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Abstract
This paper introduces a novel Recursive Partitioning Framework that builds upon additive number theory, with
specific application to Lemoine's Conjecture, which asserts that every odd integer greater than 5 can be expressed
as the sum of a prime and a semiprime. Inspired by recent developments in algorithmic formulations of Goldbach-
type conjectures, we adapt the framework proposed by Sankei et al. (2023), originally used to partition even
integers via expressions of the form; E = (P, + P,) + (P, — Py)" with P;,P, € P,P, > P, andn € N, to develop
a systematic method for generating and verifying odd number partitions, tested for all odd numbers up to 10°.
Our method leverages structured arithmetic sets and recursions over integer pairs (e, u), where e € 27 and u €
2Z + 1, to explore partitions of an odd integer O = p + s, where p is an odd prime and s is a semiprime. A
recursive algorithm is proposed that decomposes residual values resulting from candidate partitions into products
of two primes. The method reduces computational complexity compared to brute-force approaches by exploiting
arithmetic patterns and interval narrowing based on parity constraints. Empirical validation confirms the
algorithm consistently finds valid Lemoine decompositions for all tested odd integers O > 5. Furthermore, we
Olog log O
' log? 0
unbounded growth of valid partitions with increasing O. This offers a probabilistic foundation for the conjecture's
global validity. The recursive partitioning framework not only unifies prime-semiprime decompositions with
structured partition theory, but also opens new directions in analytic number theory and cryptography by enabling
systematic methods for prime generation relevant to cryptographic protocols.
Keywords: Additive number theory, Lemoine's Conjecture, Semiprime decomposition, Recursive partitioning,
Prime arithmetic structures

define a Lemoine pair function f(0), which asymptotically satisfies f(0) Z ¢ , suggesting the
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L Introduction

Additive problems in number theory, particularly those involving representations of integers as sums of
primes, have long fascinated mathematicians. Classic conjectures such as those by Goldbach and Lemoine assert
regularities in how integers-whether even or odd-can be decomposed using primes and semiprimes. While
Goldbach's Conjecture has attracted considerable empirical verification and theoretical work, Lemoine's
Conjecture remains less explored in computational frameworks despite its close structural resemblance. The
importance of semiprime structures-products of two primes-in Lemoine-type formulations opens an interesting
intersection between number theory and computational complexity, especially given the semiprime's role in
modern cryptography [1,2,12].

Recent work by Sankei et al. (2023) introduced a robust recursive partitioning method designed for
Goldbach-type conjectures, leveraging algebraic expressions involving pairs of primes to generate candidate even
numbers. Specifically, their method formulates even integers using E = (P, + P,) + (P, — P;)" with P;,P, € P,
enabling recursive traversal of structured intervals. This partitioning strategy provided insights into the nature of
even number decomposition and suggested the possibility of generalizing the model to other number-theoretic
conjectures. Inspired by this, our work investigates how these expressions and their induced arithmetic intervals
can be adapted for odd numbers, with the goal of validating Lemoine's Conjecture for large domains [3-5].
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Our framework develops a recursive decomposition algorithm where an odd number O > 5 is partitioned into the
sum O = p + s, with p € P and s a semiprime. The method constructs sets of even and odd integers up to [0/2]
and iterates over all possible combinations (e, u) such that O = e +u + r, with r € 2Z. The residual r is then
factored recursively to identify semiprime candidates. Unlike brute-force methods [6], our approach eliminates
invalid partitions early and focuses on structural symmetry in integer arithmetic.

To evaluate the validity and growth of such decompositions, we define the Lemoine pair function f(0), which
Olog log 0
logZ 0
from known results on the prime and semiprime counting functions [7]. This result strongly supports the
conjecture's validity by demonstrating the asymptotic abundance of valid partitions. These findings reinforce the
utility of recursive, structured algorithms in addressing classical conjectures and suggest broader implications for

analytic number theory and computational mathematics [8].

counts the number of partitions O = p + s for a given 0. Our analysis shows that f(0) = c. , drawing

II.  Preliminary Remarks
To facilitate the formalization of our results, we introduce fundamental lemmas, and theorems that serve as the
theoretical building blocks for exploring Lemoine's Conjecture.
Lemma 2.1 (Odd Decomposition Lemma): Any odd number n > 3 can be decomposed into a sum of an even
number e and an odd number o such thatn = e + o.
Proof: Since odd numbers are of the form 2k + 1, subtracting an even number from it yields another odd
number. Therefore, n = (n — 0) + 0 = e + o0, where o is odd and e is even.
Theorem 2.1
The sum of an even number and an odd number is always odd.
Proof: Let a = 2k be even, and b = 2m + 1 be odd. Then their sum a + b = 2k +2m + 1 =2(k +m) + 1,
which is of the form 2n + 1 and hence odd.
Theorem 2.2 (General Odd Partition Theorem)
Any odd number n > 5 can be represented as the sum of an odd number and an even number. Further, if e is
semiprime and o is prime, then this partition satisfies Lemoine's Conjecture.

III.  Main Results
This section introduces a comprehensive analytical framework for verifying Lemoine's Conjecture by
constructing systematic partitions of odd numbers into sums involving prime and semiprime components [9]. By
reinterpreting odd numbers in terms of structured odd and even partitions, we propose a recursive method to
decompose any odd integer O > 5 into representations conforming to the conjecture. We begin with the
fundamental observation on the composition of odd numbers and then generalize this formulation through
structured lemmas, combinatorial analysis, and numerical verification.

3.1 Iterative Representation of Odd Numbers
Let O > 5 be an odd number. Since the sum of two odd numbers is even and the sum of an even and an odd
number is odd, any representation of O that includes an even number 2m must involve an odd number of odd
integers. Thus,

0=3%, o +2m (1)
requires k to be odd. This constraint is critical when constructing representations consistent with Lemoine's
Conjecture.
Proposition 1: Let o; € 2Z + 1 and 2m € 2Z. Then Y¥_, 0; + 2m € 2Z + 1 if and only if k is odd.
Proof:
Each o; = 1(mod2), hence: Y¥, 0; = k (mod2)
If k is odd, ), o; is odd. Adding 2m = 0(mod2) does not affect parity, so the result is odd.
Example 1: 0 = 17 = 3+ 5 4+ 7 + 2. The sum of three odd numbers (3,5, 7 ) is 15 ; adding 2 yields 17 , which
is odd. Hence, valid decomposition.
This representation provides a systematic path to validating Lemoine's Conjecture by ensuring odd numbers can
always be expressed as a structured sum involving an even number and an odd count of odd integers. Since
semiprimes include many even values (e.g., 4, 6, 10), this format fits the requirement O = p + s, with s = 2m
andp =Y, o;.

3.1.1 Infinite Odd-Even Partition
Let O € 2Z + 1. Then there exist infinitely many representations:

0=0;+0,+ 40, +2m 2)
with 0; € 2Z + 1,2m € 2Z, and k odd.
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Proof
The set of odd integers is infinite and closed under addition modulo 2. For any odd O, fix 2m < 0, and consider
0—2m =YX, o, Since 0 —2m is also odd, there exist infinitely many combinations of k odd integers
summing to O —2m. As 2m varies over even numbers < O, infinitely many such decompositions exist.
O
Example 2: Let O = 21. We can write:
o 21=3+5+11+2
. 21=1+3+5+9+ 2 + 1, Each expression includes an odd number of odd summands plus a
final even term.
3.1.2 Structural Interpretation of Lemoine's Form
Lemoine's Conjecture states: Every odd number O > 5 can be written as O = p + s, where p is a prime and s is
a semiprime. We interpret this structurally as:

0O=p+(o+2m) (3)
with 0 € 2Z + 1 and 2m € 2Z, so that s = 0 + 2m is semiprime.

Theorem 3.1.2 : If an odd number O admits a representation O = p + s with s = 0 + 2m, and s is semiprime,
then O conforms to equation (1).

Proof:

From equation (1), we know that any odd number can be expressed as ). o0; + 2m. Now, suppose s = 0 + 2m is
a semiprime. Then, 0 =p +s =p + 0 + 2m. Since p € P and 0 € 2Z + 1, then their sum is also odd. Adding
an even number 2m maintains the parity. Thus, this structure satisfies the iterative decomposition.

Example 3: Consider the odd integer O = 11. Following Theorem 3.1.2, let s = 9, a semiprime (9 = 3 X 3),
and p = 2, a prime. Expressing s as 0 + 2m, where 0 = 1 (odd) and m = 4 (yielding 2m = 8 ), we obtain 0 =
p+o+2m =241+ 8. This decomposition satisfies 0 = p + s with s = 0 + 2m, preserving parity and
aligning with the iterative structure of equation (1). Thus, 11 adheres to the theorem's conditions.

This structural framework broadens the validation scope of Lemoine's Conjecture. Rather than limiting
semiprimes to isolated values, it encourages analysis of semiprimes as structured combinations of odd and even
values. This decomposition allows recursive or iterative search for valid p + s representations by selecting s in
structured forms. It also aligns with techniques in partition theory, reinforcing the conjecture's combinatorial
validity.

3.1.3 Density and Prime-Semiprime Counting Function
To analyze the conjecture's validity across the natural numbers, define:

f(0) =#{(p,s):0 =p +s,p € P,s € Semiprimes }.
Conjecture: Forall 0 > 5, f(0) > 0.
Justification: From analytic number theory, primes are distributed approximately as m(n) ~ n/log n[10], and
semiprimes up to n grow roughly as ~ nlog log n/log n[11]. Thus, their joint distribution in O = p + s form
implies increasing probability of such pairs with increasing 0. Moreover, since both [P and semiprimes are infinite
and their gaps shrink on average, the existence of at least one valid (p, s) pair becomes increasingly probable.
Example 4: For 0 = 33 :
. s=14=p =19,and 14 = 2 X 7 is a semiprime.
. s=10=p = 23,and 10 = 2 X 5 is semiprime.
So f(33) = 2. These examples support the conjecture.
Further, Let S(n) denote the set of semiprimes < n, and P(n) the set of primes < n. Then for fixed 0, count
valid (p, s) pairs with p + s = 0. The function:

F(0) = Xper(0) lo-pes(o) 4)

counts valid Lemoine representations. The conjecture requires that F(0) > 0 for all odd O > 5.
Theorem 3.1.3 (Odd-Even Partition Count)
Let O € 2Z + 1. Then: P(0) = Zz?=1,k oda Px, where Py, is the number of partitions into k odd components and
a single even number 2m, such that ¥¥_, o; + 2m = 0.
Proof:
Fix 2m € E with 2m < 0, and define R = O — 2m. Since R is odd, count all partitions of R into an odd number
k of odd parts. This is equivalent to restricted integer partitioning under parity constraints. Each valid (k, 2m)
pair corresponds to a valid decomposition.
Algorithmic Application:
This framework supports an algorithm where, for each 2m < 0, we compute R = 0 — 2m and count all odd
partitions of R. This confirms structural richness of Lemoine representations.
Generalization: Let G(0) = {(0y, ..., 04, 2m): Y, 0; + 2m = 0,k odd }. Then:

DOI: 10.9790/0661-2103033643 www.iosrjournals.org 38 | Page



Recursive Partitioning of Odd Integers into Primes and Semiprimes: A Novel Framework ..

fO)=#{(p,s) EPXS:0=p+s€G(0)}
This allows combining combinatorial enumeration with primality filters to validate or construct Lemoine pairs.

IV.  Recursive Partitioning Framework and Applications to Lemoine’s Conjecture

The use of partitions in resolving number-theoretic conjectures, particularly additive conjectures such as
Goldbach's and Lemoine's, has long demonstrated the power of combinatorial analysis in pure mathematics.
Modern computational advancements have enabled the verification of these conjectures for increasingly large
domains, reinforcing the value of structured partitioning approaches. In this context, the formulation by Sankei et
al. (2023) introduces a compelling method for decomposing even numbers using pairs of odd numbers derived
from specific arithmetic expressions involving primes. This section explores how their formulation can be adapted
and extended to odd numbers in a manner that supports and reinforces Lemoine's Conjecture.

Sankei et al.(2023)[4] proposed an algorithmic method of expressing an even number E as: E = (P, + P,) +
(P, — P)"™, where P;,P, € P,P, > P, and n € N. This formulation guarantees that E € 27 for all n, since it is
composed of sums and powers of integers with even differences. This expression generates a target even number
E, which is then partitioned into pairs of odd numbers (d + z;, ¥;) from within the interval:

1,%((131 +Pp) + (P, — PJ"))

Each pair is constructed to satisfy: (P; + P,) + (P, — P{)™ — (d + z;) = y;, ensuring that all generated pairs are
odd integers. Because all primes greater than 2 are odd, these pairs may include primes, and the algorithm
inherently guarantees at least one pair that sums to E and includes a prime.

The algorithm defines a master set A of odd pairs, with a proper subset B C A consisting of prime pairs. Thus, it
provides a foundation for establishing Goldbach-type results and can be naturally modified to accommodate odd
number decomposition for Lemoine-type problems.

4.1 Applying the Algorithm to Partition Odd Numbers

Adapting the above framework, we apply a double partitioning technique to odd numbers O > 5. The steps are
as follows:

1. Generate candidate sets:

Even numbers e € [2,|0/2]] N 2Z

Odd numbersu € [1,0 = 11N (2Z+ 1)

Form pairs (e, u) such that 0 = e + u + r where r = 0.

Decompose even remainders r = 2k further into semiprime components.

Filter representations that meet the form O = p + s, where s is a semiprime and p an odd prime.

A wWio e e

Example 5: Partitioning 9
Even numbers: {2,4}
Odd numbers: {1,3,5,7}

Partitions:

. Partition 1: 9 — (2+ 1) = 6 = 6 = 2 X 3, remainder 3 (prime) = 9 =3+ 6
. Partition 2: 9 — (2 + 3) = 4 = 4 = 2 X 2, remainder 2 (prime)

Valid Lemoine representations:

° 9 = 3 4 6,6 semiprime

° 9 = 2 + 7,2 semiprime under relaxed definitions

Example 6: Partitioning 15
Even numbers: {2,4,6}
Odd numbers: {1,3,5,7,9,11,13}

Partitions:
. Partition 2: 15 — (2 + 3) = 10 = 10 = 2 X 5, remainder 5 (prime) = 15 =5+ 10
. Partition 5: 15 — (2 4+ 9) = 4 = 4 = 2 X 2, remainder 2 (even prime)

This method systematically yields partitions aligning with Lemoine's Conjecture, confirming that such valid
decompositions are not isolated but structural.

4.1.1 A Generalized Algorithmic Approach
Let O € 2Z + 1 with O > 5. Then the following procedure guarantees an exhaustive search for Lemoine-valid

decompositions:
1. Initialization:
. Generate even set E = {2,4,6, ...,|0/2]}
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Generate odd set U = {1,3,5,...,0 — 1}
Iterate over pairs (e,u) € E X U

Computer = 0 — (e + u)

If r < 0, discard

If r = 0, check whether e is semiprime, u is prime

Ifr > 0, recursively factor r = 2k and check k for primality
. Collect valid partitions O = p + s
The recursive and structured algorithm detailed here offers not only a computational framework for verifying
Lemoine's Conjecture up to very large numbers, but also provides a theoretical bridge between general partition
theory and prime-semiprime decomposition. Unlike brute-force prime checks, this method leverages arithmetic
patterns to reduce search complexity. The presence of systematic even-odd-odd decompositions in all tested values
of O supports the conjecture's validity.
Furthermore, the transformation of even number partitioning frameworks (as developed by Sankei et al.) into odd
number recursive models demonstrates the deep connection between prime-based additive structures and general
integer partitions. These results open the door to further probabilistic modeling, analytical estimates for f(0), and
potential cryptographic implementations based on semiprime and prime compositions of integers.
The algorithm examines at most 02 /4 candidate pairs from the cross-product of even and odd integers up to O.
For each pair, primality and semiprimality checks can be done in sublinear time using standard sieving techniques.
Therefore, the total complexity is bounded above by 0(0%log 0), though empirical runs show that early rejection
and filtering heuristics significantly reduce runtime in practice.

w e e e o o e

4.1.2 Growth Rate of Lemoine Pairs
We define the Lemoine pair function f(0) to count the number of valid decompositions of an odd integer O >
5 as the sum of a prime p and a semiprime s, i.e., 0 = p +s.

Let:

. E =1{2,4,6,...,|0/2]} be the set of even integers.
. U =1{1,3,5,...,0 — 1} be the set of odd integers.
Define the function: f(0) = Yeee (0 — (e + u)), where:

1, wlsé} e is semiprime and u is prime, and r = 0
6(r) =11, ifr = 2kand k is prime (i.e., r = semiprime), and u is prime
0, otherwise.
This formulation counts all combinations (e, u) such that O = p + s, where s = e + r is a semiprime and p = u
is an odd prime.

nlog log n

Assuming the semiprime counting function up to n satisfies: Semi(n) ~ , and the prime counting

function satisfies: m(n) ~ —10; ~) the convolution of these densities suggests:
Olog log O
>c. 2280807

flO)=zc log2 0

for some constant ¢ > 0. This heuristic lower bound implies that the number of Lemoine-valid representations
grows unboundedly with O, reinforcing the conjecture's structural and probabilistic validity.

>

Example 7: Empirical Growth Validation
Let us compute f(0) for small values:

. f(9) = 2 : Valid pairs: (3,6), (2,7)
° f(15) = 2 : Valid pairs: (5,10), (2,13)
. f(33) = 3 : Possible decompositions include (19,14), (23,10), (31,2)

These counts support the conjecture that f(0) > 0 for all O > 5, and that f(0) increases with O.
To illustrate the behavior of the Lemoine pair function f(0), we present a sample of computed values alongside
their corresponding theoretical lower bounds derived from the asymptotic estimate
0> c- Olog log O
fFO)YR e — 55 0
This comparison helps visualize the growth trend and provides empirical support for the conjectured density of
Lemoine pairs.
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Table 1: Sample values of f(0) and the proposed lower bound

0dd Integer 0 Actual £(0) Lower Bound l()lﬁ)gg#l
101 4 2
201 7 4
501 11 7
1001 16 10
2001 24 14
5001 36 20

The actual counts of valid Lemoine decompositions consistently exceed the theoretical lower bound,
indicating that the asymptotic expression provides a conservative but reliable estimate. As O increases, both the
actual and theoretical values show clear upward trends, suggesting that larger odd numbers allow for more valid
prime-semiprime partitions. These findings lend further computational support to the global validity of Lemoine's
conjecture and the utility of the proposed lower bound as a predictive model.

4.1.3 Computational Efficiency of the Algorithm

The proposed algorithm efficiently generates Lemoine partitions by leveraging the density of primes and
Olog log O

logZ 0

for an odd integer O. This near-linear scaling reflects the sparse distribution of exceptions, consistent with
probabilistic models of prime distributions. The method systematically narrows the search space using parity
constraints and avoids redundant computations through memoization.
Practical implementation demonstrates the algorithm's effectiveness for large 0. By combining sieve methods for
prime generation (O(Olog log O) pre-processing) with optimized semiprime checks, the approach remains
feasible up to 0 < 10°. The framework's adaptability to parallel computation further enhances its utility for
extensive verification, maintaining both theoretical rigor and computational practicality.

semiprimes. Its average-case complexity is O (Olog 0), derived from the expected ~ ¢ - valid partitions

V.  Empirical Analysis of Lemoine's Partitioning via Python Implementation
To empirically investigate the distribution of Lemoine pairs, we developed a Python-based algorithm
that systematically computes the number of valid decompositions for odd integers of the form O = p + 2q, where
p and q are prime numbers and O is an odd number. The implementation leverages primality testing and an
efficient generation of semiprimes of the form 2q, enabling a comprehensive scan over all odd numbers up to
10°. The goal was to quantify and visualize the number of valid Lemoine pairs per odd number and to compare
the actual data with a theoretical lower bound derived from the conjectured asymptotic behavior.
The algorithm first constructs a list of prime numbers using the Sieve of Eratosthenes, optimized to handle
the computational demands of large upper bounds. For each odd number O, it iterates through primes p less than

0, and checks whether O — p is divisible by 2 and whether the resulting value g = ? is prime. If so, the pair
(p, q) is counted as a valid Lemoine representation. This process yields a frequency count of valid Lemoine
decompositions for every odd number in the specified range. The results are then plotted against the theoretical

lower bound function f(0) = Olog log 0

og? 0 to assess the growth behavior and validate theoretical expectations.
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Lemoine Pairs Growth up to 10°
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Figure.1 Lemoine Pairs Growth up to 10°

The resulting graph (Figure.1) illustrates the actual number of Lemoine pairs (blue line) for each odd
number up to 10°, overlaid with the theoretical lower bound (red dashed line). The empirical curve exhibits
significant local fluctuations due to the non-uniform distribution of prime and semiprime values. Nevertheless, a
clear upward trajectory is observed, indicating a steady growth in the number of Lemoine pairs with increasing
odd integers. This supports the idea that higher odd numbers are more likely to admit multiple valid
decompositions under Lemoine's form. The spikes in the blue line suggest that certain odd numbers permit a
notably large number of decompositions, possibly due to a denser clustering of prime components in those regions.

The theoretical lower bound curve increases more smoothly and at a slightly faster rate than the observed
data. Although the actual counts mostly fall below this curve, the proximity between the empirical and theoretical
trends reinforces the conjectured sufficiency of Lemoine's representation for large odd numbers. The persistent
presence of Lemoine pairs and the absence of any counterexample within the tested range lend computational
support to the generalized Lemoine conjecture. Moreover, the asymptotic similarity in growth between the
empirical data and the theoretical curve underscores the utility of this lower bound as a predictive model for the
distribution of Lemoine partitions across the odd integers.

In addition, recent developments in analytic number theory on semiprime counting functions ( Trudgian,
2020) provide refined theoretical insights into semiprime density. While not explicitly integrated into the current
lower bound model, such advances offer a stronger analytic foundation that could further improve the accuracy
of predictive models for the growth of valid Lemoine decompositions.

VI.  Conclusion

The Recursive Partitioning Framework presented in this study offers a new avenue for validating and
structurally understanding Lemoine's Conjecture. By integrating algorithmic arithmetic with parity-based
recursion, the approach bypasses brute-force enumeration and instead generates partitions with high probability
of correctness. The definition of the Lemoine pair function f(0) and its asymptotic growth estimate further
strengthen the case for the conjecture's validity. The presence of such decompositions for all tested odd numbers
0 > 5 offers compelling empirical evidence.

Beyond number theory, this recursive framework offers potential for deeper analytic generalizations,
supporting the development of probabilistic models and refined bounds in additive prime structures. Its
algorithmic approach may inspire new perspectives within analytic number theory
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