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Abstract

In this paper, examples of an operator satisfying generalized Browder’s theorem and generalized a-
Browder’s theorem but not satisfy the properties (Bb), (Bab) and (Sb) are given. The necessary and
sufficient condition for their equivalence with Browder’s theorem and generalized a-Browder’s theo- rem
are found. The equivalence of property (Sab) with operators satisfying generalized a-Browder’s theorem
is studied. And also, the equivalence rela- tion between properties (Sab) & (Bab), (Sab) & (Bb) and (Sab)
& (Sb) are found.
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l. Introduction and Preliminaries

In this paper, we establish the equivalence relationship between the properties (Bb), (Bab), (Sh) and
Browder & generalized a-Browder’s theorem are found.

Throughout this paper, L(X) denotes the algebra of all bounded linear operators acting on an infinite
dimentional complex Banach Space X. We refer[8] for details about notation and terminologies. We give the
following notations that will be useful

* Browder spectrum: on(T)

«  Weyl spectrum: ow(T)

= Upper Semi-Weyl spectrum: ogea(T)

= Upper Semi-Browder spectrum: oun(T)

= B-Weyl spectrum: oup(T)

= Upper Semi-B-Weyl spectrum: ousw(T)
= Drazin Invertible spectrum: oq(T)

Definition 1.1. An operator T € L(X) is said to have the single valued extension property (SVEP) at Ao
€ C if for every open neighbourhood U of J, the only analytic function f : U — H which satisfies the equation
(AL —T)f(1) =0 for all 1 € U is the function f =0.

An operator T is said to have SVEP, if T has SVEP at every point J. € C. Clearly, an operator
T has SVEP at every point of the resolvent p(T) =C —o(T)
Both the operator T and T* have SVEP at every point of the boundary dq(T) of the spectrum o(T), in
particular at every isolated point of the spectrum.

Here \ denotes the set difference.The set of all isolated points of K < C is denoted by iso K.
Definition 1.2. For T € L(X), define

Eo(T) = {A1€iso0(T):0<a(M —T) < oo}

ES(T) = {A€iso g ,(T):0<a(Ml —T) < oo}
E(T) = {A€isoa(T):0<a(Al —T)}

EY(T) = {A€iso g, (T):0<a(ll —T)}
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Definition 1.3. For T € L(X), define

M, (T) = o(T)\op(T)
Hg (T) = Oq (T)\O-ub (T)
nr) = o(M\oa(T)
neT) = 0q(T)\0ya(T)

mt (1) = o(T)\ow(T)

Clearly

Io(T) € TI¥T) S II¥(T)

and ITo(T) € IIK(T) < I1*(T) holds.

Now we describe several spetral properties introduced recently in [6], [7], [8] and

91
Definition 1.4. An operator T € L(X) is said to have
(i) property(Bb) [7] say T € (p —Bb) if

(T Noww(T) = Io(T).
(i) property (Bab) [9] say T € (p —Bab) if

(T )\oow(T) = TI3(T).
(iii) property (Sb) [6] say T € (p —Sh) if

(T Nowsw(T) = TIo(T).
(iv) property (Sab) [8] say T € (p—Sab) if

o(T N\owsw(T) = I13(T).

Definition 1.5. An operator T € L(X) is said to have
(i) Browder’s theorem, T € (Bt) if
o(T) \ow(T) = Io(T).
(i) generalized Browder’s theorem, T € (gBt) if
o(T) \oww(T) = TI(T).
(iii) a-Browder’s theorem, T € (a —Bt) if
0a(T) \oea(T) = IT2(T).
(iv) generalized a-Browder’s theorem, T € (a —gBt) if
oa(T) \owsw(T) = I13(T).

Il. Preliminaries
Theorem 2.1. ([1],Theorem 3.4) If T is a linear operator on a vector space X. Then the following
properties hold .
1. If p(T) < oo, then a(T) <B(T).
2. If q(T) < oo, then B(T) <a(T).
3. Ifp(T)=0q(T) < oo, then a(T) = 4(T) (possibilty infinite).
4. If a(T) = B(T), and if either p(T) or q(T) is finite, then p(T) = q(T).

Corollary 2.2. ([1], Corollary 3.21) Let Jo € o(T) and assume that Aol —T is a Semi-Fredholm
operator. Then the following statements are equivalent.

1. Tand T+ have the SVEP at Ao.

2. Joisan isolated point of o(T).

Remark 2.3. For T € L(X). If A =T is a quasi-Fredholm, then the following are equivalent.
1. p(I—-T)<owo< T has SVEP at A
2. U -T)<ow&e T* has SVEP at 4

Theorem 2.4 ([2], Theorem 2.4). Suppose that A7/ —T € L(X) is B-Weyl. Then the following statements
are equivalent:

1. T has SVEP at A;

2. M —T is Drazin invertible;

3. T* has SVEP at 4
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Theorem 2.5 ([2], Theorem 3.2). Let T € L(X). Then the following statements are equivalent:
1. T satisfies generalized Browder’s theorem;

2. T has SVEP at every A £ onu(T);

3. T+ has SVEP at every A £ ouu(T);

4. T~ satisfies generalized Browder’s theorem.

Theorem 2.6 ([3], Theorem 2.4). An operator T € L(X) satisfies generalized a- Browder’s theorem
if and only if T has SVEP at every A £ ougu(T)

Theorem 2.7 ([4], Theorem 2.1). For every T € L(X), we have TIT) c TI¥T) <
E3(T) and E°(T) < E&(T).

Lemma 2.8 ([5], Theorem 3.6). For T € L(X), the following are equivalent.

1. 2ol =T is left Drazin invertible & Aol =T is quasi-Fredholm with finite ascent.

2. Aol =T is right Drazin invertible < Aol —T is quasi-Fredholm with finite descent.

3. Aol —T is Drazin invertible & Aol —T is quasi-Fredholm with finite ascent and descent.

Corollary 2.9 ([9], Corollary 3.8). Let T € L(X). Then the following assertions are equivalent.
1. T e(p—Bab)
2. T €(p—Bb) and TIp(T) = I1¥(T)
3. Te(p—-Bb) and IT) =II¥T)
0
Remark 2.10. The necessary and sufficient condition for an operator T € (gBt)
to satisfy T € (a —gBt) is that T has SVEP at every A € gusw(T)° Nobw(T).

1. Property (Bb), Property (Bab), Property (Sb) and Property (Sab)
In this section, it is shown that an operator satisfying property (Bb), (Bab), (Sb) and (Sab) satisfies
generalized Browder’s theorem and generalized a-Browder’s theorem respectively. The necessary and sufficient
condition for the equivalence are found.

3.1 Property (Bb)

In this section, it is shown that an operator satisfying property (Bb) satisfies generalized Browder’s
theorem but the converse is not true. The necessary and sufficient condition for the equivalence is found.

Theorem 3.1. T € (p —Bb) = T € (gBt).
Proof. If 2 € a(T)\ oy, (T)

then A €II,(T) € Ey(T) [ Since T € (p — Bb)]
A €iso o(T) andA € gy, (T) [ by definition of E,(T)]
T and T* has SVEP at A and AI — T is B-weyl
A I —T is Drazin Invertible
A €a(T)buti & a,(T)
A el

Therefore
o (T)\opw (T) < I(T)
Conversely, if A € I(T),

then A € a(T)\o,y(T)
A €a(T)butd & a,(T)
A €a(T)butl ¢ gy, (T) [ Since ay,,, (T) € 04(T)]
A € a(T)\opw(T)

Therefore

I(T) € a(T)\opw(T)
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o (T)\opw (T) = I(T)
Therefore, T € (gBt).

The following example shows that an operator satisfying generalized Browder’s theorem need not satisfy
property (Bb).
Example 3.2. Let P be the projection operator defined on I? as,
P(a;,ay,as,...) = (0,a,,as,...)V(a) = (a;) € I
Then o(P) = 0,(P) = {0,1}. 0y (P) = @, 0,,(P) = {1}, 04(P) = @, [1,(P) = {0}, [1(P) = {0,1}.
Therefore
a(P\opw(P) = 11(P)

a(P)\opw(P)  # I1y(P)

and

Therefore P € (gBt) but P ¢ (p — Bb).
Theorem 3.3. T € (p —Bb) & T € (gBt) and I1(T) = I1,(T).

Proof. Let T € (p — Bb).
T € (p — Bb) implies T € (gBt).

(1) = a(M\opw(T) =1(T)
o = 11(T)
Hence T € (gBt) and I1(T) = I1,(T).
Conversely,
If T € (gBt) and I1(T) = I1,(T)
o(M\opw(T) = I1I(T) = 11,(T)

Hence T € (p — Bb).
3.2 Property (Bab)

In this section, it is shown that an operator satisfying property (Bab) satisfies generalized Browder’s theorem
but the converse is not true. The necessary and sufficient condition for the converse to be true is found out.

Theorem 3.4. T € (p — Bab) = T € (gBt).
Proof. If 1 € a(T)\ 0y, (T)

then A €Il§(T) c EF(T) [Since T € (p — Bab)]
A €iso o(T) but A & o0,,,(T) [ by definition of E§(T)]
T and T has SVEP at Aand Al — T is a B — weyl operator
A € 0o(T)and Al — T is Drazin Invertible.
A €a(T)but A & a,(T)
A enn(m)

Therefore
a(T)\opw (T) € 11(T)

Conversely, if 1 € I1(T)

then A1 € a(T)\o,(T)
A €a(T)butd ¢ ay(T)
A €o(T)butl ¢ gy, (T) [ Since gy, (T) € 0,4(T)]
A € a(T)\opw(T)

Therefore

I(T) € a(T)\opw (T)

DOI: 10.9790/0661-1906024749 www.iosrjournals.org 50 | Page



A Study On Operators Satisfying Property (Sab) And Browder Type Properties

o (T)\opw (T) = I(T)
Therefore, T € (gBt).

The following example shows that an operator satisfying generalized Browder’s theorem need not satisfy
property (Bab).
Example 3.5. Let S be an operator defined on the Hilbert Space 12 as

S(ay,ay,a3,...) = (0,%, o,.. ) .

Then a(S) = 0,(S) = {0}. 04(S) = {0}, 03, (S) = 0, 6, (S) = {0}, 04(S) = B, 1§ (S) = @ and [1(S) = {0}.
Therefore 0(S)\op, (S) = M(S) and 6(S)\op, (S) = TI§(S)
Hence S € (gBt) but S ¢ (p — Bab).

Theorem 3.6. T € (p —Bab) © T € (gBt) and II1(T) = II§(T).

Proof. Assume that T € (p — Bab) implies T € (gBt).

ng(T) = o(M\opw(T) = 1(T)
ngry = 1(T)
Hence T € (gBt) and I1(T) = II§(T).
Conversely,
If T € (gBt) and I1(T) = §(T)
o(M\opw(T) = II(T) = II5(T)

Hence T € (p — Bab).
3.3 Property (Sb)

In this section, it is shown that an operator satisfying property (Sb) satisfies generalized a-Browder’s theorem
but the converse is not true. The necessary and sufficient condition for the converse to be true is found out.

Theorem 3.7. T € (p —Sb) > T € (a — gBt).
Proof. Assume that T € (p — Sh)
Toprove T € (a — gBt). Itis enough to show that T has SVEP at each A € 0,5, (T).
Let A & g,z (T).
If A € o(T) then 1 € a(T)\oyew (T)
A € y(T) € E&(T) [Since T € (p — Sb)]
A €isoa,(T)

Therefore, T has SVEP at A € a5, (T).

If A & a(T) then A € C — p(T), this implies that 1 € p(T)
Therefore T has SVEP at A € gy, (T).

Hence T € (a — gBt).

The following example shows that, an operator satisfying generalized a-Browder’s theorem need not satisfy
property (Sh).
Example 3.8. Let F; be the forward shift operator on [2. Given an operator F;: [? — 12 defined by
F(ai,ay,as3,..) = (0,a,,a;,, a3, ...) Va = (a;) € I?
Then o, (F) = @. 0.(F) = {A||4] = 1}, 0,(F,) = {A]|A] < 1}, o(F) = {A]|1A| < 1} = D(0,1), 0 (F) =
C(O,l), O-uBW(ES) = C(O,l), Ha(ES) = @, HO(ES) = @
Therefore
O-a(P;‘)\O-uBW(ES‘) = C(O,l)\C(O,l) = w
n%(F)
and
o(F)\owsw(F;) = D(0,1)\C(0,1)
+ I, (F)
Therefore F, € (a — gBt) but F, € (p — Sb).
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Theorem3.9. T€ (p —Sb) © T € (a — gBt) and [1*(T) = I1,(T)

Proof. Assume that T € (p — Sb) implies T € (a — gBt).

(ie.) 0o (T)\oupw(T) = 10(T)
Ua(T)\UuBW(T) = O-a(T)\O-ld (T)
oupw(T) = 0q(T)
Therefore
HO (T) = O-(T)\O-uBW(T)
= o(T)\oy(T)
m*(T)
Hence T € (a — gBt) and I17(T) = M, (T).
Conversely,
Assume that T € (a — gBt) and IT1*(T) = I1,(T).
= 0(M\ousw(T) = a(T)\owa(T)
= I*(T)
= HO(T)

Hence T € (p — Sb).
Corollary 3.10. If T € L(X) has SVEP atevery A & gz, (T) then T € (p — Sb) © I1,(T) = I*(T).
Proof. Assume that T has SVEP at every 1 € gy, (T) which implies T € (a — gBt).
(ie..) oupw(T) = 014(T)
thenT € (p — Sh)

nO (T) = O-(T)\O-qu(T)
I, (T) = o(T)\oy(T)
0o (T) =1*(T)

3.4 Property (Sab)

In this section an example for an operator satisfying property (Sab) is given. It is shown that an operator satisfying
property (Sab) satisfies generalized a-Browder’s theorem but the converse is not true. The necessary and sufficient
condition for the equivalence is found. In this example shows that an operator satisfying property (Sab) is given.

Example 3.11. Consider the weighted shift operator W on [? defined as,
a; Gz 4,
W(all a, a3l ) = (7;?;?: ) .
Then (W) = {0}. a,(W) = {0}, gy (W) = {0}, 0, (W) = {0}, I§ (W) = @. Therefore
o(W)\ougw(W) = 1I§(W) Therefore W € (p — Sab).

Theorem 3.12. T € (p —Sab) = T € (a — gBt).

Proof. Assume that T € (p — Sab).
Toprove T € (a — gBt). Itis enough to show that T has SVEP at each A € 0,5, (T).
Let A € 0,5, (T).
If 1 € o(T) then A € a(T)\ypw (T)
A €eN§(T) c ES(T) [Since T € (p — Sab)]
A €isoa,(T)

Therefore, T has SVEP at A & a,,5,,(T).

If A & o(T) then A € C — p(T), this implies that A € p(T)
Therefore T has SVEP at A € gy, (T).

Hence T € (a — gBt).

The following example shows that, an operator satisfying generalized a-Browder’s theorem need not satisfy
property (Sab).
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Example 3.13. Consider the Null operator Z defined on the Hilbert space 1%. Then 6(Z) = 0,,(Z) = {0}.
0a(Z) = {0}, 0, (2) = {0}, 0y (Z2) = B, 0,4(Z) = B, [13(Z) = @, 1*(Z) = 1*(Z) = {0}. Therefore
0. (\Ougw(Z) = MN%Z)and 6(Z)\oyp,,(Z) + MH2(Z) Therefore Z € (a — gBt) but Z & (p — Sab).

Theorem 3.14. T € (p — Sab) © T € (a — gBt) and I*(T) = 11§ (T)

Proof. Assume that T € (p — Sab) implies T € (a — gBt).

(i-e-’) Ua(T)\Uqu(T) = na(T)
Oq (1) \Oupw T = Oq (T) \Oiq ()
oupw(T) = 0q(T).
Therefore
ng(M) = o(T)\oupw(T)
= o(T)\oiu(T)
m*(T)

Hence T € (a — gBt) and [T (T) = [§(T).
Conversely,
Assume that T € (a — gBt) and IT7(T) = [§(T).

= O-(T)\O-qu (T)

a(T)\oy4(T)
m*(T)
115 (T)

Hence T € (p — Sab).

Corollary 3.15. If T € L(X) has SVEP atevery A & g5, (T) then T € (p — Sab) & MI§(T) = I*(T).
Proof. Assume that T has SVEP at every 1 € gy, (T) which implies T € (a — gBt).

(i.e.,) Tupw(T) = 014(T)
thenT € (p — Sab)
ng (T) = O'(T)\O-qu (T)

g (T) = a(M\oy(T)
og(r)y =mn+(T)

V. Variations on Browder theorems

In this chapter, the necessary and sufficient conditions for the equivalences of properties (Sab) & (Bab), (Sab) &
(Bb) and (Sab) & (Sb) are found. We have the following equivalences.

(p = Bb): a(T) N 6y, (T) = 11(T)
(p — Bab): a(T) N 0, (1) = 115 (T)
(p = 5b): a(T) N 0y, (T = Iy(T)
(p = Sab):o(T) N oypw (T)° = 115 (T)

T € (gBt), I1(T) = Iy (T).
T € (gBt), (T) = N&(T).

T € (a — gBt), Hy(T) = I1*(T).
T € (a — gBt), NE(T) = IT*(T).

18t

4. 1 Equivalence of Properties (Sab) and (Bab), Properties (Sab) and (Bb) and Properties (Sab) and (Sb)
Theorem4.1. T € (p — Sab) = T € (p — Bab).

Proof. Let 1 € a(T)\op,, (T)
then A € o(T)butld & gy, (T)
A €a(T)butd & agyup,(T)
A € a(T)\Oyupw(T) [Since aypw (T) S aw (T)]
A end(T) [Since T € (p — Sab))]
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Therefore

a(T)\opw (T) < 115 (T)
Conversely, let 1 € I[1§(T) < E§(T)

A €iso 0,(T) but A & ayp,, (T) [ Since T € (p — Sab)]
A €iso 0(T) and AI — T is an upper semi B-Fredholm operator
T and T* has SVEP at A and Al — T is a quasi-Fredholm.
0 <p(T—Al)=q(T —Al) <ocoand Al —T is a quasi-Fredholm.
A €o(T)and A & a,(T)
A €0(T)and A ¢ 0y, (T) [ Since gy, (T) € 0,4(T)]
A € a(T)\opw(T)
Therefore,
5 (T) < o(T)\opw (T)
We get

o (T)\opw(T) = 115 (T)
Therefore T € (p — Bab).

Theorem 4.2. {T € (p —Sab) & T € (p — Bab)} & {T has SVEP on a,,3,,(T)° N 03,,(T)}
Proof. To prove {T € (p —Sab) & T € (p — Bab)} & {T has SVEP on g, (T)¢ N 63,,,(T)}
T € (p —Sab) = T € (p — Bab).
It is sufficient to prove that,
T € (p —Bab) = T € (p — Sab) < {T has SVEP on a,,,(T)° N 03, (T)}
{Te(—Bab) =>TE€E (p—Sab)} & Te(gBt)andlI(T)=1I§(T)
& T € (a— gBt) and I[1(T) = 17 (T)
& T has SVEP on gy, (T)¢
& T has SVEP on gy, (T)¢
& T has SVEP on ay,5,, (T)\op, (T)¢
< T has SVEP on 6,5, (T)¢ N gy, (T)

Theorem4.3. T € (p —Sab) = T € (p — Bb).

Proof. Let A € a(T)\op,, (T)
then A € a(T)\opw(T) S o(T)\oypw(T)

A €end(T) c E&(T) [ Since T € (P — Sab)]
€ iso 0,(T) but 1 & gy, (T)
€ iso o(T) and Al — T is a B-Fredholm operator
and T* has SVEP at A and Al — T is a B-Fredholm operator
<p(T — Al) = q(T — Al) < o0 and Al — T is a Fredholm operator
€ o(T) and T — Al is a Browder operator
€ a(T)\oy(T) = I,(T)

Sy o NSNS

Therefore,

o (T)\opw(T) S o (T)
Conversely, let 1 € I1,(T) < I1(T)

A €a(T)butd & a,(T)
A € a(T)\Opy(T) [ Since 0y, (T) <€ 04(T)]
Therefore

0,(T) < o(T)\opw (T)
We get

a(T)\opw (T) = Iy(T)
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Therefore T € (p — Bb).

Theorem 4.4. {T € (p — Sab) © T € (p — Bb)} & {T has SVEP on g,5,,(T)¢ N 6, (T)}
Proof. To prove {T € (p —Sab) & T € (p — Bb)} & {T has SVEP on a,3,,(T)° N 03,,, (T)}
T € (p—Sab) > T € (p — Bb).
It is sufficient to prove that,
T e(p—Bb)=>TE€ (p—Sab) & {T has SVEP on g, (T)¢ N a;,,,(T)}
{TeE(—Bb)=TE€E(p—Sab)} & TEe(gBt)andI(T) = 1I1,(T)
& T € (a— gBt) and IZ(T) = I (T)
< T has SVEP on gy, (T)¢
& T has SVEP on a,5,,(T)¢
& T has SVEP on a5, (T)\op,, (T)€
& T has SVEP on gy, (T) N gy, (T)

Lemma4.5. T € (p — Bb) & [§(T)\I1,(T) = §(T) N a3, (T).

Proof. T € (p — Bb)
& a(T) N 0y, (T)° = 1,(T)
g (T) N o (T)°
g (T) 0 [a(T) N oy, (T)]°
g (T) N [6(T)€ U 04, (T)]
(17 (T) N o (T)°] U 115 (T) N 04y (T)]
@ U [M§(T) N oy, (T)]
= 1I5(T) N oy, (T)

T € (p = Bb) & IIg (T)\I,(T)

Therefore,
T € (p — Bb) & Iy (T)\II(T) = Mg (T) N 0, (T).

Theorem 4.6. {T € (p —Bb) =T € (p — Bab)} & II§(T) N6y, (T) =

Proof. Since
TeE(—-Bb) & TEe(gBt)andI(T) = IM,(T)
&T€E(p—Bab) & TEe€(gBt)andlI(T) = HI§(T)

{T€(—Bb)=TE (p—Bab)}impliesT € (gBt) & I1,(T) = II§(T).
Hence By lemma

{T€e(—Bb)>TE (p— Bab)}impliesT € (gBt) & M§(T) N 63, (T) = .
Conversely,

Te(p—-—Bb) = Te((gBt)&I(T) =1I1,(T)
= T € (gBt) & II(T) =1§(T)
= T € (p— Bab)
Hence T € (p — Bb) = T € (p — Bab).
Therefore
g (T) N oy, (T) = @ implies{T € (p —Bb) = T € (p — Bab)}.
Hence

{T€(®—-Bb)=>TEe(p—Bab)} & I5(T) N opy,(T) =0
.Corollary4.7. {T € (p —Bb) & T € (p — Bab)} & lI§(T) N 63,,,(T) =@
Lemma4.8. T € (p — Sb) & IIF(TI\I1,(T) = II§(T) N 0y, (T).

Proof. T € (p — Sh)
© a(T) N oy (T)° = 11,(T)
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T € (p—Sb) o lIg(T\II,(T) = II§(T) N 1o(T)*
= H5(T) N [a(T) N oypw (T)°]°
= H5(T) N [o(T)° U oypw (T)]
= [5(T) 0 a(T)] U [1I§(T) N 0ypw (T)]
= @ U [Hg(T) n o_qu(T)]
= Hg (T) n OuBw (T)

Therefore,
T € (p — Sb) & Mg (M\I1,(T) = 115 (T) N oypy (T).
Theorem 4.9. {T € (p —Sb) =T € (p —Sab)} & [I§(T) N oy, (T) =0

Proof. Since
Te(@-Sb) o TEe(a—gBt)andI,(T)=H1*(T)
&Te((@—Sab) < Te(a—gBt)andI§(T)=1*(T)

{Te(—Sb)=TE€ (p—Sab)}impliesT € (a — gBt) & I1,(T) = I1§(T).
Hence By lemma

{Te(@—-Sb)=>Te€ (p—Sab)}impliesT € (a — gBt) & II§(T) N 0y, (T) = 0.
Conversely,

Te(@-Sb) = Te(a—gBt) &IM,(T) =01%(T)
= T € (a—gBt) & I§(T) =1*(T)
=> Te€(p-—Sab)

Hence T € (p — Sb) = T € (p — Sab).
Therefore
n§(T) N oyp,(T) = @ implies{T € (p —Sb) = T € (p — Sab)}.
Hence
Te(@—Sb)=>TEe (Sab)} o NE(T) N oy, (T) = 0.

Corollary 4.10. {T € (p — Sb) & T € (p — Sab)} & NH(T) N 0y, (T) = ®
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