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Abstract. In this work, closed forms of the sum formulas Zk:o XkWn?kH- for generalized Mersenne numbers

are presented. As special cases, we give sum formulas of Mersenne and Mersenne-Lucas numbers.
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1. Introduction

A Merzenne number, denoted by M., and a Mersenne-Lucas number, denoted by H,,, are numbers of the
form M, = 2% —1 and H,, = 2" +1, respectively. The Mersenne sequence {.-‘Lﬁrn}n-_,u and the Mersenne-Lucas

sequence {Hy, }nzo can also be defined recursively by

M, =3M,_1 —2M, -, My=023; =1
and

H,=3H, 1—2H, ,, Hy=2H,=3,

respectively. A gpeneralized Merszenne sequence {ﬁ'n}n-_:ﬂ = {II-',,, (Wa, W, :|}ﬂ_'_:{| 13 defined by the second-order
recurrence relation

W, =3W,_1—2W, 1 (1.1}
with the initial values Wy = g5, W3 = 1 not all being zero.

The sequence {W, }azp can be extended to negative subscripts by defining

3 1
W = -W_pno1y — =W _in_2
3 [n—1} 3 (rn—2}
for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. For more information on generalized

Mersenne numbers, see Soykan [47].
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{M,}nz0 is the sequence A000225 in the OEIS [30]. whereas {H,},.»p iz the id-number A000051 in
OEIS. Note that Mersen-Lucas numbers are also called as Fermat numbers. In fact, there are two defin-
itions of the Fermat numbers. The less common 1s a number of the form 27 + 1, the first few of which
are 2,3, 5,9 17,33, .. (OEIS A000051). The much more commonly encountered Fermat numbers are a spe-
cial case, given by the binomial number of the form F, = 2*" + 1. The first few for n = 0,1.2, ... are
3,517,257, 65537, 4294967297, .. (OEIS A000213).

Mersenne sequence has been studied by many suthors and mere detail can be found in the extensive
literature dedicated to this seguence, see for example, [1:‘2._3.:1-:7_.9.11}.11.15._115'._1.-_'._21]._31._2‘2._26._27,29_.49_.50:.

In this work, we derive expressions for sums of second powers of generalized Mersenne numhbers. We
present some works on sum formulas of powers of the numbers in the following Table 1.

Table 1. A few special study on sum formulas of second, third and arbitrary powers.

Name of sequence sums of second powers sums of third powers sums of powers
Generalized Fibonacei [3,6,14,15,19,36,37,39,42 46] [13,31,33,34,40,41 45 48 51] [8,12,23]
Generalized Tribonacci [253,32,38 43]

Generalized Tetranacci [24.28.35.44]

2. The Sum Formula > 7, W35, .

The following theorem presents sum formulas of generalized Mersenne numbers.

TeEOREM 1. Let @ be o real (or complex) number. For all integers m and j, for generalized Mersenne
nuwmbers we have the following sum formulas:
(a): If(2%ma? —pHq, +1)(2%m? — 3™ H,, +1) = 0 then

Zn:ka? = hd
L TMET T (27mg? — g Hap + 1)(270? — 2™ Hpz +1)

where
Wy = "2 — e H,, + )W,y + 2T (e — Hp, (27 — M2 H,, + 1)
Wi — 22m2(2%m2® — 22 Hy + )W, + (272" — 2™ aH,, + 1)W7 + 327270 g (27 —
wHyp + 1) (W3 + QW — SWo Wy Wi + J2n2mmsdmebin(93ma? _gma g L 1) (W2 + 202 —
VW) Wonnemtj — 32" 2™ g™ H,,, — (2™ 2H — 1) Hap ) (W + 2WF — 30 W )W —
™ (P9ma? _ gl 1) (W 4 3WE — SWo W, Wiy — 322374 (29ma? _ amam 1 1)(WE +
2WE — AW W + 3220 (2* ™27 H,,, — Ha (2™ wH,, — 1))(WT + 2WF — 31, W7 )W,
i(b): If (2972 — zHzp + 1}{2%7"2? — 22" H,, + 1) = ulz —al(z — bz —c){z — d) = 0 for some

uwabecdeCwithux0andasFb#e#d fe, s=aorz=borz=corzx=d, then

where
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Wy =27z (27m Y (4 3) — 2™ (n+ 2) Hm + 1+ 1)W3 + (2™ (n+4)a® — 29" (2™ H,, +

mn—merj
Hgm][ﬂ+5’:|1'2+2"“|:HmHgm—22‘”“){11—2)9:—[ﬂ+1}Hgmjxﬂﬁ’in_i+23“'“{—3x29m.r3—2 XA, —
W2 +(2% 27" = 2™ Ho WP 43 x 275 (277 (04 3)2? —2(n+2) Hom + 1+ 1) (W] +2W8 —
T W1 )™ Wit 3 % 27350 (297 (104 3122 — 9™ 1+ 2) Hp -+ +1)2™ (WE+2WE —3We 7))
W +3 % 27550 (=29 (04 3) 2 H,, +22™ (n+2) Hym o — (n+1) Hap Jz™ (WE+2W2 —3We 1)
W +3% 274 (3% 29?4 9 Hy, — 1) (W2 + IWE — SWo W)Wy +3 x 23mH (—3 5 29mg? +
2 % Mg H,, — 1)(WE + 2WE — SWelW 1 )Wj_pm + 3 x 29(3 x 2°"27H,, — 2 x 22 H,, Hap + Ham)
(WE+2W2 — W, W)W,
and
A= (4x2mgT — 3w 272" H, + How)x?+ 2 x 272 x 2 + Ho Ham lo — (2" Hyy + Ham ).
(e): IF(2%7a® —xHg + 1)(27 2 — 22" H,+1) =ulz—a)(z—8)(z—c) =0 for some w,a,b,.ce T

withu#laenda#FbFeo e, g=aorx=borz=c, thenife="50 orx=c then

- Ty
P— _
E z" mkti = R

=il

where

Wy =27z (272 (n+3) — 22" (n+ 2)H+n+ l]l-i-‘f._n_m_l__l- +(2" (n+4)z” -2 (2" H,, +
Him)(n4+3)2* + 2™ Hpn Ham + 2°™ ) (n+-2)a— (n+1) Ham )" W3, 27" (-3 27" 12 2™ 2 H,p —
I}I-Tf"_,?_m +(2x 27— EmHm]H"f+3 w amnEmEi93m g 4 e —x(n+ 21 Hapm +n+ 1) (WT +2W7F —
W W )2 Winnamej + 3 5 2T 3m (23 (1 3N — 22 (n+2) H o 0+ 1)2™ (W 20 —3W 1)
Wonnematj+3% 2™ (=2 (04312  H, +22™ (n+2) Hypn Ho— (n+1) Hyp o™ (W +2WF —3W 1)
Winnej =35 277 (=3 29 £ 2 Hap — 1) (W] 205 — 3WL W ) Wiy +3 = 27T (=3 2975 +
2x ImeH, —1)(W7 4+ 2W7 — 3WoW1 )W, +3 = 2(3 = 2%22H,, — 2 x zH,, Hy + Ham)
(W3 + 20WF — 3an Wy W,

and

Ap=(4x2"7 — 3= 270" H  + Hy 1x®+2=x2 22" L g Hy e — (2" Hy + Hap))

and if 2 = a then

ir‘“ﬁ-’? = Ya
L i T 396 % 27 — 3227 (2 Hy + Hayn) +2 X 227 = Hyp Hap)

where

Uy =22 (n+3)(n+2)2" — 2™z(n+ 2)(n+ 1)Hp +nln+ 1)) W,y + (2" (n+
$)n+ 3z =27 n+ 3)(n+ 2)(2"H,, + Hamx® + 22 (n + 2)(n + 1)(HpnHy + 2°™) —n(n +
1) Hy)e™ YW, 2% 247 (H, — 3% Pmg) W 49 % 29m W74 3 3+ mti (937 (4 3) (n+-2)2® —
2(n+2) (n+1) Hap +n(nt1) ) (WE - 2WF —FW W3 )™ Wy sy 312034 (93 (10 L 3 (37
2)a? — 22 (n+2)(n+1) Hp +0(n+1)) (W2 +2W2 — 3Wo Wy ) Wi -+ Fan—12mmt3 (—294m (1 -
Nn+2)H,y + 220+ 2)in + 1) Hy Hyy — nin 4+ 1) Hap J(WE + 207 — 3WW ) Wy + 6 =
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I Hap — 8 % 27 (W2 3WE —3Wo W1 )Ws; +6 x P97 (H, — 3 x 277 2) (W2 +2W2 —3Wo W)
Wi + 6 x 2™ (3 x 27 — Hy ) H, (W2 + 2WE — 3W Wy )W,
(d): If (272 — aHs,, +1)(272? — 22" H,, + 1) =ulz —a)¥(z — &) = 0 for some u,a, b e T with

urlondasb te., x=0 orz==0 then if x = & then

n wa
Eypsd —

where

U =22 (e n+3) —a2™ (n+ ) Hp +n+ )W) i+ (25 (n+ 4)2” — 27727 H,,, +
Him)(n4+3)2* + 2™ ( Hpm Ham +2°™ ) (n+2)a— (n+1) Hap Ja" W3, ;427" (3% 272 124 2™ H,p —
W+ (2% 2" — 2™ Hp )W) +3 % 27T (23 (n+ 3)2® — 2(n+ 2) Ham +n+ 1) (W] +2W5 —
T W1 2™ Wi g 3 X 2755240 (93 (01 3157 297 (1 +2) Hypy + 1+ 1)a™ (WE+2WE —3Wo 1)
Wonn—msj 3% 275 (=247 (104 3)27 H o +02™ (+2) Hggn Ho — (n+1) Haa )™ (W2 +2W2 —3Wo W7
W +3 % 271 (=3 % 29ma? £ 0a Hy — 1) (W4 2WE — 8Wo W1 ) Wiy +3 x 227+ (=3 x 297 +
2x ImgH,, — 1)(W7 4+ 2W7 — 3WW1 ) Wi +3 = 20(3 = 242 H,, — 2 x IzHnHym + Ham)
(W2 +2W2 — W Wy )W,

and

Ag = (4% 257 — 3% 29 (2" H, + Hy e +2 % 27(2 % 2 + H, Haw ) — (27" Hyn + How )

and if x = & then

ks Vs
E @ H’wk—; = =
— 62 274 (—5)"" & — 2" H,, — Hzn)

where

e = 2" (n+1)(27"(n+3)(n+ 2}z’ —22™n(n+ 2)Hp +n(n—1))z" W3, _.; + (2" (n+
2)(n+2)(n+4)z% — ™ (n+3)(n+2)(n+1)(2™Hyp + Hap )2? + ™ n(n+ 2)(n+ 1) (Hon Hom +27™)
z—n{n—1)(n+1)Ham )" W3, 4
) Ha +n(n—1)) (W22 — W W )2 W s +3 % 2P0+ 2mbi (4 1)(29% (14 3) (n+2)? —
2™ (n+2) Hp (1)) (WE+2WE =3 W, 2™~ Wy sy + 3% 27 (1)~ 27 247 (1 4-3) [+
%) Hpp + 2270 (n+2) Hap Hyw — (1 — 1) Hgp ) (W2 + 2W2 — 3Wp W1 )22 W, e — 18 x 29m51 (2 +
AWE —FW W Wi — 18 25me+i (W2 2WE—SW Wy )W, +18 % 24m+i H, (W2 +2W2—3Wo W)
W,

(e): IF(27™z2? —zHs, +1){27"2? — 22" H, +1)=ulz—a)* =0 forsomen,a s Cu£lic z=0a

—6x 25 WL 3 2™ (n41) (27 (n4-3) (n+2)x® —zn(n+

then
W
Z_ # Wiy = 35 o

where
To = 2¥nin+1){2"(n+3)in+2)a? — 22 (n—1)(n+ 2+ (n—1)(n—2) )" FW3 +

man =i

(n+11z?25" (n+d)(n+3)(n+2) -2 7" n(n+3) (n+2)( 2™ H + Hyp 122 n(n—1)(n+2) | Hp Hypm +
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M) —n(n—1)(n—2)Hgm )2 W] . +3x " Fin(n+1)(2* 2" (n+3)(n+2) —2(n+2)(n—
1) Ham+(n—1)(n—2)) (WE+2WZ —3Wo W1 2™ Wynname; +3% 2725 n(n+1)(22 297 (n+3) (n+
2)—22™ (n+2)(n—1)Hp +(n—1){n—2)) (Wi +2WZ —3Wa W1 ) 2" Wypn e +3 % 2™ in(n+1)(
222 (4 3)(n 4 2 Hy + 22 (4 2)(n — 1) Han Hn — (1 — 1)(n — 2) Hap J(W? £ 2W2 — 3W,IW3)

2 IW e

Proof. Take r=3,5 = —2 and H, = H, in Soykan [48, Theorem 2.1.]. O

MNote that (2.1) can be written in the following form:

L” TmE (e — zHop + 1) (22 — 22™H,, +1)

where

4 pntlfetmy . go (29t — amaH, + 1)WE

Ty = 2129 (27me? — 3meH,, + 1)WY i

A
2™ 2(277 2’ — 2 e Hp + 1) W, + (Ham — 257 2) (2970 — 22 H o +1)a Wi+ 327 27t (297 0% — 2 H,, +
V) (WE+2WZ —3Wo Wy ) Wn s + 32273t (93me _9ma B 1) (WE+2WZ —3Wo W ) Wonn—ms s —
3P I i (2 ], — (2w Hp — 1) Ha ) (WE +2WE — 3Wo W | Wi — 322 (297 0? — o H,, +1)(WE 4+
IWE — W) Wiy — 322750 (29m 22 — mgH, + 1) (W + 2W2 — 3W W1\ W, + 3220 (222 H,, —
Hapa (2™ 2 H,y — 1))(W2 + 2W2 — 3W, W, )W,

As special cases of m and j in the last Theorem, we cbiain the following proposition.

ProFozITICK 2. For generalized Mersenne numbers [the cose r = 3,2 = =2 we have the following sum
formulas forn = 0:
(a): (m=1, j=0)
IF(82® —6x+1)(82° —92+1) = (dz—1)(2z—1)(Sz— 1) (z— 1) #0, fe.. z ¥

1 < 1
1 T T 4

x# 3, x# 1, then

" ) ..Il,l
B8 = i I
;m * T Tz —1)(2z—1) 8z —1) (x — 1)

where

Ty = "8z — 9)(dz — 1)(2z — 1)W7 + S+t {de — 1)(22 — 1)W7_, + 3 x 271zt (8 —
1)(z — 1)(W2 + 2W2 — Wy W3 ) Woaq — 9 % 272+ (1622 — 182 + 3) (W2 + 2W2 — 3W Wy )W, +3 x
92 g 1)(2 — 1) (W2 + 2WF — 3Wo W1 ) Wss + ({827 = 122 + 1) W7 + (—2162% + 6227 —
152 + 1)W7 — 182% (4 + 3)WoW? + 3627 (62 + 1)W2H7)

and

8z —fx+1) (82" —9x+1)=(4z—1) (22— 1) Sz — 1) (z—1) =10, te.. =% orx =

d= =

orx=g orxz=1 then

n i .'II,!
S
;x k = 95627 — 3602° + 140z — 15

where
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Wy = 27 (n(8z—9)(4z—1)(22—1)+2562" — 3602 +1242—9) W +82" (n{de — 1)(2z — 1) + 2427 — 122 + 1) W7_,
3% 27z (n(8z — 1)(z — 1) + 242 — 18z + 1)(W2 + 2W7 — 3W W7 )W, yy — 9 % 2°2™(n(1622 —
18z + 3) + 4827 — 36z + 3)(W§ + 2WZ — 3W, W, )W, + 3 x 277 2™ (n(da — 1)(2x — 1) + 24a® —
12 4+ 1) (W2 4+ 2WE — 3W, 17 )W, _y + (2422 + 242+ 1)WF — (6482 — 124a + 15)W7 — 1082(22 +
1) WeWE + T22(9z + 1)WEWL ).

(b): (m=2,j=10)

If (642% — 202 + 1) (642 — 65z +1) = (162 — 1) (4 — 1) (64x — 1) (z — 1) £ 0, 1o, x # &,

mﬁé%__x?&%:rﬁﬁlrthen

" v
gkaf’f = 16z —1) (4z — 1)1{64x — 1)z —1)

where

W, = 2™ (64 —65) (162 —1)(dz—1) W, + 642" (162 —1) [z —1)W2, _,+3% 23227 (64 —
1)z — 1)(W3 4+ 2W3 — 3WeW ) Wapss — 15 x 27271 (25627 — 260z + 13)(W} + 207 — 3W,a0)
Wiy, + 3 % 29 45m 1 (16 — 1)(de — 1) (W2 + 2WE — SWo W3 | Wan_s + (27(642” — 40z + 1) W7 —
(2195227 + 63622 + 93z — 1)W7 — 54(2242” + 90z + 1)W2 Wy + 362(7842” + 160z + 1)W2 W)

and

if (64z” — 20z + 1) (642® — 65z +1) =0, é.e._.:r=% arr=1—15 r:-r:r=% orx =1 then

L4

E W3, = 3 W!g - -

Pt 16384z — 16320x° + 28536z — 53
where

Uy =z" (n(f4e — 63)(16x — 1)(dx — 1) + 16 384a™ — 16 32027 + 2728z — 65) WJ, +64a™(n(16x—

1)ide—1)+1922% —402+1)W5 _,+3x 27 22" (n(6dr—1)(z—1) + 19227 — 130z + 1) (W] + 2107 —
I W ) Wapts — 15 % 272™ (n(2562" — 2602 +13) + 7682 — 5202 +13) (W] + 20 — 31, Wy ) Wa,, +
3% 224" n{ 16z — 1) (4x — 1)+ 19227 — 402+ 1) (W] + 2WF — 30,17 ) Wa, 2 +3(9(1922% + 80z +
1WF — (2195227 + 424x + 31)WF — 18(6722° + 180z + 1)W Wi + 12(2352x% + 320x + 1) 1W7).

(e): (m=12,j5=1)

If (642® — 202+ 1) (64a” — G5z +1) = (16x — 1) {de — 1) (64 — 1) (z — 1) £ 0, te. » & %._
x = %._.Z‘?E%: x 1, then

ix’ﬁ-rﬁ = L}
— Wl T 16z — 1) (4o — 1) (64 — 1) (= — 1)

where

Ty = 2™ (64w —63)(16x—1) (4o—1)WE, +642™ T {162—1)(d0—1) W5, +3x= 22" ™1 (Gdn—
)iz — 1)(WF + 207 — 3W W2 W eg — 15 3 2217 (35627 — 2602 + 13) (W + 2007 — 3W, 1)
Wt + 3 % 22531162 — 1)(de — 1)(WF + 2WF — 3W W1 ) Wapeoy + ( (82 + 1)(642” + 250 +
1)WF — 216z(64x® + 402 + 1)W7 — 18223622 + 6402 + 49)W3I W, + 1082(1282% 4+ 1802 + T)W3IHT )

and
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if (64x® — 20z +1) (64a® — 6z +1) =0, ic, a=Z ora=-L orz=1 orz =1 then

ixk W3 = bt
2 e+l T 1838407 — 1632022 + 2856x — 85

where
Wy = 2" (n(64e — 65)(162 — 1)(dz — 1) + 1638427 — 16 320 + 2728 — 65) W, ., + 64" (n( 16z —
1)(dz—1)+1922% — 402+ 1)WE,_,+3 % 2772 (n(64z — 1)z — 1) +19227 — 130z +1) (W +2W3 —
IWeW 1 1 Wapag — 15 = 2377157 (n(256x" — 260z + 13) + 7682 — 320z + 13)( W3 + 2W§F — 30,104
Wapa1 +3 % 25 8™ (0162 — 1) (42— 1)+ 19227 — 402+ 1) (W + 2WEF —3W, W7 ) Wa,—q +6((2562% +
6882 +—43 )W — 361922 -80x+1 W7 — 376825+ 12802+ 49) W W7 +18(3842® + 3602+ T) W1 W2,
(d): (m=-1,j=0)
fla—2)z—4)z—1){z—8)F0,ic, z1l, 22 a4 2 £8 then
- v
2 W= o= 2) (z—4) s 1) (z—8)

=0

where

Ty =2 e -2z -4 +2" e —9)z— 2l —4)W3, +6 =27 2"z — 2}z -
) (WF + 2WE — 3WW1 IW_ oy — 18 % 2772 (2 — 9z 4+ 12)(WE + 2W 2 — 3Wo W3 )WL, +12 x
2775 (g — 1)z — 8) (W + 2WF — 3Wol )Wy + (—2(2® + 122 +8)WF = 8(2® + 122 +8)WF =
182(3z + 4)WiW, — 36z(z + 6)W2W1)

and

flz—z—4)(z—1){zx—8)=0,ie,z=1orz=2orxz=4 orx =238 then

- L
gmﬁ‘“ = T2z — 452 T 1d0a 120

where

Uy = 2" (n(z—2)(z—4)+32 —122+8)W7__ +2"(njz—9)(z—2){z—4)+ 42" — 452" + 1242 —
THWT, 6% 22" (n(z—2)(z—4)+ 32 —122+8) (W2 +2W7 —3Wo W1 )W_pr1 —18 X2~ "z" (n(z? —
92+ 12)+32° — 182+ 12) (W2 2W3 —3Wo Wi )W_, +12 %2~ z" (n(z —1)(z—8)+32° —182+8) W3+
AW — 3Wo Wy )Wy + (— (322 + 242+ 8)WT +16(2x+ 6) W7 + 36(3z+ 2)WoW2 — T2(z+ 3)W2W, ).

(e): (m=-=2j=0)]
Fla—4)z—16)z—1){z—064) 20, te, 21, x4 x 16, = &+ 64, then

- W
ngkﬁf_sgk SRl P P TP ey
where
Wy = 2" Nz — 4)(z — 16)W3,, .y + 2"z — 63)(x — 4)(z — 16)W 3, + 12 x 27 Mg +l(p —
4)(z — 16)(WT + 2W5 — 3W WA JWogpeg — 60 x 272" (2? — 652 + 208) (W7 + 205 — 31,117
W_zn +48 x 2720 (2 — 1) (2 — 64) (W] +2WF — 3Wo W1 )Woo s + (27 (a? + 40z + 64) W7 +
8(x + 8)(2® + 250z + 64) W3 + 5da(x? + 90z + 224)W3Wy — 362(x? + 160z + T84) W21,
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and
iflz—4)(zx—16) (z—1)(z—64) =0, e, =1 orz =4 orx =16 or x = 64 then

n

S 2wy, = ht
Z TEE T (427 — 25527 4 2836z — 5440)

where

Uy =z (nlzx—4)(z — 16) + 32" — 40z + 64)W3,, ., + 2" (n(z — 65)(z — 4)(z — 16) + 427 —
25527 +27282 — 4160)W 3, +125 272" (n(z —4){x — 16) + 3x? — 40+ 64)( W] + 207 — 3W, 107
Wogpea—60x 275" (n{2? —652+208)+ 32" — 1300+ 208} W+ 207 —3W W ) W _q, +48 27 20"
(nlz —1)(z — 64) = 322 — 130z + 64) (W3 + IWE — IW, 17 ) W_q_p + 3(—9(32? + 80z + 64) W7 +
8(z? + 172z + 698)W7F + 18(32? + 180z + 224)W3W, — 12(32? + 320z + T84)W2W7).

(f): m=-2j=1)
Iflz—4)z—16)(z —1)(z—64) =0, ie, 251, x4 x# 16, x = 64, then

" ) .LD.I
J.H_.'!]‘ — _ —
gx —%H T ) (z— 16) (z — 1) (= — 64)

where

Uy = 2" e—d)(z—16)W2,  o+2" (2 —65) [z —4) (2 —16)W T, +24% 27" (p—d)(x—
161 (WE+2W3F —3W W1 )Wy 3 — 120 % 272" 1 (2% — 652+ 208) (W] +2WF —3W W1 )W _ap 1+
96 % 27"t (o —1) {2 —64) (W +2W 3 — 3Wo W, ) W_g,—1 +(—(34327 + 6362 + 5952z — 4096) W7 +
26z(z® + 40z + 64) W] + 182(4927 + 640z + 236} W, Wi — 1082(Tz" + 180z + 128)W{17)

and

ifiz—4)(z—16)(z— 1)z —64)=0,ic, z=10orxz=4 orxz=16 or x =64 then

i xk H.""T = .LD!
L T (4g® — 25547 + 2856z — 5440)

where

Uy =z"(n(z—4)(x—16)+32" — 402 +64)W3, . +2"(n(z—65)(x—4)(x—16)+ 42" — 255" +
3728z — 4160)W7, . + 24 x 27"z (n(z — 4)(x — 16) + 327 — 40z + 64)(W3 + 2W?2 — IW,Wy)
Wogpeg— 120 % 272 2" (nz® — 652 +208) + 32* — 130z + 208) (WP + 207 — W W )W _gpey + 96 »
2= (n(z — 1)(z — 64) + 327 — 130z + 64)(W2 + 2W2 — 3Wo W1 ) W_an_y + 3(—(3432 + 424z +
1954) W7 + 72(32? + 80z + 64) W7 + 6(147x? + 1280z + 256) W,y W7 — 36(212% + 360z + 128) W27 ).

From the above proposition, we have the following corcllary which gives sum formulas of Mersenne

numbers (take W, = M, with My =0 A =1).

C'OROLLARY 3. Forn = 0, Mersenne numbers have the following properties:

(a): (m=1, j=0)
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If (82 —6x4+1) (82" =9z +1) = 4z —1)(2z - 1) 8z — 1) (z—1) £ 0, ie = # 3 = # 1,

xﬁé%,x;’ 1, then

u w

& T 1

M=- - : — -
éx e —1)22—1) Bz —1)(z—1)

where
Uy = 2™t 8 —9)(de —1) (20 — 1) M7 + 82" {de — 1) (22— 1) M7 _ +3 x 27T 8z — 1) {x —
1My — 9% Er‘x‘“‘"'ll:ll':u':t'E — 182+ )M, +3 = 27 2" 4 — 1){ 22 — 1) M1 + 2(82 + 122+ 1)
and
if (82 —6r+1) (82" —9x+1)=(dz—1) (22— 1) Bz — 11z —1) =0, ie.. x =% orz =g

orm=§ur:r='l then

= o
(] i 2
M7=
;r k= 25627 — 36027 + 140z — 15

where
Uy =z (n{8z — 9)(4x — 1){22 — 1) + 25627 — 360" + 124z — 9) MI+82" (n{de — 1)(2x — 1) + 24a® — 122 +
3w 2" 08z — 1) (e —1) + 242 — 182 + 1) M1 — 9 = 272" (n(162” — 182 + 3) + 482 — 36z +
)M, + 3 x " mfde — 1)(22 — 1) + 242® — 122 + 1)Mo_s + (2427 + 242 + 1),
(b): (m=2,j=0)
If (642 — 202 + 1) (64x® — 65z + 1) = (162 — 1) (de — 1) (6dx — 1) (z — 1) £ 0, i.e, z # &,

m%%,x%%:rﬁél,then

L w-
KM, = - : . :
;m %= Mz —1)(4z — 1) (64z — 1) (z — 1)

where

Wy = " 64a—65) (160 —1)(dw—1) M7 +64a™  (16z—1)(de—1)M7 _ +3x 27" 12" (6dx—
1z — 11 Mapar — 15 = 222" 25627 — 2602 +13) Mo, + 3 2 274" 16 — 1) (4 — 1) Mapoa +
2764z + 402 + 1)

and
if (64x” — 202 +1) (64a® — 652 +1) =0, is. z= % m":t'=1—1E r:-rr=% orxz =1 then
2 M = S e T 3
s — x* + 2856z — &5
where

Wy = =" (n(64x — 65) (162 — 1)(dx — 1) + 1638427 — 16 3202% + 2726% — 65) M2, + 64" (n(16z —
1)(4e — 1)+ 1022% — 40z + 1)MZ,_, +3 % 2722 (n(64z — 1)z — 1) + 1922% — 130z + 1) My g —
15 % 2Mmx"(n(2562% — 260x + 13) + T682® — 520x + 13)Ma, + 3 = 22 Mg (n(16z — 1)(dx — 1) +
19227 — 402 + 1) Man_s + 27(1922? + 80z + 1).
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(c): (m=2,j=1)
If (64” — 20z + 1) (fde” — 65z +1) = (16x — 1) (de — 1) (6dz — 1) (z— 1) £ 0, 12, z & ﬁ..

xﬁéﬁ..x?é%:r?&lrthen

e e T Gy 1) (2 — 1) (642 — 1) (2 — 1)

where

Wy = 2™t (64e—65) (162 —1)(do—1) M3 +64x" 1 (160—1)(de—1) M2 _ +3x 22 Higntl{flr—
1= 1)Mapyz— 16 22Tt (0662% — 2600 +13) Moy +3 % 227 H 0 T 162 — 1) (42— 1) Ma, 1+
{8z + 1){64z" + 250z + 1)

and
if (64z" — 20z +1) (64x® — 65z +1) =0, is, x=L orz==L orz=1 orz=1 then
- W
g d 2
M. =
; © Ml T 1698407 — 1632027 + 28562 — 95
where

W, = 27 (n(6da —65) (160 — 1) (4x —1) + 163842% — 16 32022 + 27282 — 65) M2 __ | + 64z (n(16z—
1)(4x — 1)+ 19227 — 40z + 1)M?__| + 3 x 22772 (n(64x — 1)(z — 1) + 1922% — 1302 + 1) Mapeg —
15 x 2217 (025627 — 2602 + 13) + 76827 — 5202 + 13) Mans +3 % 277527 (0162 — 1) (4 — 1) +
1922% — 40z + 1) Map_1 + 6(2562° + 635z + 43).

(d): (m=-1,j=0)
Flza—2)z—4)iz—1){z—8)20,ie, x==1l, 252, x4 x+# 8, then

n 1-D1
ksl —
2 M e G G- E )

where
U =2 e —2)z—4) M +2" e -z —2)(z —4MI_ +6 =277z x — 2z —
AM_, 1 —18x 27" ! Qe L1 M_, +12 % 272"z —1)(z —8)M_, 1 —=(x? + 122+ 8)
and
fla—N{z—4)(z—1){z—-8)=0,ie,xa=1orz=20raz=4 oraz=278 then

" W,
J:M.'T — =
D> =M, (427 — 4327 + 140z — 120)

=0

where

Uy =z"nlz—2)(z—4)+32" =122 -8\ M7 __, + 2" (n(z—9)(z — 2)zx —4) + 42¥ — 452" +
124 —T2)M? 468 =2 "x " (n(x— 2z —4)+32" =122+ 8)M_,, o1 =18 x 27 2" (n(z? — 92 +12) +
3x? — 182 + 12)( M} + 2M2 — IMaM1)M_,, + 12 % 2="z(n(x — 1)(zx — 8) + 3? — 18z + &) (M2 +
IMZ — MM )My — (322 + 2z + 8).
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(e): (m=-=2j=0)
Ifla—4(z—16){z—1{z—64)20, ie, x5 1, =4, & # 16, v 5 64, then

kil

Ly
P 1
E M = - - o
k_ﬂx Tz —4) (z—16) (= — 1) (= — 64)

where

Uy =2 e — )z — 16)M3,, . + 2™z —65)(x —4)(z — 16)MT,,, +12 x 273" gz —
4)(z — 16)M_gpeq — 60 x 272" (22 — G5z = 208)M_,, + 48 x 2772 (& — 1)(z — 64)( M7 +
IMF — 3My My )M _q, 3 — 2T2(z” + 40z < 64)

and

fla—d{z—16){z— 1z —64)=0,ic, z=10orz=4 ora=16 or x = 64 then

" w
Y 2t M, = ;
LT otk T T 5507 + 2856z — 5440)

where
Uy = a"(nlz —4)(x — 16) + 3= — 40z + 64 M7, ., +z%(nlz —63)(z —4)(z — 16) + 427 —
2552 + 27282 —4160) M3, +12 = 27z (n(z —4)(x—16) + 32 — 402+ 64) M_g, 0 — 60 x 27 Ingn
(n{z? — 65z + 208) + 327 — 130z + 208) (M2 + 2M? — 3MuM:1)M_1, + 48 x 272" (n(z — 1)(z —
64) + 32 — 1302 + 64) M_z._o — 27(327 + 80z + 64).
(f): im=-2j=1)
Flza—4d)(z—16)(z—1)(x—64) 20, ie, =1, x =4 v £ 16, » = 64, then

n ¥,
Zxk"wizk—l =7 0 — — 7
=0 (z—4) [z —16)(x — 1) [z — 64)

where
Uy = 2" z—4)(z—16)M%, 4+ z"T (2—65)(z—4)(z—16) M7, +24:x 27 g (o d)(z—
16)( M3 +2M2 — 3Mo M) M—ape5— 120 % 2-272" 1 (27 _ 652+ 208)(M? + 2MZE — Mo M) M_app1 +
96 x 272" (2 — 1)(z — 64)(M? + 2MF — 3MuM;)M_s,,_1 — (3432% + 63622 + 50522 — 4096)
and

fla—d{z—16){z— 1z —64)=0,ic, z=10orz=4 ora=16 or & = 64 then

2. —2+1 T T4 25527 + 28567 — 5440)

where

Wy =z"(njx—4)(z—16) +3x* —40x+64) M3, - +o"(n(z—65)(zx—4)(zx—16)+4x"— 255z +
2728 — 4160) M7, + 24 x 272"z (n(z — 4)(z — 16) + 3=* — 40z + 64) M_s,-5 — 120 x 2~ 2"z"
(n(z? — 65z + 208) + 3x? — 130z + 208) M _ap0q + 96 = 272" 0z — 1)(z — 64) + 3x” — 130z +
64)( M? + 2M2 — 3Mp M) M_q,._1 — 3(3432% + 424 + 1954).
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Taking W,, = H, with Hy = 2, H; = 3 in the last proposition, we have the following corollary which

presents sum formulas of Mersenne-Lucas numbers.

COROLLARY 4. Forn = 0, Mersenne-Lucas numbers have the following properties:
(a): (m=1, j=10)
If(8z'—bzx+1) (82" -9z +1) = (42 —1)(2z—1) Bz —1)(z—1) # 0, t.e.. z %._ x %

maé%,:):_:’l._ then

" ."D]_
kHT = — - -
;m T Tz —1) (22— 1) (82 — 1) (z — 1)

where
U =2 G —9) (4o — 1122 —1)HI + 82" e —1) (22— 1) HI_, -3 = 2" 2™ 8z — 1)z —
1) i1 +9% 272" (1627 — 182+ 3) H, —3 % 27227+ (4o —1) (22 —1) Hyo o1 — (21627 — 28027+ 932 —8)
and

if (82 —6zx+1) (82 =9z +1) =(dx—1) (22 —1) (8z—1)(z—1)=0,ie, xz =1 orz =

=

orx= 5 orx=1 then

= o
& b 2
H! =
;‘r k¥ = 9362% — 3607 + 140z — 15

where
Uy = 2" (n(8z — 9)(de — 1}(2x — 1) + 2562 — 3602° + 124z — 9)H? + 8" (n(de — 1)(2z — 1) +
Mz 122 +1)H? | —3x 2" (n(8z—1)(z— 1)+ 242 — 182 +1)H, .1 +9 % 272" (n(1627 — 18z +
3) +482% — 362 +3) H,, — 3 x 272" (n(dz —1)(22 — 1) + 242® — 122+ 1) H,._; — (6482 — 560z +93).
(b): (m=2,j =0)
If (642® — 20z 4+ 1) (642 — 65z + 1) = (162 — 1) (dz— 1) (64z — 1) (z — 1) # 0, t.e.. x & 4,

m%%._x%%r#'ljhen

L 111.
kord -
HE, = - = , ) ]
;m (162 —1) (4o — 1) {64z — 1) (z — 1)
where
Wy — 2" (642 —65)(162—1) (42— 1) HE, +64271 (162 — 1) (4x—1) HE, _,—3 = 23"+ 25m~1 (Gz
1) — 1) Hypey + 15 ¢ 2302123627 — 2602 + 13)Hy,, — 3 = 2803t {162 — 1) (4 — 1) Hoyn_a +

(—80002% + 57122% — 5552 + §)

and
if f_ﬁ4x! —209:—1] I:Eilwz — 63z + l] =0, te, z= % or . = 1—15 or x =% orx =1 then
b 11!3
kHE _
;;r I 1638427 — 1632022 + 2856z — 85
where
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W, = 2" (n(64z — 65)(16z — 1)(dx — 1) + 16 38427 — 16 3202* + 2728z — 65) HY + 642" (n[16z —
1)(4 — 1) + 19227 — 40z + 1)HE,_, — 3 % 22" 227 (n(64z — 1) (z — 1) + 19227 — 130 + 1) Hapes +
15 =% 2%72"(n(2562% — 260z + 13) + 76822 — 520z + 131 Hap, — 3 = 27742 (n{16x — 1)(4x — 1) +
1922° — 40x + 1)Ha,,—2 — 3(2000x® — 3308z + 185).
(c): (m=2 =1
If (642 — 20z +1) (642® — 65z +1) = (162 —1) (e —1)(fdz— 1) (z —1) £ 0, 1e.. z &£ &,

z e w#El 1 then

%\ e _ w,
D His (162 —1) {4z — 1) (64z — 1) (z — 1)
= (16z — 1} {4z — 1) 64z — 1) (z — 1)

where
Iy = i‘""'l-.‘_ﬁim—ﬁ'a'::l{lﬁx—l:l{-i-x—l_‘_-H-_?h_l—ﬁilx“_llilﬁx—l}i_im—l:lﬂgﬂ_i—ﬂxf‘“"'ﬁ'x“_l[ﬁr—lx—
1) (z—1)1Hzpezg+15 % gintlgnsl {Zaﬁf — 2602+ 13) Hypypp — 3 = aIntdpntl G — 1(de—1)Hyp1—

27(8x — 1)(64x* — 502 + 1)

and
if (642 — 20z +1) (642 —63x+1) =0, te.. x = 51—1 or® = 1_15 or @ = % orx =1 then
" ) ."Ir'!
EHH:]- — =
; ¥+l 1638497 — 1632027 + 28562 — 8
where

W, = 2" (n(64z — 63)(162—1)(4z — 1) + 163842 — 16 3202% + 2728 —65) B2, ., + 642" (n(16z —
1)(4 — 1) + 19227 — 40z + 1)HE,_, — 3 x 22927 (n(64z — 1)(z — 1) + 19222 — 130z + 1) Hapeg +
15 % 221" (25627 — 2602 +13) + 7682 — 5202 + 13)Hapoq — 3 2 272" (0162 — 1) (dz — 1) +
1922% — 40z + 1) Ha,q — 54(T682% — 4642 + 29).
(d): (m=-1,j=0)
Iflz—2)z—4)jz—1)(x—8) 20, ie,x==1l, 2+ a4 x+ 5 then

" 1-D1
" HT = - — — — -
2 oz =z - z—-1)(xz-8)

where
Uy =z z—2)(z—4)H? L+ T 2—0)(z—2)(z—4)HT —6x2 2" z-2)(z—4)H_, 1+
18w 27 mg™ e — 0+ 12)H_,, — 12 =2 ma" e — 1)z —8)H_n—1 — (2727 — 2802 + Td4z — 512)
and

flz—2)(z—Aiz—-1){x—8)=0,ie,z=1lorz=2orx=4 orx =78 then

S akHT, = - 2
T (42 — 4522 + 1402 — 120)

k=0

where
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Uy =a"(n(z—2)(z—4)+32" — 120+ 8)H? __, +a"(nlx—9)(x —2)(x —4) + 42" — 452" +
1242 —T2)H?  — 6= 27"z (n(z—2)(z—4)+32" — 122+ 81 H_, 1 +18 = 2 "z" (n(z® -9z +12) +
Jx? — 18z +12H_, — 12 =2 "x"n(x —1)(z — 8) + 3z* — 18z + 8)H_,._; — (81z? — 360z + T44).

(e): (m=-2,j=0)

ilza—4)z—16){z—1)(z—64) 20, ie, =1, x4 o+ 16, v £ 64, then
z L
grk‘rﬂ“ ~Tz—4)(x—16) Ea:— 1) (z — 64)

where

Uy = 2"z — 4z — 16)H,, o + 2"z —63)(z — 4)(z — 16)H?,, —12 = 27z (2 —
4)(x — 16)H_apya + 60 x 272" {2? — 652+ 208) H_,,, — 48 x 272" (2 — 1){z — 64) H_ap_2 —
(12527 — 571222 + 33520z — 32763)

and

ifla—de—18){z—1){z—064 =0, ic,a=10ora=4 ora=16 orz =064 then

n w
S atHI, =- ;
£ T T T 35527 + 28562 — 5440)

where
Uy = z"(nlz —4)(x — 16) + 3=z — 40z + 64)H,, o +z"(n(z — 63)(z — 4)[z — 16) + 427 —
25527 + 2728z — 41601 H2 ,, — 12 x 22" (n(z — 4)(z — 16) + 327 — 402 + 64) H_apsa + 60 x 27 275"
(n(z? — 63z + 208) + 3z? — 130z + 208)H o, — 48 = 272" (n{z — 1)z — 64) + 3z* — 130x + 64)
H_5.—2— 31252 — 3308z + 11540).
(f): (m=-2,j=1)
Flz—4)(z—16)(z—1)(z—64) 20, ic, 241, 2 £4 z £ 16, x £ 64, then

" 11"-
KHE == — - - -
;x —%+1 T (7 4) (z—16) (z — 1) (= — 64)
where
U =a" "z —4)z—16)H, s +2" "z —65)(z —4)(x —16)HT, , — 24 x 275" [z —

)z —16)H _3,-3+120 = E_E"r”_:{xz —63x+ 208 H_ 5,41 — 96 = E_ER.r“_l{r—l}{m —64)H 31—
27272 — 064xT + 4928z — 4096
arud

fla—d{z—18){z—1){z—64)=0,ic, x=10ra=4 orz=16 orz =64 then

n w
& 2

H . 4= )

3_“ S TS| (dx¥ — 25522 + 28562 — 5440)

where
Uy =z (n(x—4)(z—16)+32* —40x+64)H?, - +a"(n(r—65)(r—4)(z—16)+4xT - 25527 +

2728z —4160)H?, ., — 24 x 27z (n(x — 4){z — 16) + 32 — 402 + 64)H_ 3,45 + 120 x 27 Ingn
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(n{z? — 652 + 208) + 327 — 130z + 208)H_3,41 — 96 = 272" (n(x — 1){z — 64) + 3= — 130z +
B4)H o1 — 27(812% — 1923z + 4928).

Taking # = 1 in the last two corollaries we get the following corollary.

CoOROLLARY 5. Forn = 0, Mersenne numbers and Mersenne-Lucas numbers have the following proper-

ties:
(1)
(a): Tpog MI =L (—(In—11)MI+8(3n+13)M7_; +42 x " M1 — 9 % 2"(n+15) M, + 12 x
27(3n + 13)M,,_; +49).
(b): Frg M3, = 2(—(n —303) M2, + 64(5n + 1T) M3, _, + 21 x 22720y, 0 — 15 % 2% (n +
29) My, +3 x 2°"74(3n + 17) Map—2 + 519).
(e): To_o M., = sh(—(5n—303) MJ, . + 64 (5n+17) MI,_; + 168 x 2*" My, 3 — 30 ¥
277 (1 + 29) Mo, 21 + 96 % 27" (5n + 17) My, _1 + 658).
(d): Ty M = (—(3n—1M% 4+ (24n—11) M2 6% 27" (3n—1)M_,o1 +18 % 27" (4n —
IIM_, +84 % " M_,._; +35).
(e): p_o M3, = =(—(5n+3)M3, _, +(320n +187)M3, — 12 x 27 (5n + 3)M_g,40 +
60 x 272" (16n + 9)M_q, + 336 x 27" M_,,_, + 441).
(£): Tp g M7, = (—(5n+3)M7, _ +(320n+18T)M7,  —24x 27 (5n+3)M_suia+
120 % 272 (160 4+ 9) M _2,01 + 672 % 27" M_,, 1 + 917,
(2]

(a): Ty HI = L(—(3n—11)H? +8(3n +13)H3_, — 42 x 2" Hp 41 + 9 % 2°(n+ 15)H,, — 12 x
2%(3n + 13)H,._; — 181).

(b): Yo o HI = s5(—(in —303)H], +64(n+ 17)HI,_; — 84 x 2" Hapa + 15 x 2% (n +
20)Ha, — 48 % 2*"(5n + 17) Hapn—a — 1459).

(e): 0, Hioy = oo (—(5n—303)HY, ., +64(5n+17)HI,_, — 168 x 2" Hy, 5+ 30 x 22" (n +
29) Hanst — 96 x 22%(5n + 17) Haye_y — 1998).

(d): YrogHY = ax(—(3n—1)H? _, +(24n—11)H? +6x27"(In—1)H_p+1—18x27"(4n—
3 H_, —84x 2 "H_,_; +265).

(€): Tpog By = 2o(—(3n +3) HY, ., + (320 + 187) H?, +12 x 272" (50 + 3) H_zn42 —

—_ —In
B0 = 27" (16n +9) H_3, — 336 = 272 H_4, 5 + 2719).
(£): rioH oy = 5ix(—(5n+3)H2 3, 5+ (3200 +187)HZ 5,41 +24 X 272 (5 + 3) H 3 —

120 % 272" (16n + 9)H_appq — 672 % 27" H_,,_y + 9243).
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