 7,<0; T,> T
I'(x+7t9—71) L

m . X—0,1,2

_ n(11—2)+1'1—1'0) y, — (n(l—rl)(n—lﬂ'o—rl)) Vo1

The hypergeometric form is given as y,, =

The orthogonality sum is Y N_o w V¥, =

The positive weight is w =

The recursion is y, 41 = (x 5

Ty %
The hypergeometric form is given as y,, = % oF (—n, —x; 19 — 745 T1)
1/n
. . . nl(1-11)*"t 0TI (n+19—14)
The orthogonality sum is Y. ouo W Y ¥y, = 1(_11)2,1”“1 L 5 m

This is known as Meixner polynomials.

3) o is asecond degree polynomial

The requirement for the existence of positive w and finite polynomial set, can be achieved by introducing two
parameters o and  defined by the following relations :-

\2
G=a+f+220=a+N+120=F+N+1with§? = (Zo2) — g5+ 17, 1% = 0,/2" 05, (@+1)>0
and (B+1)>0.

The weight function is w = Tatprir(atN+1-x) s x=0,1...... ,N
r'(x+1)nr(N+1-x)

The recursion is :- P,y = (x; — bp) B, — ¢y Pp_1 with
by=2n(i=147) (2= 01 +3) = (1-3) Go - w)/[@n =2+ ) (n+ 3)] and
Cn 4n(n—1'1)Dn where Dn — [(n -1 + _[1/2)2 _ 52 _ nz]z — 452n2

T 4(@2n-3+11)(@n—2+711)2(2n—1+11)

The hypergeometric form is y,, = %
n

sFo (n,n+a+B,—x;8+1,—-N;1)

. . . N _ rn+a+1)r(n+p+1)r(n+a+p+N+2)n!
The orthogonality summation is Y,3—o W Y5, Ym = r@ntatB D Entatpra) N

nm

These define the Hahn polynomials.

It may be noted that for each member of the polynomial set an additional expression for the orthogonality
summation exists as mentioned earlier.

At very large values of N (asymptotic form) these polynomials corresponds to the continuous version
as:- Charlier & Kravchuk — Hermite, Meixner - Laguerre and Hahn — jacobi. Like Chebyshev polynomials,
Hahn polynomials for the special case of a = 8 = 1/2, referred to as Gram polynomials [25a-b]. Gram
polynomials offers highest computational advantage because by is zero, w is unity and its zeros/roots are known.

The orthogonal polynomial parameters of all polynomials are available[15, table 2.1, 2.2 & 2.3, 23] .
Also slandered expressions in terms of hyper geometrical series are available for the entire class [26].

V.  Further Extensions Of Orthogonality And Orthogonal Polynomials.
Simultaneous use of P, and its derivatives in the orthogonality integral, for better constraints, accuracy
and faster convergence is routine [27a-c]. The g-analogue [11a-c] case extends the analysis to more general form
of orthogonal polynomials and has advantages for the analytical approaches to solve a variety of problems.
Tinkering the weight functions and/or using polynomial sets based on eigen functions of higher (even) power
differential equations leads to several non-classical orthogonal functions [22]. The analysis can also be extended
to multi variables and generalized cases [28,29,30,31] and find wide applications. There are several ways of
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generating multi variable orthogonal polynomial sets of various structures and computational complexity. Here
only a set that is linked with two variable polynomial least square fit is discussed because of its use in image
analysis [32].

Two dimensional orthogonal polynomials.

A N and M grid along the x and z directions respectively and a value (yj)at each grid point define an image /
surface and a two variable polynomial [ On(x,z)] of order n over a rectangular grid of seize NxM can be used to
represent it in the least square sense. For such a two variable case, the set {x'z"} ([i,j]=[n,0],[n-1,1].....[0,n] for
any n) are linearly independent for each power n. Thus a linear combination of these can replace each power of

xin0; = Yi_ok;; x/ (see section 1.4) and via column operations, each element can be converted to a polynomial

in x & z. Thus a polynomials of various degree n, y, (x, z) (¥, (X, z) = L156" D150 1347 03 (X, 21)), can be least

TS 0 (xi2)) vy
. . I.V__l Zl\./[__lo (xz)y
square fitted to a grid with N values along x and M along z analogous to {7} as:- |~i=0 &j=0 Y1 \*i%)/ij|=

Z Z bn (xizj)yij

N-1M-1 N-1M-1 N-1M-1
Z [OO(XLZ])] 0 (xizj)Ol(xizj) Z 0, (xizM_l)On_l(xizj)
i=0 j=0 i=0 j=0 0 i=0 j=0
N-1M-1 N-1M-1 -1M-1 Tn,0
> D00 (xiz)0s(xi7) [0:(xiz)] Z 01 (xi)0n+(xi2) ||
i=0 j=0 i=0 j=0 i=0 j=0 r.
N-1M-1 N-1M-1 N-1M-1 w
0o (x:2;) On(x:2;) 0 (x:2)0n(xi2;) [0n (leJ)]
i=0 j=0 i=0 j=0 i=0 j=0
---------------- {28}

If 0, (xz) = B,(x)P,(z) (with Py(x) and Py(z) belonging to orthonormal polynomial sets {pn} and {pu}
pip] ; pip
(ie. Z —ow(x) Psz hiba; Zk Ow(x) <k = p, 511, ﬁo w(z) P}iPz hib ande owl(z ) —~k = p, 51; )

then, the discrete orthogonality appr0x1mated 1nten51ty represented by an n" degree 0,, (xz) at each grld point (k,1)
can be expanded over the roots of {pn} and {pm} as:-

y(xe, 2) = ZQV:_O1 j= 0 rnl] P; (xk)P (z) {29}

[with 7, = N ]=0 y” W(X)W(Z)Pn(xi)Pn(Zj) (for each trial n)]

This is most popular 2d construction of orthogonal polynomial with application to image analysis.[32]
There are alternate approaches [ 33 ] also.

When x; and x» are two orthogonal variables with the same range, the polynomial expression,
K,(xq,x5) = YR30, ()0;(x3); (n < N + 1) and its inverse (with x=x;=x») are respectively known as
Christoffel-Darboux (n,n) bi-degree kernel and Christoffel function. These in conjunction with polynomials
built with ordered powers of two variables as basis, with some empirical modifications, have wide applications
in data fit and classification of 2d data.[34,35]

VI.  Orthogonal Polynomials And Quadrature
The Riemann definition of the definite integral of a function (f) yields it as the sum of the (N+1)
rectangular areas Y1 (x;01 — x;) (Vip1 + ¥i)/2 (with x; sufficiently close (N+1) grid points at which f is y;).
Thus the form Y N4 g; y; + E should be sought for flu f dx. Here g;is referred to as weight, E is an error term

that depends on N+1 and the functional form of f between the grid points. If indeed the integral has the form

N+1g; y; + E one should aim to evaluate the g; that minimize E with a feasible, large N. An important advance

is the replacement of f by its polynomial approximation of degree n. Then a direct integration of flu fdxis

possible and results in a set of n equations, X.7_ ki, ; flu x/ dx=YN*! g; y;. Thus a set of N+1 g; that is compatible

with the n and k,j can be obtained. Since in the above relation RHS can at most have, 2N+1 parameters, this
approach is viable for solving for the weight g; while f has a degree n < (2N+1)]. In the case of equal spaced grids,
though the number of parameters in RHS reduces to N+2 such an integral can be still be evaluated in this form.
If the polynomial used belongs to an orthogonal set spanned on N+1 grid points, then through a series of
developments initiated by Gauss, an efficient and accurate algorithm for the evaluation of g; is available
[17,22,36,37,38]. This requires that the orthogonal polynomial pn with its roots at the grid, belongs to a finite set
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{pn}. The limits of integration need to match with the domain of the orthogonal polynomial set {pn} chosen
(achievable via a linear transformation). From the procedure used to construct Lagrange interpolating polynomial
(section 1) it is obvious that any (orthogonal) polynomial, pw, that approximate f (with y; =f(z;)) also can be

constructed from the its roots, (z;) as:-
N+1

Py = Z Ly41 y

N = o N\Yi

= U (x — xj)

u _[u _ON+1 U Lyyiwdz _ (ulLntyiwdz

Thus) fl f dZ—fl pN WdZ— i=1 yl fl lj(Z—Zj) = gl - fl lj(Z—Zi) {30}

This expression is valid for any orthogonal polynomial set. By noting that a suitable non unity values of

the recursion coefficient, a, will convert this orthogonal (px) to an orthonormal (On) polynomial set and using
an integrated Christoffel-Darboux identity, the above expression for g; takes the form:-

9i = [ain (ON—l(Zi)OIlV (Zi))]_l

or in the more easily compute-able from:-
1

s=rLlo@] 61

9

Grid points other than zeros of px / On (both have the same set of roots) can be used, as in the case of
Chebyshev polynomial, where the points at which the extremes in My occur is used. Such cases are suitable where
some boundary conditions need to be applied at the endpoints. In general, the form of the quadrature formula
depends on the particular orthogonal polynomial and grids employed (needed to be found for unequal spaced
grid). The Golub and Welsch [22, 36, 37] algorithm yields the grid points (as the eigen values of Jacobian, J [see
equation {24}]), and also the eigen vectors. Faster algorithms are now available for this [38, 39]. Normally equal
spaced grid is a voided because of the error introduced due to Runge phenomenon.

There are several means to improve accuracy and convergence [ 40a-c].

VII.  Orthogonal Polynomials And Data Fit

As is clear from equations {3}, {5} & {13}, N+1 data points generated from a complex function or
measurements, can be fitted in the least square sense to any n degree [N < n>0] member of the orthogonal
polynomial set {pn} in a non-iterative and a trial polynomial free-way provided the N data points are the roots of
pn- A linear transformation that set b, to zero boosts the computational efficiency (because of the symmetry
relations for p;(x) andp;(—x)).

While approximating, higher n do not mean higher precision due to overflow / underflow (in parameters
in the recursion relation and in higher powers of x;), the lack of uniform convergence for P, etc (for example for
Jacobi with 0==0,when N<2n(n+1, there is no uniform convergence [41]). This, in the discrete case, is assumed
to contribute towards the wide swings in the computed values close to the boundary. However no such swings are
prominent in the continuous case and it is conjectured that the densely spaced roots near the boundary, constrains
the computed function much better. This has led to the use of additional / fake nods near the boundaries with y
values matching the gradient of the data, in the discrete case. However to meet the boundary condition, fake nodes
with y=0 is a better option and was investigated here.

Least square fit; computational aspects.

The data fit starts with choosing an appropriate orthogonal polynomial set. The requirement that x;
corresponds to the roots of a (N) degree orthogonal polynomial, Px needs to be ensured during this choice. In the
discrete case, the equal spaced x; needs to be matched with the roots of Py (z with range [-1,1] only considered
here and hence a linear transformation z; = €;x; + €y; €, = 2/[xy — x1]; €9 = —[xy + x11/[x, — x41] is
required which may be inbuilt in the recursion). In the continuous case, the y;, that corresponds to z; is to be
generated (using the function if it is being approximated or by extrapolation of data (used here) that is normally
available at equal spaced grid). In both cases, closed form expressions are available for a,, b, and ¢, for classical
orthogonal polynomials. Thus for a j-degree polynomial approximation, aj, b; and cj can be precomputed while
computing p;j.; in a loop starting from 0 to j. In all such loops, orthogonal polynomial of degree j (j < N-1) are
obtained (for each z;) by employing recursions relations, initiated by appropriate value of po (an inner loop over
0 to N-1). Also in same inner loop, [Z?I:_ol Yi P,i']and [ v pji- le] (plis the value of pj at the root z;, of px) and

hence 1j; (1j; = [ o v pjl]/[ s P,i' P;] ) and the approximate yi, yii, (Vj; = Xi=o7j,P;) and root square
deviation R; = Z?’:'Ol(yi - yji) (yl- - Yﬁ)can be calculated.

Data fit with constant weight orthogonal polynomials
Hahn [42] and Chebyshev polynomials(T) [ 43] are widely used for data fit and image analysis. Two
forms of Hahn polynomials with unit weight, (the Gram polynomial (G) with in the interval [-1,1] [25a-b] and a
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more general form (H) in the interval [x;,xn], [44]) and Chebyshev polynomial (T) in the interval [-1,1], are
investigated. For Gram polynomial, in the standard form, the grid (z; = =1+ (2i — 1) /N N < i = 1) is an equal
spaced one with in the interval [-1,1]. However in this form, the grid does not include -1 & 1. A linear

(Nz_il); (N —1) <i>1)thatinclude -1 &1 (same

as in T) and is used here. For the Chebyshev polynomial, Tx, (Jacobi with « = 8 =—-1/2, b,=0, w =
(1 — 2z2)~Y/2) the roots (zi) are known apriori (z;, = —cos [(i —-1/2) %] N <i>1)and w is unity [43]. The
grid and recursion used for each polynomial (p) is listed in table I.

As a general case, nearly equal spaced data is used and it is converted to the required (equal or at the
roots of T) spaced one via interpolation. For G, the generated equal spaced data (y;i) in the x grid corresponds to
the z grid (via a linear transformation z; = €,x; + €, €; = 2/[xy — %11 €o =[xy — 1 1/[Xn —x ] N<i = 1)
and can be directly used. For H no such transformation is needed. For Chebyshev polynomial, the data at the
Chebyshev grid ( z; = —cos [(i —-1/2) %], N < i > 1) needed to be generated. For this, first a transformation

of the data coordinate x;, to z; is carried out. Then, for getting the y; that corresponds to each zi, initially the set
of three z; that are nearest to zj is located. Then the y; that corresponds to z; is obtained from a parabolic
interpolation that employs this set of three z; & y;. Thus as a general case, almost equal spaced data, can be

transformation x= (zN)/(N-1) will yield a grid ( x;,; = =1 +

Table I. The grid and recursion relations used to compute the orthogonal polynomials. The subscripts o and m
respectively imply orthonormal and monic forms. However, Gm is monic only in the standard grid.

P Grid Recursion
Go _ —a N — IZ _ Gn
Xijpg = —1+ (NZ_LU; (N _ 1) <i>0 In n—1 N Gn-1 Ay In-2
4-1/n?
Go = 1 and an1 = (m)
Gm o= 2 N—1D)<i> N-1
Xit1 1+ (N-1)" (N-1)=<i20 In = TZgn—l ~ Ch-19n-2
1-(n/N)?
go=1lad g,=z cn=(4_rll/n2)
Ho _ 2 [@n+1)(@2n-1) _ _ an
x=si-1)— (G -x)/2(N-1)<i>1 Gur =g [T b= Gt/ 26 =08

s=xg—xp(N-1)<i=1 hy, = ap[x — blhy,_; — cphy_p n=3,4,-—--N
hy = \/iﬁ; hy, = ay(x — b)hy

Hm xi=s(—-1D—-(x,—x)/2(N-1)<i=1
h=x—xg(N-1D<i=1

2 N2-_n?2
b=(x,+x1)/2 Cpy1 = (E) ((4_1/7:12))
hy =[x = blhy_1 — cyhy 5 n=3,4,---N

hy=1 hy=x—b

To —cos[(i-1/2)ZiN<i=1 Ti=1 & T\=z
N Ty =22Tos - To n> 1
Tm i T ; To=1 , T=z and To=2T,-Ty/2
—cos|(i—1/2)=IN<i=1 =1, 1 2 1
[( / )N] To2=zTpi1-Ta /4 ;n 21

approximated to polynomials of various degrees as (fJ = XizoTji Pi) by evaluating 7j; as:-1;; =
( ?’z‘olyipij) + (Z?’;Ol PL,P%). The polynomial form of f, is can be computed (fj=

Z{:o Ut pi=2£=0 T Z§-=0 ki ; Zj=2{=0(7}-_i Zi’:o ki_j) z') using the rj; and ki obtained from the recursion relation
{17b}. However this will be for z which has the range [-1,1] (for G & T). To get the polynomial form in the
original range [x;,xn], the recursion for kji corresponding to the modified recursion (equation{19}) for the
. . . 2, —Gen+x1)

orthogonal polynomial as per the liner transformation (x; = 11z; + ;N = ———; Ny = ———
(xn—x1) (xN+x1)

used. The, modified recursion of the orthogonal polynomial and the corresponding recursion for k;; are listed in

table II. Using the recursion to generate the polynomial coefficients is less cumbersome as compared to the

) needs to be

alternate method of using binomial coefficients (Z)

VIII.  Data Fit And Results
Traditionally, for stable computation, lot of emphasis is placed on a suitable starting (scaled) value of
the orthogonal polynomial and the computation of recursion coefficients, to avoid over/under flow for large values
n<N-1 [42]. In the classical orthogonal polynomial, constant-weight, cases used here, the coefficients of the
recursion relation do not diverge and hence any computational error should arise from that of higher powers of x
or other sources. Thus with the standard starting values given above, the orthogonal polynomials of various n
values (0 >n< N) were computed (employing GFORTRAN compiler with quadrupole precision). Two Planck
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profiles corresponding to nearly equal spaced (0.5nm), 10000 discrete x values, in the range [350,5350], one with
added random counts to mimic noise and another without any noise, were generated and fitted to orthogonal
polynomial after converting the data to required steps (to equal steps or at the roots of Tw). To evaluate the quality
of data fit and noise rejection, the of sum of square of deviation (R) for each degree (n) up to 9999 was computed
(unless limited by overflow).

Table II Recursion for the polynomial coefficients k;; for each n.

p Transformation Recursion
Go X; = 11Z; + No; Gn = (X +10)gn-1 = Cn-19n—2
_ 2 — —Gv+x1)
= (xn=x1)’ Mo (xn+x1) koo =1L ko) =Nos kg =m
kajy =Mki—j-1 —Noki—1j — Tni2kiz ;2 <izn;j<i
_ a,_
Gm- 1% = mz + 1 o) n = Qe (X 4100}t =~ Gn-a
M= Gy 10 = (xzv+x1)) 2
koo =L ke,0) = M1Tos k1,1 = Mo
kjy = Mmma-nkicyj-1 — Tna-oNokic1j — -1 Kicz,j/Taa-2); 2 S T 2105
<i
Ho hy = aulx = blhy_1 — cphna; b= (xn +x,)/2

koo = Lik,0) = bkog k11 =1
k(i,j) = [ki—l,j—l + bk(i—l,j) - ki_zyj]rn,i; 2<i=> Tl;j <i
Hm hy, = [X - b]hn—l — Cphyz;
b= (x,+x)/2
koo =+ 1/Nik(m) =T1pbkog kg =Ty

kisj ) .
kap = Tnaro |Kimyjor + Dk —— 12 S i 2m) <
ni

Tpy1 = 2(mx + 1) Ty — T

To Xi =N1Z; + 7o;
m = 2. Mo = —(xn+x1) koo =1: k0 =105 kis =11
LT vx) 10T Gentrn) kap = 201kicyjoq + 2nokorjy —kizji2 S iz m;j <

Polynomials f,, = Y./ ks x! in the range [x1,xn] (=[350,5350] )were computed using Horner recursive
algorithm [21] (referred to as converted polynomial, subsequently) after obtaining ry; & kui. In all cases (with and
without noise for all orthogonal polynomials and converted polynomials), the root mean square deviation (R) was
computed to identify convergence and sign of overflow/underflow. The results are summarized for data with and
without added noise (RMS value of noise added is 5907) in Table TO0. The R&n value at the highest computable
n for orthogonal polynomial (R?) , the R minimum and the corresponding n for orthogonal and converted
polynomials respectively (R%,and RY,) and the R&n value of orthogonal polynomial at the n value at which the
converted polynomial has the minimum (Ry?) are listed. The subscript s is replaced by n for data to which noise
is added. The executable versions (ubuntu25.4) of data fitting codes and data generation code are available in the
link:- https://drive.google.com/drive/folders/10POBf4remICHOWZsiWPtAv18vfAWKY9IA?usp=sharing

Table T0O. Listed are the degree of the polynomial along with the root mean square deviation (with in
brackets) for fits with Chebyshev (T), monic Gram (Gm), orthogonal gram(Go), monic (Hm) and orthogonal (Ho)
polynomials (o). Also listed are the R values of the polynomial (p) in the original x values obtained by the
appropriate recursion relation (only the degree at which the minimum in R occur is listed). R have respective
subscript s or n (Rs &Rn) without and with noise (the RMS value of noise added to the signal is 5907). An
additional subscript m (R%,, RS,»RY,,RE,,) implies that R has the lowest value for the degree given.

R Polynomial
T Gm Go Hm Ho

R? 9999(0) 9999 (3.48 x107) 9999(3.29x107) 1585 (6.55) 9999(3.26x107)
RS 9999(0) 9999(3.51x107) 9999(3.31x107) 1585(5277) 9999(3.28x107)
R, 9999(0) 1117(5.51) 1117(5.51) 792(6.56) 1114(5.51)
R 9999(0) 1188(5163) 1196(5160) 792(5280) 1158(5173)
RE, 43(16.2) 43(16.4) 44(16.4) 44(16.4) 45(16.4)
RE., 43(5210) 42(5563) 46(6956) 43(5563) 42(5563)
R 43(16.2) 44(16.4) 44(16.4) 45(16.40) 45(16.4)
Rzp 43 (5210.8) 43(5563) 46(5561) 44(5563) 43(5563)
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For the Chebyshev (T) polynomial R decreases continuously from the n value of zero to N-1 without
any sign of over/under flow. However, the converted polynomial coefficients of higher power of x could be
computed only to around a degree of forty three due to underflow of the polynomial expansion coefficient ky;.
This n at which R have the minimum (listed in RZ,, and RE,,) can be identified as the best orthogonal polynomial
degree to be used for data fit with optimum noise rejection. This is obvious in the data presented in the table T00O
where it can be observed that at n for which R has the lowest value, it is closest to the RMS noise added (listed
in Rgk and Ryb, for data with and without noise). In computations with data to which noise is added, a match
between the simulated and computed data is obtained with orthogonal polynomials (as expected) for sufficiently
large n. This imply that T have lower noise discrimination at higher degree and can even fit a noisy data as by
design they should pass through all points.

In the discrete cases, as seen in table T00, the general trend in the case of orthogonal polynomial is for
R to fall and then start increasing resulting in a minimum (R2,, Rj5,,). However, except for Hm (where sudden
underflow occurred at low n), it was possible to compute up to n close to N-1(though R is large). The R value for
the converted polynomial (RE,, & RE,,) also had a minimum due to underflow of the polynomial expansion
coefficient kyj. The R value at which its minimum occurs is larger for fit to orthogonal polynomial as compared
to the converted polynomial (R%y,, RE,,, R9m and RY, ).

Monitoring the computed orthogonal polynomial for various grid points showed that the RS & RZstart
increasing from its minimum due to spike in computed values close to the boundary. When n approaches N-1,
these spikes in the few computed values close to the x limits are large resulting in huge values of R & Rj. R
computed avoiding five values (there is no spikes for other x values) close to the boundaries, yields a R that is
only marginally larger than its minimum value, even when n approach N. This indicates that it is for x values
close to the limits that the computational instability occurs and imposing boundary conditions via fake nodes [35],
is the cure for it. Zero counts in three fake nodes, the boundary condition (both the polynomial and its derivative
zero at the boundary) required for orthogonality of the discrete orthogonal polynomials [11a] will be satisfied.
The effect of fake nodes (results are tabulated for five nodes, though in trials it is seen three is enough and above
ten beneficial effect deteriorate) that will enforce the required boundary condition in the discrete case was
investigated. For Gm, Go, Hm and Ho polynomials, in T50 (all 5 fake boundary values zero, thus function and
its derivatives zero at the boundary) and T51(all boundary values are same as the original; thus function is constant
and its derivative zero at the boundary), R values are listed.

Table T50. R values with five fake nodes of zero values. There is no divergence at higher degree orthogonal
polynomials (RZ Rj) in gm & go. For hm there is not much improvements. The initial convergence is poorer
for both converted and orthogonal polynomials.

R Polynomial
Gm Go Hm Ho
R? 9999(5.16) 9999(5.17) 1586 (6.5) 9999(5.22)
RS 9999(5154) 9999(5152) 1586(5284) 9999(5161)
R%n 1254(5.16) 19(6721) 797(6.56) 1228(5.22)
RS, 1215(5156) 19(8731) 797(5281) 1215(5159)
R, 18(6787) 19(16285) 44(12775) 44(15338)
RE. 18(8770) 45(5151) 44(12352) 44(12183)
R 18(15920) 19(6721) 44(11047) 44(10838)
RP 18(16828) 45(10046) 44(12306) 44(12306)

Table T51 Computed R values with five fake nodes in which boundary values are repeated. The divergence at
higher degree orthogonal polynomials (R? ) in gm & go is due to the noncompliance of the boundary condition
and in hm & ho this is further aggravated by the extended range of the variable.

R Polynomial
Gm Go Hm Ho

R? 9999(3.43 x107) 9999(10924) 1585(6.56) 9999(3.2x107)
RY 9999(3.46x107) 9999(12200) 1585(5281) 9999(3.3x107)
RZ, 33(21.03) 35(18.18) 797(6.56) 1105(5.51)
R 48(5562) 32(5568) 797(5281) 1156(5176)
R, 34(18.19) 44(19.89) 44(22.58) 44(20.4)
RE. 31(5568) 44(5584) 43(5565) 44(5569)
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R% 33(20.7) 44(18.13) 44(19.8) 44(19.86)
R 48(5562) 44(5562) 44(5565) 44(5564)

In T50 it is seen that all except Hm, are computable to the highest possible degree with R values close
to its minimum (no divergence). However, it is noted that the initial convergence rate is smaller now as compared
to TOO case. The convergence rate of the converted polynomial is smaller and the minimum R value at which it
starts diverging is larger as compared to TOO case.

The performance of Gm & Go differ from that of T though, in all, the range of x is [-1,1]. Though,
computations up to highest power of orthogonal polynomial is possible in T without any fake node, the noise is
discriminated only at lower degree. In Gm and Go with fake nodes, even at the highest polynomial degree, the
noise appears to be discriminated (T50). The reason for the sudden divergence of Hm is not clear.

In T51 it is seen that the convergence rate of all are almost the same and larger (minimum in R occurs at
lower degree) than in the TOO case. However the orthogonal polynomial diverges at higher n, while the converted
polynomial converges faster with R minimum occurring at lower n. Thus for data fit to a polynomial of lowest
degree, Gm is better than other cases.

IX.  Conclusion
With appropriate boundary conditions (as in T50), the divergence in the computation of orthogonal
polynomial can be avoided for data on equal spaced grid. For data fit to lowest degree polynomial with maximum
noise discrimination, Gm with three or more fake nodes with boundary values repeated (as in T51) is optimum.
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