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Abstract: This study presents the effect and comparison
between fractional derivatives and ordimary derivatives for
mathematical models. The study focus fractional heat- wave
equations, the homotopy, perturbation method (HPM) applied in
this paper. In this method, the solution considered as the sum of
an infinite series. The HPM iz no need to use Adomian's
polynomials to calculate the nomlinear terms. To show the
efficiency and accuracy of this method, we compared the results of
the fractional derivatives orders with ordinary derivative order
for nonlinear fractional reaction diffusion systems. Approximate
solutions for different values of fractional derivatives together
with non-fractional derivative and absolute errors are represented
graphically in two and three dimensions.
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I INTRODUCTION

Eecently, 1t has tumed out that many phenomena in
engineering and other sciences can be described by models
using mathematical tools from fractional caleulus (FC),
Fractional calculus owes its origin to a question of whether the
meaning of a derivative to an integer order could be extended
to still be valid when n is not an integer. This question was first
raized by ['Heopital on September 300, 1695, On that day, in a
letter to Leibniz, he posed a question [1]. Leibniz’s notation for
the n™® derivative of the linear function, L ’Hopital curiously
asked what the result would be if n = 0.5, Leibniz responded
that it would be “an apparent paradox. from which one day
useful consequences will be drawn  Following  this
unprecedented discussion, the subject of fractional caleulus
caught the attention of other great mathematicians, many of
whom directly or indirectly contributed to its development.
They included Euler, Laplace, Fourier, Lacroix, Abel, Riemann
and Liouville. In 18192, Lacroix became the first mathematician
to publish a paper that mentioned a fractional derivative. [1]
The objective of this work establish the effect of mathematical
models results between fractional derivative and ordinary
derivative

Definition (1): Gamma Function
Tin) = f t"ltefdt=(n—1)!, neIN (1)
o

which is convergent for n = 0. A recurrence formula for
gamma function are [1]
Tn + l) = nl(n)
I‘(n +1)
Fn)=———

for nelR™ (2)
for nelR™ (3)
Definition (2): Riemann- Liouville Fractional Integral
Operatar

Supposethat @ = 0, n — 1 < a < n, the REiemann-Lioville
fractional integral define as [3]

D) = j(t—u)“ Lf(du — (4)

T(a)

Note: Riemann- Liouville ﬁactmnal differential operator
define as 2DEF(£) = D"DE"F(t), @ < n

Definition (3): Caputo Fractional Differential Operator

Supposethat @ = 0, n — 1 < a = n, the Caputo fractional
differential define as [2, 3]
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Riemann-Lioyille and Capute fractional integral for
polynomial iz
Tn+1)
RLD—TX t?’.‘ — [‘D—I'I + — fﬂ'+.'l 6
sDF (") = §D; {f()} Natnil (6)
Caputo fractional integral for derivative 15
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ED- e (DEFit)) = f(e) — Z%ﬁ“ Mhr—1<ao<a (7

=0

Dsfinition (4): The Mirtas- Leffler Function

Suppose o > 0, § > 0, then the Mittag-Leffler fimetion
define by

o "
Eplth= Z‘:m (8)

II. BATHEMATICAL MODEL
Imthiz saction, we dizenzs the fractional haat- wave equation

Dfu:{éu“. O0<a<2 9]
If:
1. 0 < @ = 1, 1= called fractional heat aquation
1. o = 1, 1z called non-fractional heat aquation
101 1 = o < 2, 1z called fractional wave squation
v o = 2, is called non-fractional wave equation

II. BOMOTORY PERTURBATION METEOD

Thke Homatnpy: Parturbation Method (HPM), which
provides an analviical approsomate solution. In this section,
wa gxtened HPM to Eq. (9) according to this methed wa
consztruct the following smpls homotopy [5]

D<a<a {10)
where p £ [0,1] 1= 2n embedding parametar. In cazsa p = 0,
Eq. (10} 1= fractional differential equations, which iz eazy to
sobve; when p = 1, Eq. (10) turms out to ba the origmal system
i.u]_Eq. (%). The basic mmpton |_5that the solution can be

written as a power serlez mp [4
..~

e .1
D¥u=p c_iu”’

ulx t) = (11}

Z ptuy (g}
=i}

If p — 1, wa obtan tha analvtical approsmate solubion of Eq.
{10}, then

—t A ulx 00

1
ulx, ) — = P; B (e o

ki gt

R=i

Now defime uix, ¢y = g 0™, and consider o = 1
:l-l'lpmtrlll = EE-I’Ii ;_.% +
Oy (RS -0 2™ty )i JCoafficients of p
. _ —rt iz, 0)
] Uy = ZE—Et*
i=n

p': t = D “[(us)a]
B 1y = Dy (o D]
B

uy = D7 (2t )]

IV. BERULTS AND DISCTIRSICN

n—-l<a=n

In this section, we discuss the solubeon for diffaranca

derivative valiss

Casze l: suppose 0 <o =< 1

o

=0
Coefficients of p
g u, = ulx.0) =e* "
v = 0[] = Dt [eY] =E'Tm
pz: 1y :Dr"[(ih}u]za*ﬂf:_l}
pé w; = Oyl )] = &* ﬁ

ulx. )= llrt;
n

Z ", = ulx 0) +pD; [(z 510 ]

B U = 2y + oty oy o e

i i
u= liu}Zp*::,,Ex.z} :Zu_g(x:.r} =y +u, +--- (12} . ——" . i e,
P — g 3 x
= = wnt =t e et e T fEa T D
Hemeotopy Perturbation Method for Fractional Heat- Wave + - .
Eguations puk
p— = X o
Dy = 1 0<ax? ) e = erﬁl} e
P M= e @2 otz Thea sclutton of non- frzctional heat equation 1=
BCs:  wix0)=e* Gulell=x 0<x<L . : & -
ulxt)=g Zm_s E(t)=e
F oy — g P}
Dru=p o e Thea sclutton of fractional heat equation when & = 0.5, 1=
- Toe . '.Ex _
Intagration both sides, we obtam u(z, £) = &* Z 'i*u' ) = 6°E, . , (vE)
1 =
D, “D}'t::p;ﬂ,“[{r‘nj “'“r[2k+1}
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TAEBLEL THE MINERICAL BESULTS OF HEAT EQUIATION
Timpe=il 4 b
X
=1 a=028 a=05 m=02
00000 | 14218 1.0000 1.0000 1.0000
L0000 40332 27183 | 27183 | 27183
20000 110232 7.3391 7.3391 7.3891
30000 2084 | 200835 | 2000835 | 2000833
40000 214300 | 343082 | 345982 | 343082
0000 214084 | 1434132 | 1484132 | 1484132
&.0000 013450 405 4288 405 4288 403 4288
7.0000 La360eHM] | L0660 | L096GHDD | 10965+
3 3 3 k!
2.0000 44470+ | 20B10e+00 | 2O0BI0eHDD | 29810400
3 3 3 3
90000 1208800 | B0051e+00 | 200530e+0] | 2103000
4 3 3 k!
10.0000 3.2B60eHM] | 2202600 | 2202GHM | 22026+
4 4 4 4

Fig . Ciraphical pressetation of factional heat equation

Coprgmartan beslwasin e vl ives o ra

akphu=t

1 apha=03
—a—apha=15
+  apha=02

Fizg 2. Comparison between derivative orders of beat aquation.

Tabla 1: shows tha approximate selution of fractional
diffinzion equation with diffsrence orders. Fig. (1) compares
the surfacs of diffiision equation between fractional ordar and
ordmary order, 1n Fig. (2): we get diffarence batween ordinary
order with multiple factional orders.

Case 2; suppose 1 <o = 2

M, = awlx, 0) + o (x, 00 +p D" [I:Z s T |

Coefficients of p

P uy = u(x,0) =8* +x't -
gt owy = Ol ] = &F [-(;:. J_;|+2r'(:+ 2)
B ey = 0y )] = &° ﬁ

B Uy =Dr"[fug).¢]=glﬁ

uix, t) = lim Zp"'u_._.: =y +uy oy oo oo
pel

e gl pae
ulx,t)=e* |1+ + + + ...
i t) = e ( Mae+1) T2a+1) M3a+1) )

il ® 1

Frtrt2o—
S v Py

&4

- cll'n.
Bz Y ———trrEI—
)= e Z]"(m‘c+1:| * Ta + 2
k=0

&l

=e“E, . [t* Sl . —
e E, ([t} +x CEE

Tha selution of non- frachonal wawve equation 1=
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e 3. Graphical presentation of non-fractionz] wive equation

Crarrgnartamin besbwbsn chi rhaa L ves orrs

- el ) £
uix.t)=e Zm+x |:+?
=3

3 2.5 T T
=e'E_.,(z-':+x1z+“? —
r.’i i —ﬂ—.-u.im—:.-.
:x‘t+E+ e*cosh (£) + aeets
The solutton of fractionzl wane squation when o = 1.5, 1z i
- Vi) s £
uI:Jr.r:IZE!’L 53 +J|r‘1'+:lE _ E
- -.‘,'ﬂ'
= r(gk+ 1)
N ) P
=&*E,; et )+ x't —
a7 5ve L
TAELED THE NUMERICAL RESULTS OF WAVE EQUATION
Time=i) 4 br. u [ E 14
x
=2 =18 | c=15 | ¢=1.2
0.0000 11024 103z 10608 L103% Fig 4. Compartson between derivative orders of wave squation.
10000 33600 31510 31792 32282 Table 2: shows the approxmmate solubion of frachonal wave
- equation with difference orders. Fig. (3): compares the surface
2.0000 9.6024 2.0118 2.0300 £.0920 of wave equation between factionzal order and crdinary order,
m Fiz. (4): shows comverges betwraen ordmary order with
3.0000 253353 137183 137464 13.7954 Itinle fractional orders
40000 G3.4450 U 10580 G1.1081
5445 G1.0308 CORCLURICN
30000 1704567 1584450 158.4741 158.3231 The mathematical meodels 1z very important step for
physical problem, we have concloded that the Sactional
sooon | #snssm | 4nnssls | 4pnsme | snesm derivative of heat equation is more accurate than ordinary
- denvative order, but mn the wave eguation we get zmall
- M52 . 1163
7.0000 L :I:';Em'j 1-]1'-?‘3'“:':' 1]16;%}] ! ]M;EH}:I differance betwean fractional derfvative amd  ordinary
— — denivative order, we recommended researchers would use
20000 ""43:3&'":':' 30066+ -"-':':'E;E o 3"}3'::':&'”}] fractional dervatives when derrvation the mathematical models
3 _ for some phenomena
00000 | B790e00 | g p3ssernn | B1355e400 | 8.1356e400
' 3 7 3 3
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