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Abstract:
A sum divisor cordial labeling of a graph G with vertex set V(G) is a bijection f from V(G) to {1,2, 3, ..., |V(G)|}
such that an edge u v is assigned the label 0 if 2 divides f(u)+f(v) and the label I otherwise, if it satisfies the
condition

le ,(0) —e ; (1) | Then the graph with a sum divisor cordial labeling is called a sum divisor cordial graph. In
this paper we introduce the concept of the sum divisor cordial labeling for cycle of join zero divisor graphs.
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I. Introduction

Let G = (V (G), E(G)) be a simple, finite and undirected graph. Different types of graphs labeling
techniques have been investigated and over to 2000 papers have been published in this area. A graph labeling is
an assignment of labels traditionally represented by integers to edges or vertices or both. Beck [6] introduced
Zero-divisor graph. Then Anderson and Livingston [7] modified it. Tamizh Chelvam et al [13] proposed graph
labeling related to Zero-divisors in a commutative ring. obtained certain labeling for certain class of Zero-
divisor graphs corresponding to finite rings. Let R be a commutative ring with non-zero identity, Z(R) it’s set of
all zero devisors in R and

Z'(R) = Z(R) \ {0}. the Zero-divisor graph of R is the simple undirected graph I'(R) with vertex set
Z'(R) and two distinct vertices x and y are adjacent if x y =0. [11] S. Sajana and D. Bharathi studied the
Intersection graph of zero-divisors of a finite commutative ring. [12] D. Eswara Rao and D. Bharathi studied the
Total zero divisor graph of a commutative ring. All graphs consider in this paper are finite, simple and
undirected. This graph product was introduced by Frucht and Harary [3]. After that A. Lourdusamy [10]
introduced sum divisor cordial labeling of graphs. Here, we are interested in the sum divisor cordial (SDC)
labeling for cycle of join zero divisor graphs. Based on these concepts we give several results on SDC labeling
for Zero-divisor graphs. Here we study the cycle of join Zero-divisor graphs.

II. Preliminaries:
Definition 2.1

For a commutative ring Z , with unity (1 = 0), the zero-divisor graph of Z ,, denoted by I (Z ), is a simple graph
with vertices as elements of Z , and two distinct vertices are adjacent whenever the product of the vertices is
ZETo0.

Definition 2.2

Let R be a finite ring. An element a 0 € R is called a zero divisor if there exists a non-zero element b €
R suchthata.b=0orb.a=0.

Definition 2.3
The join of two graphs G, and G, is denoted by G, +G, and whose vertex set is V (G, +G,) = V(G))

UV(G,) and edge set is
E (G, +G,) = E(G)) VE(Gy) U {uv:u eV(G)), veV(G,)}.

Definition 2.4
A Graph G is said to be complete if every pair of its distinct vertices are adjacent.

Definition 2.5
A bipartite graph is a graph whose vertex set V (G) can be partitioned into two subsets V, and V, such
that every edge of G has one end in V, and the other end in V,. (V,, V,) is called a bipartition of G.
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Definition 2.6

A complete bipartite graph is a bipartite graph with bipartition (V, V,) such that every vertex of V, is
joined to all the vertices of V.. It is denoted by K., ., where |V,| =m and |V,|=n.
A star graph is a complete bipartite graph K, ,.
Definition 2.7

The complement of the graph G is the graph with vertex set V (G) and two vertices are adjacent in if
and only if they are not adjacent in G.

Definition 2.8

For a cycle C,, each vertex of C, is replaced by connected graphs G,, G, ..., G ,and is known as cycle
of graphs. We shall denote it by C (G, G,...., G ,). If we replace each vertex by a graph G, i.e. G=G=G,-..., G
» such cycle of a graph G is denoted by C (n. G).

Definition 2.9
A cycle graph is a graph that contains a single cycle, or a closed chain of vertices connected by edges.
A cycle graph with n vertices is denoted by C.,.

Definition 2.10
A star graph is a Tree with a single internal node and multiple leaves.

Definition 2.11
Cordial labeling is a way to assign labels to vertices and edges using only the numbers 0 and 1. The
labels are assigned so that the number of vertices and edges labeled 0 and 1 differ by at most 1.

Definition 2.12

Let G = (V' (G), E(G)) be a simple graph and f> V(G)— {1, 2, ..., ¥(G)|}be the bijection. For each edge
uv, assign the label 0, if 2/f(u)+f(v) and the label 1 otherwise. The function f is a sum divisor cordial (SDC)
labeling if it satisfies the condition | € ((0)-e (1) | < 1. where e ((0) is the number of edges labeled with 0 and e;
(1) is the number of edges labeled with 1. Then a graph which admits sum divisor cordial (SDC)labeling is
called as a sum divisor cordial (SDC) Graph.

II1. Main Results
In this section, we obtain cycle of join zero-devisor graphs which admits a SDC labeling.

Theorem 3.1. For any prime number p>2, cycle of join zero-devisor graphs I'(Z,,) +I'(Z,) where n>3 is a SDC
graph.

Proof: Let G= C (n. (I'(Z,,) + I['(Z,)), ¥V n>3

Let the vertex set and edge set of the graph G are

V(G)= {Upy, Uz, .. Wy py Xi Usyy Ungy ovey Uz py Xo vevy Unpy Ungy .. Uy o), V 123
E(G): {u J'iu j,p_u j';X js u j‘pX js ul_puZ_p, Uy Uz, ..., un.pu]',;}, V n23

Therefore |V(G)|=n(p+1) and
|[E(G)|=n(2p-1) +n = 2np

Define f: V(G) — {1,2,3, ...,n(p+t1)}, Vn>3 by
f(u,) =1, f(u,) =p+2, f(u,) =2p+3, ..., f(u.,)=0m-1)p+n,Vn>3

f (u,,=1+1 for,
f (u,;) = p+2+i for

f(u.;))=(-1)p+n+ifor

f(x)) =p+1, f (x;) =2p+2, ..., f (x,) = np+n.
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Then the induced edge labeling is as follows f': E(G) — {0, 1} is given by

fu;iu;,)=
flu;ix)=

fu,x;) =1, f(u,u,) =0,

f'(u,,u,) =0.

we note that

(0) | = n(p-1) +n=np and (1) | = n(p)

then | (0)- (1) |

Hence G is a SDC graph. O

Example 3.2:

A SDC labeling for G=C (4. (I'(Z,,) + I'(Z.)), is given in figure 1 where n=4, p=3
V(G) = {ul,l, Ui, Ui, Xy, Uz1y Uooy Uz, Xo, Uz iy Usoy Uss, X3, Usgy Uap, u4,3}, vV n>3

E(G)= {u ;w5 u X, UjsXy, Wislhas, Us pUss ooy Ul 5§,

Therefore, | V(G)|=16 and | E (G) |- 24

Here (0)|=12and (1) |=12

Hence | (0)- (1) | then C (4. (I'(Zy) + I'(Zy))), is a SDC graph.

X2

Figure 1. C (4. ('(Z,,) + T(Z,)))

Theorem 3.3. For any prime number p>2, cycle of join zero-devisor graphs I'(Z,,) + I'(Zs) where n=3 is a SDC
graph.

Proof: Let G= C(5. (I(Zy) +I'(Zs)))

Let the vertex set and edge set of the graph G are

V(G)= {u1, Uiy - ..U py X1, Y1, Zi, Uy -+ Uz py X2 Y2y Zo Unty Undy -« -Un p Xny Yoy Zn}

and E(G)= {u;;u 5, WX, WXy, WY3 WY WipZ;, XiYs YiZis Uip Uzps UzpUsp, - Unp Uy}

Therefore |V(G)|=n(p+3) and
|[E(G)[=n(4p+1) +n =4np+2n =2n(2p+1)

Define the vertex labeling

f: V(G) — {1, 2,3...n(p+3)} by
f(u,,;) =i+1 for,

f (u,;) =p+4+i for
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f (u;;) = 2p+7+i for

f(u,,)=(n-1)p+(3n-2)+i for ,

fu,) =1, f(w,) =pt+d, f(u,) =2p+7, ..., f (u.,) =(n-1) p+(3n-2),

f(x)) = pt1, f(x,) =2p+4, f(x;) = 3p+7, ..., f(x,)= np+3n-2,

f(y)) = p+3, f(y.) =2p+6, f(y;) =3p+9, ..., f{y,)= np+3n,

f(z)) = p+2, f(z,) =2p+5, f(z;) =3pt8, ..., f(z,)= np+3n-1.

Then the induced edge labeling is as follows f': E(G) — {0, 1} is given by
f‘(uj.iuj.p):

£ (uyx))=

f(uiy)=

f(w,z)=

f(u,x) =1, £u,y) =1, £(u,z) =0, £(xy) =0, f(yiz) = 1, £'(u; ,u.1,) =0,

f'(u,.u,)=0

we observe that (0) | =2np+n=(2p+1) n and (1) | =n(2p+1) then | (0)- (1) |

Hence G is a SDC graph. o
Example 3.4.

A SDC labeling of the C(5.I'(Zs) + I'(Zs)) is given in figure 2 where n=5, p=3.

Let G=C (5. T'(Zs) + I'(Zy))

V(G) = {ul,lg Uiz, Uiz X1y Y1, Z1, Ungy Uooy Uy X2y Yo, Zo, Usyy Uso, Ussy X3 Y3, Zs, Ug gy Uany Uy X3 Y3 Zs Us g, Usp, Uss, X5 Ys,
zs}, and

E(G) = {uj i3, 151X, Wi3X5, W3 W55 U525 XY, YiZis Ups Uas, Uaslss, <oy Uss Uy

Therefore, | V (G) |=30 and | E (G) |= 70

Here (0)|=35and (1) |=35

Hence | (0) - (1) |then C (5. I'(Zs) + T (Zs)) is a SDC graph.

Figure 2. C (5. ['(Zs) + T'(Z))

Theorem 3.5. For any prime number p>2, cycle of join zero-devisor graphs I'(Z,,) + I'(Z,)
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where n > 3 does not admit SDC labeling.
m

Example 3.6:

A SDC labeling of the C (4. (I'(Zs) + I'(Zy)) is given in figure 3 where n=4, p=3.

Let G=C (4. I'(Ze) + T'(Zy))

V(G) = {ul,l, Ui, Uiz, Xy Y1, Uz, Unpy Unz, Xoy Yo, Us iy Uz, Uss, X3, Y3, Uty Usp, Ussy Xy Y4,} and
E(G) = {u;u;5 w5, X, Uj3X;, Wi UiaYiXiYj» Uis Uz, UasUss, ..o Uz Uy}

Therefore, | V (G) |=20 and | E (G) |= 40

Here (0) | =16 and (1) | =24

Hence| (0)- (1)| then C (4. (I'(Zs) + T (Zs)) is not a SDC graph.

Figure 3. C (4. (['(Zs) + I'(Z,))

Theorem 3.7. For any prime number p >2, cycle of I" () does not admit the SDC labeling. o

Example 3.8:

A SDC labeling of the C (4. T ()) is given in figure 4 where n=4, p=5.
LetG=C 4. T (),

V(G) = {ui1, Uiz, Us, Urs, Uz, Uz, Uz, Uzg, Ust, Usa, Uss, Usa, Usty Uaz, Uss, Uayf and
E(G) = {uji ujz, 1 s, g Uyo, Uj U5, o s, Uy Ui}

Therefore, | V (G) |=16 and | E (G) |- 28

Here (0) |=12 and (1) | =16

Hence | (0)- (1)| then C (4. (I'())) is not a SDC graph.
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Figure 4. C (4.I' ())
Theorem 3.9.For any prime number p>2, cycle of join graph, C (3.1%Z,))) is a SDC graph.
i

Theorem 3.10. For any prime number p>2, cycle of join graph, C (3. (+T" (Zs)) is a SDC graph.
Proof: Let G=C (3. (+T (Z¢))

Then vertex set of the graph G is

V(G): {ul,ls Uiy oovy Uipets Xty Yis Ziy Unty Uoy oovy Uz pry X2y Yo, Zoy Uiy Uy ooy Us oy X3, Y3, Zs}
And the edge set of the graph G is

E(G) = {u;.x;, W;iyi, WiiZi, XY, ViZi UpUa, Up Us,, Us Uy ,and }

Therefore [v(G)|= 3p+6 and |[E(G)|=9p

Define the vertex labeling f: V(G)— {1, 2, ...3p+6}

By f(u,;) =1 for

f (u,,;) =p+2+i for,

f (v, ;) = 2p+4+i for,

fx,) = p, f(y) = p+2, f(z,) = p+1

f(x,) = 2p+2, f(y,) =2p+4, f(z,) =2p+3, f(x;) = 3p+4, {(y;) =3p+6, f(z;) =3p+5.

then the induced edge labeling is given by f": E(G) — {0, 1} is given by

£ (uyx))=
()=
f(uz)=

f'(xy)=0, f'(yiz)=1, f'(u,,u,) =1, f'(u,us,) =1, f'(u; u,,) =0.

we note that (0) |=3 ()+1 =and (1) |=3 )+2 =

Thus | (0)- (1)

Hence G is a SDC graph. o
Example 3.11:

A SDC labeling of the C (3. ( + I'(Z))) is given in figure 5 where n=3, p=7.

Let G=C (3. ( +T'(Zy)))

V(G): {Ul,b Wiy oovy W6y Xis Yis Zis Uziy Uaoy «vvy U6y Xoy Yo, Zoy Us gy Uspy vy Uz, X3, Y3, Zs}
EG) ={u;X;,u;iy,UiiZ,X;¥jViZ;Ul,, Uy, Us,u,,and }

Therefore, | V (G) |=27 and | E (G) |= 63

Here (0) | =31 and(1) | =32

Hence | (0)- (1) | then C (3. (+I'(Zs))) is a SDC graph.
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Figure 5°. C 3. (+ I'(Z)))

Theorem 3.12.

For any prime number p>2, cycle of join graph + I'(Z,) is a SDC graph when n >3.
Proof:

LetG=C(n. (+I'(Zy)))

The vertex set of the graph G is

V(G)= {ul,l, Uiz, «ens Uiy pts Xty Yio Uzty Uz, ooy Uny poiy X2y Yo, Unty Un2y - Un ety Xay yn,}
E(G)= {u ;X uiiy i Xy Uil

Therefore [V(G)| = n(p+1) and

|[E(G)|=n (2p-1) + n=2np

Define the vertex labeling.

f: V(G) — {1,2,3,...,n(pt1)} by
f(u.)=1ifor,

f (u,;) =p+1+i for,

f (u;;) = 2p+2+i for,

f(u,) = (n-1) p+(n-1) +i for

f(x,) =p, f(x;) =2p+1, f(x;) = 3p+2, ..., f (x ) =np+(n-1),
f(yl) = p+17 f(y2) :2p+2a f(yW) :3p+39 ceey f(y n) = Ilp+ n.

Then the induced edge labeling is given by
f(u;ix;=

fluiy)=

f(x;y ) =1, f(uu.,) =0, £ (u,u,) =0.

we observe that (0) | =n(p-1) +n=np and (1) | =np. Thus | (0) - (1) | Hence G is a SDC graph.
o

Example 3.13:

A SDC labeling of the C (4. (+I'(Z,))) is given in figure 6 where n=4, p=5.
Let G=C (4. (+I'(Zy))

V(G): {ul,l, Uiz, oy Uiy 45 Xiy Y1, Unty Uy «nny Uny gy Xoy Yo o Uars Uay vnny Usg, Xy YA,}
E(G)= {u X, Uy i XY i W, Ul

Therefore, | V (G)|=24 and | E (G) |= 40

Here (0)|=20and (1) |=20

Hence | (0)- (1) ]| then C (4. (+T'(Zy))) is a SDC graph.
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Figure 6. C (4. (+T'(Z,)))
Remark: In join graphs we used only paths in zero-divisor graphs, Z., Z, Zs.

IV. Conclusion

The cycle of graphs are

——
N =
e

— e, S —
— =0 00 3 O\ L W
— oo S T S

—=

[12]
[13]

[14]

Cn
Cn
Cn
Cn
Cn
C
C

.(T'(Zy) +T'(Z4))),n 3 and p > 2 is a SDC graph.
.(T'(Zy) +T'(Zs))),n 3 and p > 2 is a SDC graph.
.(T'(Zy) +T'(Zy))),n 3 and p > 2 is not a SDC graph.
. T'(),n 3 andp>2isnotaSDC graph.

.( +T(Zy))),n=3 and p>2 is a SDC graph.

.( +T(Zs))),n=3 and p > 2 is a SDC graph.

.( +T(Zy))),n 3 and p>2is a SDC graph.
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