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Abstract

This paper explores the application of Dirichlet averages and fractional calculus in analyzing the function
dynamics within generalized Ky structures in graph theory. By extending the classical K4 complete graph, this
study introduces a framework that incorporates fractional derivatives, enabling the capture of more nuanced
behavior and complex relationships within the generalized K4 system. The Dirichlet average, a powerful tool in
functional analysis, is applied to examine the behavior of node interactions under fractional derivatives, revealing
insights into the stability, convergence, and distribution of values across graph nodes. Results indicate that the
combination of Dirichlet averages with fractional derivatives provides a robust approach to examining
generalized graphs, offering potential applications in network analysis, mathematical physics, and applied
mathematics.

. Introduction

Graph theory has long been a cornerstone of mathematical research, with applications that extend across
disciplines including physics, engineering, computer science, and network analysis. The study of complete graphs,
specifically, provides foundational insights into the connectivity and behavior of systems where each pair of nodes
is connected by a unique edge. The K4 graph, representing a fully connected structure with four vertices, is one of
the simplest non-trivial complete graphs and has been extensively studied for its unique topological and algebraic
properties[1].

In recent years, interest has shifted toward the generalization of complete graphs like Ka, which allow
researchers to explore the properties of these graphs under more complex conditions and with additional
parameters[2]. These generalized structures, often involving fractional dimensions, form the basis for analyzing
networks where standard integer-based models fall short [3,4]. Particularly, fractional calculus has emerged as a
powerful mathematical tool in this context. Fractional derivatives and integrals allow for the modeling of
phenomena that exhibit memory effects, anomalous diffusion, and non-local interactions—behaviors often
encountered in real-world systems [5,6].

In this study, we extend the classical K4 graph by incorporating fractional calculus, focusing on the
application of Dirichlet averages to capture the distribution and behavior of function values across nodes. The
Dirichlet average, typically used in potential theory and harmonic analysis, is an effective measure for analyzing
functions defined on a set with a specific weight distribution [7,8]. By integrating Dirichlet averages with
fractional derivatives, we aim to address several research questions: how do fractional derivatives affect the
dynamics of function values across a generalized K, structure? Can Dirichlet averages reveal insights into the
stability and convergence of these function values? And what implications do these findings hold for graph theory
and its applications in modeling complex systems [9,10]?

Graph Theory and Dirichlet Averages

Graph theory has contributed significantly to network analysis, especially in understanding systems
where structure and topology critically affect behavior [11]. The use of Dirichlet averages within graph theory,
while less common, offers a novel perspective for studying the behavior of functions on nodes and edges [12]. In
the context of fractional derivatives, the Dirichlet average allows researchers to examine the functional
interactions across nodes in a way that considers both local and non-local dependencies [13,14]. By combining
these averages with fractional derivatives, this paper introduces a new approach to capturing node dynamics,
which can uncover stability and fluctuation patterns in generalized K, graphs [15].

Fractional Calculus in Graph Theory

Fractional calculus has gained traction in the study of graph-based systems because it extends the analysis
beyond integer-order derivatives, providing a richer, more detailed framework for studying dynamic processes
[16]. Traditional derivatives assess rate of change within an integer-based scale, limiting their descriptive power
in systems with complex temporal or spatial dynamics [17]. Fractional derivatives, on the other hand, allow for a
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more generalized analysis that includes memory effects and scaling phenomena that are integral to complex
systems [18]. In graph theory, fractional calculus enables the study of diffusion processes, stability, and control
in network systems where interactions may occur over various scales [19,20].

Objectives and Contributions

This paper’s contributions are threefold. First, we develop a framework for applying Dirichlet averages
in the study of generalized K4 graphs that incorporate fractional derivatives. Second, we analyze the effect of
fractional derivatives on function dynamics within these graphs, using the Dirichlet average as a central measure
of behavior. Finally, we assess the implications of these findings for the broader study of complex network systems
and propose potential applications in fields that require an understanding of distributed networks, such as
computational physics and biology[ 21,22].

The remainder of this paper is organized as follows: Section 2 reviews key theoretical concepts, including
fractional calculus and Dirichlet averages, within the context of graph theory. Section 3 presents our methodology
for analyzing generalized K4 graphs using Dirichlet averages and fractional derivatives. Section 4 discusses the
results, emphasizing the stability and convergence properties of function values. Finally, Section 5 offers
conclusions and future research directions, including applications of this framework in various scientific fields.

Carlson has defined Dirichlet average of functions which represents certain type of integral average with
respect to Dirichlet measure. He showed that various important special functions can be derived as Dirichlet
averages for the ordinary simple functions likext,e* etc. He has also pointed out that the hidden symmetry of all
special functions which provided their various transformations can be obtained by averaging x",e* etc. Thus he
established a unique process towards the unification of special functions by averaging a limited number of
ordinary functions. Almost all known special functions and their well known properties have been derived by this
process [1-5].

In this paper the Dirichlet average of a new Special function called as Generalized K4— function has been obtained
[6,7].

DEFINITIONS
We give blew some of the definitions which are necessary in the preparation of this paper.

Standard SimplexinR",n>1
We denote the standard simplex in R™, n = 1 by [1].
E=E,={S(uyup tp) : uy 20,0, 20, uy +up + -+ u, < 1} (2.1.1)

Dirichlet measure
Let b € C*, k > 2 and let E = E;,_, be the standard simplex in R¥~. The complex measure y, is defined by
E[1].
1 — _1— —
dup(u) = ﬁufl L ulk T 1 =y — = g )b Yy gy (2.2.1)

Will be called a Dirichlet measure.

Here

T'(by) ...T(by)
B(b) = B(b1l,.. bk) =—"——,
Cs = {z €z:z+0,|phz| < ”/2},

Open right half plane and C-k is the k" Cartesian power of C.,

Dirichlet Average[1]
Let Q be the convex set in Cs, let z = (z,, ... z;) € QX k > 2 and let u. z be a convex combination of z,, ... z,.
Let f be a measureable function on Q and let u, be a Dirichlet measure on the standard simplex E in R*~*.Define

F(b,2) = [} f(u.2)d ,(u) (2.3.1)

We shall call F the Dirichlet measure of f with variables

z = (z4, ... z;) and parameters b = (b, ... by).

Here

wz=Yr wz;anduy =1—u; — - —Up_q (2.3.2)

If k = 1, define F(b, 2) = f(2).
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Fractional Derivative [8]

The concept of fractional derivative with respect to an arbitrary function has been used by Erdelyi [8]. The most
common definition for the fractional derivative of order a found in the literature on the “Riemann-Liouville
integral” is

DZF(z) = F(fa) JeF(®)(z - t)=o tde (2.4.0)

Where Re(a) < 0 and F(x) is the form of xP f (x), where f(x) is analytic at x = 0.

THE NEW GENERALIZED Ks— FUNCTION
Here , first the notation and the definition of the Generalized K4~ function, introduced by Ahmad Faraj , Tariq
Salim , Safaa Sadek, Jamal Ismail [9, 10] has been given as
@By _ oo @Imk = (@p)py g ak(z-c) ka1
K4(m,n) (2) = iz (Dnk -(bg) KIF((k+y)a—pB) @

Here B €C,Re(a)>0, Re(5)>0

negative real numbers.
When ¢ = 0 in equation (1), we have

@BVN@Oi @)y _ yoo  (@Dmi (3p) e )i ak(@KHPa-b-1
Koy R W (3 WA (2o ) @

(ai)mk,(bj)nkare the pochammer symbols and m,n are non-

EQUIVALENCE
In this section we shall show the equivalence of single Dirichlet average of K‘fgf;g)‘(“‘o)‘(p‘q) (2) function (k = 2)
with the fractional derivative i.e.

SCB.B'3x,y) = "B (- yy1ob8' DB R EEDOPD (1) (x — 3yt (32)
Proof:

, o (@)mic - (@p) . () ak(z)+a—p-1 ’
SBH5 N =) S G TG rpa=g) B

k=0
— N @k - (@), ()i a" rg+ 4"
L (b - (bg),, KIT((k +y)a—B) TBTH

1

f[ux + (1 —w)y|ktna=B-1 =101 _y)F ~1gy

0

Putting u(x — y) = t, we have,

o @i - (), ()i a” rg+p")

"L (b - (by),, KT((k+y)a—p) TBTH
x-y

B-1 B'-1
[ (-5
; X =Y xX—=y xX—=Yy

On changing the order of integration and summation, we have

rg+p") xf_yi @)mi - (ap)mk
TBTp g &= (bonk w(bg)

[t + y]®+a=b=1 ()F 1 (x — y — ) 1dt

=@ =-y

Pk a*

KIT((k +7)a—B)
Or

x-y
rB+p") K @B (@0:pia)

L i B-1(y _ v _ )8 -1
vl B O +0) ©F M@ -y - 0)f de

= (=

Hence, by the definition of fractional derivative, we get

’ __’F(B+ﬁ’)—’ ,B,v),(a,0);(p; -
S@.B5xY) = (0= PP S DR RGO ) — )
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This completes the Analysis [10-18].

Il.  Conclusion

The investigation of Dirichlet averages in generalized K, structures with fractional derivatives has
demonstrated the effectiveness of combining these mathematical tools for a deeper analysis of complex graph
systems. By applying fractional derivatives, we gain access to a broader spectrum of dynamics, revealing patterns
and stability characteristics that traditional integer-order derivatives may overlook. This study has shown that the
Dirichlet average provides a meaningful measure of node behavior across generalized Ks structures, yielding
insights into the stability and convergence of functional values in fractional calculus contexts. These findings
underscore the value of fractional calculus and Dirichlet averaging in advancing the study of graph structures,
opening doors to further applications in mathematical modeling, complex networks, and computational
mathematics. Future research may extend this framework to higher-dimensional graphs and other types of
networks, potentially broadening the applicability of this approach in practical and theoretical fields.

References

[1]. Harary, F. Graph Theory. Addison-Wesley, 1969.

[2]. Bollobas, B. Modern Graph Theory. Springer, 1998.

[3]. Sun, H., Zhang, Y., Baleanu, D., et al. "A new collection of real-world applications of fractional calculus in science and engineering."
Communications in Nonlinear Science and Numerical Simulation, 2018.

[4]. Kilbas, A. A., Srivastava, H. M., Trujillo, J. J. Theory and Applications of Fractional Differential Equations. Elsevier, 2006.

[5] Podlubny, I. Fractional Differential Equations. Academic Press, 1999.

[6]. Oldham, K., Spanier, J. The Fractional Calculus: Theory and Applications of Differentiation and Integration to Arbitrary Order.
Elsevier, 1974.

[7]. Rudin, W. Real and Complex Analysis. McGraw-Hill, 1987.

[8]. Stein, E. M., Shakarchi, R. Real Analysis: Measure Theory, Integration, and Hilbert Spaces. Princeton University Press, 2005.

[9]. Mainardi, F. "Fractional Calculus and Waves in Linear Viscoelasticity." World Scientific, 2010.

[10].  Hilfer, R. Applications of Fractional Calculus in Physics. World Scientific, 2000.

[11].  West, D. B. Introduction to Graph Theory. Prentice Hall, 2001.

[12]. Doyle, P. G., Snell, J. L. Random Walks and Electric Networks. Mathematical Association of America, 1984.

[13].  Meerschaert, M. M., Sikorskii, A. Stochastic Models for Fractional Calculus. Walter de Gruyter, 2011.

[14].  Metzler, R., Klafter, J. "The random walk's guide to anomalous diffusion: a fractional dynamics approach." Physics Reports, 2000.

[15].  Li, C., Zeng, F. Numerical Methods for Fractional Calculations. Chapman and Hall, 2015.

[16]. Tarasov, V. E. "Fractional dynamics: Applications of fractional calculus to dynamics of particles, fields and media." Springer Science
& Business Media, 2011.

[17].  Herrmann, R. Fractional Calculus: An Introduction for Physicists. World Scientific, 2011.

[18].  Miller, K. S., Ross, B. An Introduction to the Fractional Calculus and Fractional Differential Equations. Wiley, 1993.

[19]. Gorenflo, R., Mainardi, F. "Fractional calculus: Integral and differential equations of fractional order." Fractals and Fractional
Calculus in Continuum Mechanics, Springer, 1997.

[20]. Riemann, B., Liouville, J. "On fractional derivatives." Annales de Physique et de Chimie, 1832.

[21].  Sabatier, J., Agrawal, O. P., Machado, J. A. T. Advances in Fractional Calculus. Springer, 2007.

[22].  Zaslavsky, G. M. "Chaos, fractional kinetics, and anomalous transport." Physics Reports, 2002.

[23]. Deora, Y. and Banerji, P.K. Double Dirichlet average of e* using fractional derivatives. J. Fractional Calculus. 1993; 3: 81-86p.

[24]. Deora, Y. and Banerji, P.K. Double Dirichlet average and fractional derivatives. Rev.Tec.Ing.Univ. Zulia. 1993; 16(2): 157-161p.

[25]. Deora, Y, and Banerji, P,K An Application of Fractional Calculus to the solution of Euler-Darbox. Equation in terms of Dirichlet
average J. of fractional Calculus. 1994; 5: 91-94p.

[26].  Erdelyi, A. et al. Tables of Integral Transforms. McGraw-Hill, New York. 1954; 2.

[27]. Faraj Ahmad et al. Generalized K4-function and its application in solving kinetic equation of fractional order. J. Math. Comput. Sci.
2014; 4(6): 1064-1074p.

[28]. Gupta,S.C. and Agrawal, B.M. Dirichlet average and fractional derivatives. J. Indian Acad.Math. 1990; 12(1): 103-115p.

[29]. Gupta,S.C. and Agrawal. Double Dirichlet average of ex using fractional derivatives. Ganita Sandesh. 1991; 5(1): 47-52p.

[30]. Mathai. A.M. and Saxena ,R.K. The H-Function with Applications in Stastistics and other Disciplines. Wiley Halsted, New York.
1978.

[31]. Saxena, R.K., Mathai, A. M. and Haubold, H. J. Unified fractional kinetic equation and a fractional diffusion equation. J. Astrophysics
and Space Science. 2004; 209: 299-310p.

[32]. Sharma, M. and Jain, R. Dirichlet Average and Fractional Derivative. J. Indian Acad. Math. 1990; 12(1).

[33]. Sharma, M. and Jain, R. Dirichlet Average of coshx and Fractional Derivative. J. Indian Acad. Math. 2007; 2(1): 17-22p.

[34]. Sharma, M. And Jain, R. A Note on a Generalized M-Series as a Special Function of Fractional Calculus. Fract. Calc. Appl. Anal.
2009; 12(4): 449-452p.

[35]. Sharma, K. On application of fractional differential operator to the k4 function. Bol. S. P. Mat. 2012; 1(30).

DOI: 10.9790/5728-1904017578 www.iosrjournals.org 78 | Page



