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Abstract:

In this paper,we establish the Pohozaev-type identity for a kind of fourth order elliptic problem,which has the
biharmonic operator.We discuss the problem in a class of domains that are more general than star-shaped ones.
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I. Introduction
In this paper,we consider the following fourth order elliptic problem:

[

|A2u — CAU = f(x,u),inQ,(lil)

ou
lu=—-= 0,0n0Q,
L ov
2
Where A = A (A) is the biharmonic operator,c is a constant, @ = R" is a domain with smooth boundary

0Q ,v (x) denotes the outward normal to 6Q at x and f (x,u):R" x R — R is continuous.

The Pohozaev identity was first introduced by S.l.Pohozaev in paper [1]. Many authors generalized
the identity to more general equations under the conditions thatQ is star-shaped. Others considered the case of
domains more general than star-shaped ones in paper [2-6].In this paper,we discuss a kind of fourth order
elliptic problem,which has the biharmonic operator in a class of domains that are more general than star-shaped
ones. We establish the Pohozaev-type identity of (1.1) ,which can play important role in considering the
existence of the solution.

1. Important results And the Pohozaev identity
We need the following lemma,which is similar but also has some differences with paper [8].
Lemma 2.1

Assume that V (x) = (V,(x),---,V (x)) is a linear vector filed on R" and f(x,u):R"xR — R is

. - t " OF (x,1)
continuous and satisfies F (x,t) = j f(x,s)ds and F (x,t)= <V (x), F (x,t)> = Z vV, —— If
0 1 OX.

uew, (Q)n C°(Q) isa solution of (1.1),then
J’Q F (x,u)divV (x)dx + IQ F (u)dx = —J'Q f(x,u) <V (x),Vu>dx (2.1)

Theorem2.2
Suppose that vV (x) is a linear vector filed on R" with the form
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t
Where f (x,u):R"x R — R is continuous and satisfies F (x,t) =j f(x,s)ds
0

" oF (x,t1) - s T . .
and F (x,t) = <V(x),F(x,t)> Zv Ifuew " (Q)nC’(Q) isasolution of (1.1),then

J'm|Au|2 <V (x),v(x)>ds = 4IQuA udx — njguf (x,u)dx + 20I9|Vu|2dx + ZnJ'Q F(x,u)dx + ZJ‘Q Fl(x,u)dx7

2
_

wherex = (x,,x,,---,x,) e R",divV (x) = n and <V(x),x)>= x12+x22+...+x
Proof
J' Au<V(x),Vu>dx=J' uA(V(x),Vu>dx

2

:J' uzn: ZV(X)—dX
e j=1 XJ i=1
_J'UZV(X) dx+2J' ZZa dx

i1 o1 axax
ou
:_J' Auz —KuV(x))dx—Zj uIZ“l(Za —])ng
=—IQAU<V(x),Vu>dx—nJ'QuAudx—ZjQ|Vu|dx
Since

[ (V (x),V (au))audx = [ A (V (), V (au) udx

2

= V. d

jﬁuza | (z 0° .) x

=2( u a; dx u . \Y (x)aAzu)dx
= + :

If’ ,zllzl 0X,0X I JZ::l ' 0x,

= ZJ'Qquudx— n'[QuA udx—LlAzu <V (x),Vu>dx

Moreover,

[ (V (x),V (au))Audx - [ Auzv (x) )dx

= J‘m |Au| <V (x),v(x)>ds - nJQquudx - '[Q <V (x),V(Au)>Audx
We have
ZIQAZU <V (x),Vu>dx = 4jQuA2udx - nJ'Qquudx - LQ |Au|2 <V (x),v(x)>ds.
Then by(2.1),
[ f(x,u){V (x),Vudx = - [ FOqu)divy (xdx - [ F,(x,u)dx

= —nJ‘Q F(x,u)dx — IQ F (x,u)dx,
Then
ZIQ f(x,u)<V (x),Vu>dx = ZJQAZU <V (x),Vu>dx— ZCIQAU <V (x),Vu>dx

= 4J'QuA2udx - nJ'Quf (x,u)dx + 2cJ'Q |Vu|2dx - J’m |Au|2 <V (x),v(x)>ds

= —ZnJ' F(x,u)dx — ZI F,(x,u)dx
Thus,
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J‘m |Au|2 <V (X),v(x)>ds = 4jQuA2udx - nJ‘Quf (x,u)dx + ZCIQ |Vu|2 dx
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+2nj F(x,u)dx + ZJ' F,(x,u)dx
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