1OSR Journal of Mathematics (IOSR-JM)
e-ISSN: 2278-0661, p-ISSN: 2278-8727, Volume 21, Issue 5, Ser. 1 (Sept. — Oct. 2025), PP 09-17
www.iosrjournals.org

Coupled Fractional Fourier Transform On Sobolev
Spaces Related To The Negative Definite Functions

Abhisekh Shekhar
Assistant Professor Department Of Mathematics
C.M.Science College, Darbhanga-846004
(A Constituent Unit Of L.N.M.U., Darbhanga-846008) Bihar, India

Abstract

The chief interest of this article is to discuss non-archimedean pseudo- differential operator connected to
coupled fractional Fourier transform. In this article, we some classes of p-adic complete inner product spaces,
Bo, k(Op Op), 0 k < o, connected to negative definite, radial and continuous functions ¢ : Qp C. In this article,
we also define the non- archimedean pseudo-differential operator A al,a2 involving coupled fractional

Fourier transform connected to negative definite functions.
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1 Introduction

The connections of non-archimedean pseudo-differential operators with certain
p-adic pseudo-differential equations that describe certain physical models [1-5].
Therefore, non-archimedean pseudo-differential operators have received a lot of at-
tention in two decades.Non-archimedean pseudo-differential operators have gained
popularity in recent years due to their utility in studying certain equations associ-
ated with new physical models/Models in physical form [6—12]. The interest in
pseudo-differential operators in the p-adic context has grown significantly in recent
years as a result of their utility in modelling various types of physical phenomena.
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For example, modelling geological processes (such as the formation of petroleum
micro-scale reservoirs and fluid flows in porous media such as rock); the dynamics
of complex systems such as macromolecules, glasses, and prote'uls the study of
Coulomb gases, ete. [13—-17]. Nonlocal diffusion problems arise in a wide range
of applications m the arghumedean setting, including biology, image processing,
particle systems, and coagulation models.

My research work 1s motivated/ inspried by the works of Ismael Gutiérrez Gar-

cia and Anselmo Torresblanca-Badillo [10, 16, 18].
The mteraction of non-agr¢himedean pseudo-differential operators and gtoghas-

tic processes on p-gdics has received a lot of attention in recent decades because of
the connection of the p-adi¢ pseudo-differential equations associated with certain
physical models, see [19].

2 Mathematical background of coupled fractional Fourier
analysis on Qp xQp

Definition 1. The field of p-adic numbers: Let p be a prime number. Through out
this manuscript p will denote a prime number. Firstly we define p-gdic norm|.|

on Q as follows

_ 0, !f’? =0,
It = if n=p
where p and o are integers coprime with p. The integer T := ord(n), with
ord(0):=+wx, is called the p-adic order of . -
The unigue expansion of any p-adic number n # 0 is of the form

no= pIin’y uiph (1)
=0
where ; €{0,1,2,.........., p— 1} and o #£ 0. Using (1), we define the fractional
part of § € Qx, {ZEEHOFEHI by {n}s, as the rational number
_ 0, ifn =0 orordln) =0,
{ne = _ s
perd) gL if ord(n) < 0.

Extention of the p-adic norm on Qy is given by
[nlle = Inle—¥n € Qe
Let ro€ Z and € Q. We consider Ly (no) o ne_Qy || n=_no||o.< p° )% The

empty set and the points are the only connected subsets of Qu. Therefore, the topo-
logical space (Qg, |l |}) is totally disconnected. The pecesssary, and sufficient
condition for the compactness of a subset of Qy is that bounded and closed subdet

of Qa

DOI: 10.9790/5728-2105010917 www.iosrjournals.org 10 | Page



Coupled Fractional Fourier Transform On Sobolev Spaces Related To The Negative... ....

3 Few functional spaces

A function f: Qux Qn — C is called locally constant if for any #, & Qg there
exists an integer r(n, SE Z

such that f(n +#') = f(y) forally € L.

A function f: Q, % Qy — C1s called a test function (or a Bruhat-Schwartz function

) 1f 1t 1s a compact support with locally constant. The set of all complex valued
test functions on Qp x Qp is denoted by D (Q, x Q) or simply D. The set of all

distributions (all continous functionals) on D is denoted by D (Q, xQ,) or simply

D'. The mapping U, :D(Q) xD( g — CforUE DR pxQ pandy €
D(Q, xQ;) is defined as follows:
g
Uv = U(E Ol £)ddde.

Definition 2. Regular Disﬂ'ibutwn. Lef M be an arbitrary compact subset of Qy x
Qe ie. M QpxQp. Then L) (QuxQp) = {¢]e: QuxQyp — C such that ¢ €
LM M)}, A distribution ¢ € D(Qp % Qy) is defined by every function ¢ € L}, (Qp x
Q.) according to the formula

I J

o, v = o o (& nwl(Z, nldldy.

2]
This type of distributions is known as regular distributions.
Let o €0, x). Then the set
L2 QuxQa dxdy = E—QMQ.R*CSM?HFM? o o |hGx, )l dxdy, < =,
the

set L= _ sucn thar éssennat sup. - 7] <

1 e *Qa, - *p — L 1
w ,thesetC Qp xQp, C = h:QyxQu — C and h is a contingus function
and the set

Co QxQp C = h:QpxQp = Cand __ 1 M n) = }

(I ”_|?jf = o,

are complex vector space under the binary operation vector addition (+) and
sealar multiplication (). It also implies that Co(Qp %Qp, C),_|}||i=_is a Ba-
nach, space.

4 Coupled fractional Fourier transform

Fourier Transform:-
The set z5(y) = ¢ for y €Qy. The map y(. ) is an additive character on @y, i.e.
a continuous map from (@, +) into S (the unit circle considered as multiplicative

group ) satisfying ylx. + x1) = ylc)yx1), x., xLE Qs The additive characters
of @, from an Abelian group which is isomorphic to (Q,, +), the isomorphism 1s

given by &= (&), Given x, & €@y, if f eLi(R) its Fourier transform is
defined by
J

(F &) = oF Yaléx) f(x)dx_for & € Qp.
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Fractional Fourier Transform on Q-
In this chapter, we introduce the definition of fractional Fourier transform on
the field of p-adic numbers Q. Firstly. the map y‘;g .) is defined on Q, as fol-

lows: C lirbens
Vo n €EQu G = Cle—T ——dased, SfEnr,nelZ
P ‘\.'F&!_m .Q — E_—
2 2
q
_ 1-icotd
c - g,

If w € LY(Qy), its fractional Fourier transform of one dimension [20,21] is defined
as follows:

I
(Ezwln) = vs () = O?ri{é} ne(ds,  forn €Q (2)

The inverse fractional Fourier transform of a map ¢ € L1(Qp) is
I
Fmo)@Q= % (Gmetdy forl €Qe 3)

The fractional Fourier transform 1s an isomorphism, continuous and linear map of

D(Q;) onto itself holding
(B (Fy ' @)O) = (Fy ™ (Fz ) Q) = 9 (L), (4)
for every ¢ € D(Qy).

Exploiting the tensor product of n copies of the one-dimensional fractional
Fourter transform each of order &, [ = 1, 2, 3, ..., n.the fractional Fourier trans-

form has been extended to the higher-dimensional transform.
WE assume that &+ = W1, &2), X=X 0 ¥ =00 & XY = 70 sy, O =

P4, Y, 1, L), Where 771 (x, ) and §*2(y, () detnéd as above,
F E £
Coupled Fractional Fourier Transform on (p = (-

The coupled fractional Fourier transform 1s defined as follows

[Eeeln, Q) = [Fas 0l O = 2 (x, Yo (x, Yxdy

Mortde ¥

I J
— 4{"5;,1 (x, M}{}}: @ (xr m

(el

= 2, o Zﬁ;‘ig [:I,}-‘, L @ (I,‘L_)_’ d,.x,.,.d,.l"' (5 )

The corresponding inversion formula of (5) 1s defined as follows

I I
= Q@ Q Aﬁxﬁl (x.r Y. 1, g_l[fﬁaﬁlg{’?f M (6)

ol y) =
It is easy to observe that for 91 = % = z, the two-dimensional fractional Fourier

transform Fs, s, becomes a classical two-dimensional Fourter transform.
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5 Non-archimedean pseudo-differential operators with cou-
pled fractional Fourier Transform and negative definite
functions on Sobolev spaces

Definition 3. [12] A mapping ¢ : Q, xQg — C is said to be positive definite, if

"

EJ UL~ Ume G~ G, F35m, 2 0 (7
foralln €N, iy vvievannns € Quand &1y vvveniininann, & € Qo T veeieeiieeieienn , Z5 €

C.

Definition 4. [12] A mapping @ : Qp xQp — C is said to be negative definite, if

S oG+ oyE -0l -Gu b —E) 2zm=0 ®)

I m=1

forallnFO0EN, &, vviienni, GEQp and &1y vuvviinnn, & EQuy Ty v I €
C.

The set of all negative definite functions on Q, x Q, 1s denoted by N (Qp x
Q;) and the set of all continuous negative definite functions on Qx Qp is CN (Q, x
Q:), throughout this manuscript.

Example 1. We consider the set R+ £ & R_: n=0 land define a contin-
uous function J R+ xR. =R+ such that J (y, &) = J L4l 21| 4| ) for
W, & Q__.;'fhe? J (n, &) is a radial function on G *Q pIn addition, we as-
sume that o o, J (n, £)dndé = 1. This motivates that the copuled fractional

Fourier transform of a continuous radial function is also a continuous radial func-
tion, The coupled fractional Fourier transform of J (||n]z |1 ||2)

e [Fa 010l [IE]]0) is a positive definite function and the coupled frac-
tional Fourier transform of J (0, 0) = J ([|n]le, [I<]]2). e

[Fp 8,2 1(0, 0) =[Fz 8, L 1([19]2r |1 ]]2) is @ negative definite function.
Definition 5. Ler o : Qx Qu € be a negative definite and continuous radial
function. We consider yw € D {Qeége} and a real number k = 0. Now, the norm

is defined as follows:

II :

# 3 }2'[-’ 2 .
Fllyller= o ™ 1 lp(lnlls NIl ” ™ 198 (n)|*dndé
roMp

One verifies that the function space By, 1(Q, % Qp), k=0 is the completion
of D(Qg xQ,) with respect to the norm *-%||y||e, &

Remark 1. If k' 2k =0 then *v% || ||o, & < #%|L||o, ¥ and Be, ¥(Qp % Q)
Be, Qz % Qg). Therefore Be, ¥(Qp % Qp) <= Bs, (Qz xQp) if K 2k 2 0.

DOI: 10.9790/5728-2105010917 www.iosrjournals.org 13 | Page




Coupled Fractional Fourier Transform On Sobolev Spaces Related To The Negative... ....

Moreover, we notice that B, o * =L * and for k > 0 we ob-
U’\pg’ — S,
tain that B, Qs xQg) < L*(Qy xQy).
By the Farseval-Steklov equality satisfy, we can verify | |€1txo oo = "2 1€]le, &
B B

Vg € By, {Qp xQp) and for k = 0, so that we obtain that
Be, dQ:xQy), Lo, <= LAQp xQs), |Lllxo -0y -

Using the density property of D(Qp x Qp) in By, HQp x Qp) and LHQg x Qp),
it implies that By, (Qp xQ,) is dense in L*(Qp x Q).

Definition 6. We consider ¢ : Qp x Qp — C is a negative definite and continous
radial function. We define for k=0

Lidy) = g€Ll :dig €LHQp KQ,;;)};

Is
where di(n) = max 1, @ qll Nl | g 1 € Qp. One can verify that Li(d;) is a
Hilbert space with the inner product

I
& Moa = o, L& mg(C, ndi(&, nh(G ndidy = (dig, dit)igqy):
i ©

Theorem 1. We consider ¢ : Qp x Qp — C is a negative definite and continous
radial function. We define for k=10

Lidi) = g€Ll :dig € LHQ, HQ&)},
¥
where di) = max 1, |§(|[nll)” %, 1 € Qp. Then
Bs, Qs *Qx) = Laldy).
Proof. Applying the Parseval-Steklov equality. we obtain that

gfﬁ@%&?ﬁ@a]

1
Tk 2 1
max L, |@L[17]le 1< 1=l N g, )| dude <@

rr 1
b

Tk .
= max 1, 16111l 1111 (s glln, &) “dnde <o

Q Q, ,
==_|| max 1, |¢(|[n[lzl ~ *gllr.@y <o
== ||digllryg) <
== g€ Lid).

It implies that By, f(Qp * Q) = La(dh).
Hence the theorem 1s proved. m
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Remark 2. Since every function g € L} defines aregular distribution g € D'(Q, x
Qy), we obtain that

B:x(Qp xQp) = {g € DUQp xQu) : |I2]lek < =0}
From a Gel 'fand triple the spaces D(Qz xQp) € By, QpxQp) € D(Qp xQp).
Theorem 2. If : Ilé'lllgzlléll._.Ll}J + € LYQ,xQp) for some k €N then B 4(Cx
C) <= Co(Qp.xQx).
Proof. We assume that the fixed k € N such that 1 ¢ €ELYQy x
[max{1, |||l [£]]23]
Q;). Using the Ho'lder inequality, for g € By 4(C xC) we obtain that
I .
Fs..9,glln, £)|dids
0. 0.
r 1 i
Qe Qy [max{1, |(]|<][s []]312

xlmax{1, 1401 v 1€1120T2 15 gjg,mg@
dédZ

= 0r g lmax{l, 6011 | I

[%{1 [QL11C 1 Tor € bt Hﬁ&:&&l&ﬂ;g—!l M

b

= Kllgllex < oo,

Where K is a constant. It implies that F3, s, g € LY(Qp xQ,). Applying Riemann-
Lebesgue theorem, we obtain that g € Co(Q, xQ,). We also obtain that

|lellz=< [|&allzr = [lglleke

It implies that Bz (C) <> Co(Qp x Qp).
Hence the theorem 1s proved. O

Remark 3. From k € N in the Theorem2 we get that Byy (C x C) <= Cu(Qp *

Qu) .V K >k Werecall that D (Q, xQy) is dense in Co(Qp xQp), we get that

B; i (C xC) is dense in Co(Q, xQz), VK = k.

Example 2. (a) The mapping &(||1L.||E1L) = (1111 + 11112, 6, v > 0 holds
P

P 2 B
1 : 1

EL (QpxQ,), VEk> -
a1, TGO+ TEANE < ™% :'&
(b) Let g(Z, &) be an elliptic polynomial of degree m. Then, we consider ¢(Z, &) =

g5 E)2, &, & € Qg and for any fixed 6 > 0. We obtain that
1

LNxQs), YE>

€
[max{1, |¢(||{||euan ) ny
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Examples 1 and 2, in this manusecript we assume that sybclassses of non-
constant negative definite functions, motivated by .

There are three types of negative definite function.
« A negative definite function ¢ : Q, x Q, — C 15 said to be type L, if 3 a positive
constant K=K(¢) such that

18(11Z 11 1112l <K ¥ &, & € Qa

« A negative definite function ¢ : Q, x Qp — C 1s said to be type IL, 1if 3 a positive
constant K1 = Ki1(g), K2 = Ka(¢), d1 = d1(4) and 62 = d:(d), 0 < d= b2, Ki=<
K3, such that

Ki[max{1, ||C1l, + [|Z1b1 < max{1, |8(]1C]]s 1211
< Kslmax{1, [|¢]ls + [1€]L2, V& £ E€Q.

» A negative definite function ¢ : Q, xQ, — C is said to be type IIL, if ¥ constant
g3 > 0, 3 a positive constant K = Ks(g, d) such that

Ks[max{l, ||Z|l> + [IE]1-2 < max{1, |g(||Z]]e [I$]l2}, ¥ & & € Qe
Now we introduce for g € By, {Qp xQp)

A, w) = ~Fy max(l, p(1IC1 1210 "2 Fsglls, )
I I

= - Q. Q.nxtt—’i—é_g (:E..rf.r ’?f.”f] lgﬂﬂx 1, |§E:'{|I€.“qv_—||f|:lﬂ=]—'|} )

éuf:&tél ﬂé} M

We find the norm of 4, i(g)(y, 1) as follows:

1Ae ()07, 1)]]ek
==IZ J

b i

;1 lo (1211 1€/} *|[Fp, 10, £)] *dide
I I

IA
LT

max{l, |0 (121l 11} |[Fs, 0, g)(c, £)| e
BowP

= llgllex < oo

The mapping max{1, |¢(||Z||> [|]l)]} E_,L 7, £ €Q pis known as the symbol

of Az Hence, Agx - Be, {Qy *Qy) — B, k(% Q-e]' is a well-defined non-
archimedean pseudo-d1ffercntlal operator.
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