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Mathematical Modeling of the dynamics of Prey-Predator
with Scavenger in a closed habitat.
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Abstract

In this study we develop a mathematical model which describes the dynamics of prey- predator interaction with
scavenger. We develop the model based on Holling type 1l functional response. We solved the equilibrium points
and their existence. The positivity and of the solution of the model are also determined. Conditions for local and
global stability analysis are studied both analytically and numerically. The study also addresses the effect of
extinction of a population and mechanism that three species coexist. As a result the mechanism that three
species become coexist if there is large number of prey population compute with small nhumber of predator and
average number of scavenger population. The scavenger species also has a great role in stabilizing as well as
for coexistence of three species. Numerical simulations are carried out to illustrate the analytical findings.
Finally the biological implication of analytical and numerical are discussed critically
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I.  Introduction
Mathematical models are often used to examine the dynamics of complex interacting populations. In

mathematical ecology a widely known and applied model is the classical Lotka-Volterra model. This model was
formulated in 1926 by Vito Volterra and around the same time Alfred Lotka independently studied similar
equations. The Lotka-Volterra model, also known as predator-prey model, is a cornerstone in the field of
mathematical ecology and a significant amount of literature devoted to studying variants of these equations has
been established. It consists of two coupled nonlinear differential equations and illustrates the interactions of
one predator and one prey populations. These nonlinear differential equations are:

&= x(a — by)

R €]

d—i’ =y(—c+dx)

Where y(t) and x(t) represent, respectively, the predator and prey population as functions. of time. The
parameters a, b, c,d > 0, are interpreted as follows:

. a represents the natural growth rate of the prey in the absence of predators,

. b represents the effect of predation on the prey,

. c represents the death rate of the predator due to lack of food,

. d represents the efficiency and propagation rate of the predator in the presence of prey

Without loss of generality, taking parametersa = 1,b = 1 and d = 1, with fixed point (c, 1) all trajectories in
positive space are closed curves which are given by the family of equations, In(y) — y + cln(x) = c. Here the
predator population will grow according to the amount of prey. If the prey population is large, the predators will
have more food to support a larger population. However, when the predator population grows too large, the prey
begins to die out. This will result in a decrease in the predators. This trend continues as time goes on, implying a
stable coexistence of the two populations.

The modified two dimensional Lotka-Volterra predator-prey model also uses a nonlinear of equations that
includes logistic growth of two species, a carrying capacity of the prey, and a predatory factor. The modified
Lotka-Volterra predator-prey model is given by
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Where b is the carrying capacity of the prey and c is the death rate of the predator.

In the modified model, we find that the populations start as a pair of oscillating curves, but over time the
amplitude of the oscillations decrease with each period of time until the curves atten out. This implies that the
populations experienced a stable coexistence that saturates after sometime such that the populations will remain
constant.

The Lotka-Volterra model indeed may be the simplest possible predator-prey model. It has been criticized as
being unrealistic mainly for its structural instability and the assumption of the unlimited growth of the prey
population x(t) in the absence of a predator Nevertheless, it is a useful tool containing the basic properties of the
real predator-prey dynamics, and serves as a robust basis from which it is possible to develop more sophisticated
and realistic models.

The model (2) can be naturally generalized for the multi-species case. The generalization of the Lotka-Volterra
model (1), for the multi-species case retains the basic features of real ecological systems and, allows us to obtain
valuable results that are easy to be interpreted. For the three-species predator-prey interaction two possibilities
arise the two prey-one predator systems

d
|{ % =x(ay — b1y)
d
{I e I B 3)
d
kd_{ = y(_C + d1x1 + dez)

Here x;,x, are prey population and y(t) is predator population. The interaction of kiwi-rabbits-stoats is an
example. The populations of both species are far from reaching their media capacity as a result of predation and
artificial controlling of the rabbit population. Furthermore, both the kiwi and the rabbits have the same
predators: stoats, cats, minks, or any others. Hence, the kiwi-rabbit-stoat interaction can be adequately described
by the equations (3).

And two predator-one prey systems,

d
== x(ay — byy;s — byy,)
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dt

Where as y,,y, are predator population and x (t) is prey population. For example, lion-tiger-antelope,
describe the situation when two predator species depend on a common prey and furthermore, these two predator
species do not interact directly, they do not get directly, do not predate one the other, and do not depend one on
the other as a food source. Such situations are not unusual, and can arise in many different cases.

We consider a three species, the prey, predator and scavenger where the scavenger is a predator of the
prey and scavenges the carcasses of the predator. There is the case where the scavenger has no negative effects
on the population that it scavenges. Possible A triple of such species are hyena/lion/antelope, where the hyena
scavenges lion carcasses and preys upon antelope. But, in our study the scavenger affect the population it
scavenges and also eaten by predator. An example of such a triple can be a lion, zebra and hyena, where the lion
is considered as predator, zebra the prey and the hyena represents scavenger. To understand more let us see the
diagram below.

Predator — Scavenger

Prey

Figure 1: Schematic diagram for the dynamics of the prey, predator and scavenger in an ecosystem

As we observe from the above diagram both species predator and scavenger use a variety of different
resource~ from two tropic level, so we called as generalist Interaction among these three species can be observed
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by learning the population growth investigate these growth we develop the mathematical model which represent
the dynamics of the prey, predator and scavenger. In the model we use functional response Holling type Il to
make the system more real. Then we determine equilibrium points, positivity and boundedness of the solution
and also both local as well as global stability of the system.

I1.  Model Formulation
We consider the following predator—prey model with scavenger interaction.

a) Assumptions and Parameters of the Model
The following assumptions are made in order to construct the model:
<> The prey will grow logistically in the absence of predators and scavenger population. The logistic
growth model is illustrated by the term AX(1 — EX)
<> the rate of predation upon the prey is proportional to the encounters of predators and prey or the effect
on prey population due to interaction with some of predator populations. This assumption is represented by the
term 222
Ai1+X
X the rate of predation upon the prey is proportional to the encounters of scavenger and prey or interaction
between prey and scavenger populations. This assumption is represented by the term f}i};{
1
X Predators will die out exponentially in the absence of prey and scavengers or natural death rates of
predator populations. This assumption is represented by the term EY.
X the predator population increases, due to predation upon prey or benefit of predator population from
prey population. The terms % is represents this assumption.
1
X the predator population increases, due to predation upon scavenger that is there is a predator population
which eat scavenger population. The terms % is represents this assumption.
1
X without predators and prey the scavengers will also almost goes to extinct. The terms that represent this
assumption are HZ and HZ?
X the term HZ represent natural death rate of the scavenger and HZ2%ensures that the interaction within
scavenger species itself for the same resource.
X The scavenger population benefits from prey and predator that die naturally. The terms representing this
assumptions are I and 2L respectively.
A1+X A1+X
X predators prey and scavengers will come across each other randomly in the environment.

7
*
7
0’0

The populations live in closed environment

Parameters of the model
Table 1: parameters of the model

Parameters interpretation

A natural growth rate of X

A half saturation constants for Y and Z

A, half saturation constants for Z

As half saturation constants for Y

B interaction between prey population itself
C effect on x due to predation of Y

D rate changes on the X population in due to

presence of S

natural death rate of Y

benefitto Y from X

benefit’ to Y from Z

natural death rate of Z

interaction between S population itself
benefit to Z from X

benefitto Z from X

X<l | T|@|T™m

Description of Model

Three species predator-prey models, where the third species are scavenger are considered in this paper.
This model is constructed by assuming that there are only three species in The first species, called prey, acting
as the prey for the second and the third species. The second species called predator, feeds on the first and third
species and can extinct with the absence of them. The third species, namely scavenger eat prey and the carcasses
of predator. Consequently, the scavenger predations reduces the prey population and also affect the predator
growth indirectly. Based on these assumptions, the mathematical model representing those three population
dynamics is governed by non linear system ordinary differential equation.
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ax CXY DXY
(= =AX-BX? - -
| at Ag+X  Ag+X
ay FXY GXY
| o N (6)
dt  Aj+X  A+Z

= —HZ — HZ?
At Ag+X  Ag+Y

Where X(t), Y(t), Z(t) are the prey, the predator and scavenger populations respectively. All the parameters in
the equation (6) are positive.

Ide _JXxy KXY

Dimensionless form of the model

A model can be transformed into a dimensionless form. That is rewriting the system in terms of
dimensionless quantities. One of the advantages of a system in the dimensionless form is that the number of
parameters is reduced to a minimum and it makes the analysis easier. Furthermore parameters can be better
compared with each other, in terms of small and large and thus one gets more insight into the system. It is also
possible to make a comparison between different systems. The dynamics of the new model will be the same as
in the original system. The equation (6) can be rewritten as:

ax B CXY DXY
== AX(1-2X) - -
d (=35 A7) A1)

av FXY GXY
Y _Ey+ 7
\ dt A1(1+A£1) A1(1+A£1) Y

daz GXY KXY

—~=_HZ-HZ?*+ e e

at A1(1+A—1 A1(1+A—1)
Y

Letting, T = At, x = Ai Y= z= Ai and substituting (7), dimensionless form of system becomes
1 27 3

dx B1xy O1xz

2= XA -—ax) -To -0 =fxy2)
4y _ @xy | foxy _
dt ~ (1+x) = (1+2)

4z _ asxz | B3xz

dt ~ (1+x) = (1+y)

0,y =9(x,y,7) (8)

— 03z — 0,22 = h(x,y,2)

A1 B 42 C — 4D _F =S _E -1 _K il =
Where (ll = A 'Bl = AA1 ) 61 - AAl ) az A ,ﬁz A ) 62 A ) a3 A ) ﬁ3 A ) 93 4 ) 94
1A . . . ..
73 and t is substituted for t for simplicity.

i) Positivity of solution
Theorem: All solutions of the system (8) are positive
Proof: the equation (8) can be written as

x(t) = x(0) exp (fot ((1 — ayx(s)) — 22 _ 6O >ds>

(14+x(s))  (1+x(5))
_ t, azx(s) Bax(s)
¥(©) = y(0) exp (Jy (o + L2239, )ds )

z(t) = z(0) exp (fot( (fii((z))) + (fii((g) — 05— 0,2(s)) ds)

For x(0) > 0,y(0) > 0,z(0) > 0 all solutions remain within the first quadrant of the x-y-z plane starting from
an interior point of it.

Hence, R3 = {(x,y,2):x,y,z = 0} is invariant set

i) Boundedness of Solution

Theorem: All solution of (8) are uniformly bounded if the initial conditions x(0), y(0), z(0) > 0.

Proof: from first equation (8)
B1xy 01xz

- 22 <
(1+x) (+x) —

1
e
Xo 1

x(1—ayx) =2 x(t) <

% =x(1—a,x) — For all t > 0,which impliesx(t) <1 for

sufficiently large t.
Let x (t), y(t), z(t) be any positive solution of (8), with positive initial conditions and define that

d dx dy d
w = aza, x(t) + f; azy(t) + 6, a, z(t) Then d—“; =aza,—+praz—-+ 6, azd—j
dw B2zoy B3yoz
Therefore — = a3 a, (x(1 — a;x)) + By a3 ((12+;’0) —-0,9)+ 0, a, ((11;’0) — 03z — 0,2%)
Now choosing, &, = 1, B, = 1:Z° Bs = % then
0 0
Z—V: <aza,(x(1 —x)) + B, azy + 6, a,z Moreover, Z—‘f <aza,—y(Ex+y+2z)

Where y = min {a; a,, B;a;,0; a, } this implies that ‘Z—”t’+ yw < a; a, now using method first order
ordinary differential equation and applying inequality, we get
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as ay(1-e~') 3 a2

O<w< + w(xg, Yo, Zp)e "t fort - oo,w — 22

Therefore there exist 1, ,n,,1n; >0 such thatR2 = {(x, y, z) 0<x<m,0<y<mn,0=<z<mn3} hence, our
system is bounded.

iii) Equilibrium points and their existence

The equilibriums points of the system (8) can be found that setting all the equation to zero and solving the
system for x(t),y(t) and z(t). To find equilibriums points of the system, we solve the following system equations

simultaneously
(ﬂ _ _ _ B1xy _ 01xz _ _
(az=*1-—a) -5 -5 =fy2)=0

dy _ axxy +M—92y=g(x v,z) =0 ©)

at  (1+x)  (142)

I dz a;
az _ a3xz B3xz _ _ _ _
kdt - (14x) + 1+y) 932 942 h(x y, Z) 0

That is equivalent to solving eight equilibriums points of system (9), namely,
EO(O,O,O), El(x*l 010)1 E2 (0 y* 0) E3(0 0 Z*) E4.(x ;y*; 0); ES(X*I 0; Z*)I EG(OJ y*;Z*); E7(x*!y*!Z*)
; 1 —0s 02 ax((az—62)-a16; * X
With {£,(0,0,0), E; (,0,0), E,(0,0,0),E; (0,0, ) E, (az_gz, s ,0),Es(x*,0,2°),
0B —0)+ 99 6,
E¢| O, ) JE;(x% v, 27)

6( (,83 - 93)(,32 - 92) — 0,0, .82 — 0, 7 }

Where E<(x*,0,2z*) and E,(x*,y*,z*) determined using numerically.

Local stability analysis of equilibrium points
The local stability of each equilibrium points are studied using Jacobian matrix and finding Eigen value at each
equilibrium points. We continue analysis of Jacobian matrix J of three dimensional systems by

[2L or o o
|6x dy 0z ox 0y 0z I
_1%9 23 3g _1%9 29 3
]_lax ay | ](x:yyz)—lax ay |
on on on n oo on
lax ady azJ lax dy 0z
o VB _s 3B _x0y
[1 Zax (1+x)2 (14x)2 1+x 1+x ]
— Y% _Xaz _zf2 _ Zbs
](x’ » Z) - | (1+x)2 1+x  1+z 0, (1+2)2 I (10)
zas zB3 xas YB3 _
l (1+x)2 (1+y)2 1+x 14y — 20,z 03]

i) Local stability of E,(0,0,0)
The Jacobian of matrix at E,(0,0,0) of (10) is

1 0 0
J(0,0,0) = [0 —6, 0 |[,sinceJ(0,0,0) is diagonal matrix, with eigenvalues: 1, —0,, and —65. this
0 0 —6,

shows that our system is unstable at (0,0,0) because the sign of eigen values are different.
i) Local stability at £, (*,0,0)

B1 61
[ 1 Tty Tty -I
]( 0 0) —| 0 %_ 0, 0 I , since ]( 0 0) is upper triangular matrix, the eigen values
as
| 0 0 = 03]
are: —1, —2 — 6, and —— — 6,. Now the system to be stable at E, (i, 0,0), the two conditions must satisfy:
1+aq 1+aq a
az
3) 1+a; <0,
b) %<0,

1+aq

If these two conditions holds true then our system is local asymptotically stable at E; ( 0 0)

iii) Local stability at E, (0,0, 0)
Which is the same as i) above?

iv)  Local stability at E; (0,0,22)2
4

02  ax((az—62)-a16; )
2=02"  Bi(az—62)2 '’

V) Local stability at E, (
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[#262-a1 @02-a102°-0,° P16, __ 616, 1
I az (az —62) az az I
az_62-B162
JEy=| bt 0 0 |
0 0 @z B3 (@ —02)—a1 @26, B3-a16,°-6,° + Oras 0 J
o ) B1(az —62)2+a, (az —62)—aq az6; az 3
The characteristic equation can be
@y 0=y ap0y—y 0,20,
22— (ay; + az3)A® + (ay; az3 — a1,0,1)A + a5,0,1033 = 0 Where, a; = 22 ;2 (Zazz_gzl) i, Ay, =
__B1b Qrn = — 616, _ @2 B3(a2 —6z)-y @0,B3-a102°—0,> | Opaz 0
a 13 ap 33 B1(az —62)2+a; (az —62)-ay az6; az 3
thus it is form of a;A3 + a,A% + a; A + a; = 0. Since a; = 1 which is positive by Routh-Hurwitz

criteria, A's negative ifa, > 0,a, > 0,a,a, — a, > 0. Each of these conditions are considered next as
follows:

(@).a, > 0,2 —(ay; + as3) > 0 this can be satisfied if a;; < 0oraz; <0

)ifa;; <0 2 a,0, —a, 4,0, —a,0,° — 0, < 0= a,0,(1 —a,) — 6,%(a; — 1) < 0 thiswill hold if
ay < 1. In terms of original parameters it represents that F < A. This implies that, the benefits of predator
populations from interaction with prey population is less than natural growth rates of prey population in the
absence of predator and scavenger populations.

i) az;; <0 = (a2233(az -1+ (2pa,6, — .810‘22)(93 —0,a3) + a; ay0,(az — 0,)(0; — fra;) +
a2622F1802-F3+a202a3a2— 82+6203a2—F162<0

Therefore, a;; <0 if a, < 1,0; < 0,a5,a3 < 6,,6,6, < 5,0, <0,and a, < 3,6,
c) a,>0= a,,a,,a53 > 0 this is satisfied if, for a;; < 0and a,; >0

6 . .
Clearly, a,, = —ﬁ; 2 this is negative.

2
d) a0, —ay > 0= a;; <0,a4, <0,a33 <0 and ay,a335 — a;,a,; <0 (V)

0, 0.’2((0.’2—92)—0.’192 - - - . - g
Therefore, E, (az—ez’ AT 0) is locally asymptotically stable if conditions satisfied.

vi) Local stability at E<

[(1+x*)2—2a1 x*(1+x*)%-0,z* _ Bix’ _ 61x” ‘|
| (1+x7)? 1+x* 1+x* |
_ ap x*(1+2*)+ P2z (1+x") -0, (1+x*)(1+2%) Bsz*
J(Es) = | 0 (1+x")(1+2%) (1+2%)? |
azz”* " az3z*—20,z" (1+x*)—03(1+x")
l (1+x*)2 ‘83Z 1+4+x* J
The Eigen values of J(E5) are obtained by solving
a1 -1 —ag —a;3
det 0 Ay, —A  —ay,; |=0
) i —asz; —d3; Az — 4
. _ (4x")?—2a, x*(1+x7)* =6, 2" _ Bix” _ 61x” _
Where,a,; = (a2 Qi =T 5 Q3 =5 A2 =
ap x*(1+2*)+ P2z (1+x") -0, (1+x*)(1+2%) - azz”* - ,8 2 Qs = a3z*—=20,z" (1+x*)—603(1+x™)
(1+x7)(1+2%) 7B T (q4xm2 32 T P32 03 T+x*

The characteristic equation becomes
A* = (a1 + ap5)A% + (agy Qg + Q11 Q33 + ApA33 — Qg3 A31)A + Q15093031 + App0y3 A3g — (11852033 =0
Thisis form a; 23 +a, A2+ a; At +a, =0
By Routh-Hurwitz criteria the A's are negative if a, > 0,a, > 0,a, a; — a, > 0. And we considered each of
these conditions as follows:
i) a, >0=>—(ay; +a,, +az)>0o0ra;; +a,+az;; <0
i) Ay > 0= a15a53a31 + Ay013 A3 > 441055033
iii) a;a; —a,>0= —(a;; + azz)(an Az + Q11 033 + Qp,033 - 053 a31) t 11022033 — Q15053031 —
2043 az1 >0 (VV)
Therefore, Es is locally asymptotically stable if conditions (i), (ii ) and (iii) holds true.
vii)  Local stability at E,
Similar to E after solving Jacobian matrix of system (10) at equilibrium point E, (x*, y*, z*), the eigenvalues
are found by solving

a; —1  —ag, —Qy3

det| ay A, — A  —a,; |[=0
—az —a3; Az — A
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(14x*)2%-2a; x*(14x%)% -6, 2" Bix* f1x* a y*
Where; a,;, = Ay =——, Q3 =—"—,0y; = —— a,, =
» Y11 (14x%)2 » 12 14x*’ 13 1+’ 21 (1+29)2 "’ 22
ap x*(1+z*)+P2z*(1+x") -0, (1+x*)(1+2") P azz* o ,3 7" Qan = az3z* =20,z (1+x*)—63(1+x™)
(1+x*)(1+2%) P31 T (14x)2” 732 3% 733 T+x*

The characteristic equation becomes

2 —(ay; + a) % + (ay; Ay + Q14 Q33 + App033 — Qg3 A31)A + 15053031 + Q2053 31 — Q41055033 =0
Thisisform a; A3+ a, A2 +a; A1 +a, =0

By Routh-Hurwitz criteria the A's are negative if a, > 0,a, > 0,a, a; — ay > 0. And we considered each of
these conditions as follows:

i) a, >0>—(a;; +ay, +as3) >0 o0ra; +a,,+as;3<0

i) Ay > 0= a;,053031 +ap,Q13 A31 > A1105,033

iii) a,a; —ay>0=> —(a;; + azz)(an Ay + Q11 Q33 T Ay3033 —Aq3 a31) T Q1102033 — 12053031 —
ay,Q43 Az >0

Therefore, E, is locally asymptotically stable if conditions (i), (ii ) and (iii) holds true.

I11.  Global Stability Analysis of the Equilibrium Points
Theorem: the equilibrium point E,(x*, y*, 0) is globally asymptotically stable.
Proof : Let us consider the following Liapunovs function
V(x,y,z2) =x—x"—x*"In*/,. +y—y*—y*In /y*+§
Now the time derivative of V, along the solution of (8/9) can be written as
V. x—x"dx y—y*dy_l_ dz
dt x dt y dt Cdt

_ . ,81y> L XX
= (x—x)(l—ax—1+x +W -y )(1+x—02)
This is also simplified to

av _ a2 _ =xN-y") _ , G=x)xy-x"yY) PRI ; L
i a(x—x"*— (B —ay) Ry By e which is negative definite when
p1 > a;

Therefore, with these conditions, E,(x*, y*, 0) is globally asymptotically stable.

IV.  Numerical Simulation
4.1 Dynamics of prey and predator populations
If the scavenger population dies out, the remaining model reverts back to the classical prey predator model. The
only difference is functional response included between them.
The model which describes their dynamics are

dx _ _ _ Bixy
i x(1 —a;x) ) (11)

4y _ Gxy
dt  (1+x) 2y
Byusing a; = 0.1,a, = 0.25,5; = 0.3,6, = 0.2 we can plot the above system of equation (11) as follows

prey

predator

scavenger H
T

prey and predator populations
m

o

] 50 100 150 200 250 300 350 400
time

Figurel: Dynamics of prey and predator without scavenger populations

In the initial due to less number of prey species the predator species fails downward and prey species
dominated for a low rate. The prey abundances are not strongly positively correlated then as one prey species
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becomes scarce, the predator can continue to feed and increase its population size. As we observe from the
above figure when the predator population decreases the prey population conversely increased and vice versa.
4.2 Dynamics of predator and scavenger populations

In the absence of prey population the system of differential equation which describes the dynamics between
predator and scavenger populations is given by

dy  Byz

== —fy———————— 12
at (1+z) 2 (12)
dz _ Bsxz ,

a1y 02702

One thing that differentiates this paper from other is the benefits of predator species from scavenger species are
included. Now we see their dynamics without prey species by using
B, =025 B, =06 0,=02 6;=03 andf,=0,1

D12 T T T T T T T T T
prey
\ predator
0.1 X scavenger H
oy Y
= kAl
2 )
= \
2 008 W .
(=] LR
=9 W
- '\I"ml'
= W
@ LY -
z 0.06 NN
3 N
oy %, N,
= NN
@ NN
s 004r WO .
= h :
= N
ay
= e
D.02 g I 4
0 1 1 1 1 ! __—_I_____I_ _—u——_——__l
0 2 4 B g 10 12 14 16 18 20

time
Figure 2:Dynamics of predator and scavenger with out prey

As we observe from the graph without prey population predator as well as scavenger population can
exist only for a few time. The scavenger benefit more from interaction between prey and predator, but here the
only its source is natural death rates of predator. The predator population benefits from the interaction with
scavenger population but not enough for them. In the case of initial both species almost the same and the
scavenger species dominates the predator species. But, after a low rates the predator species dominates the
scavenger species always, even-though their population decreases from time to time. Furthermore after a long
period of time both species almost goes to extinct. From this we conclude that predator and scavenger
populations cannot live without prey population for long time.

4.3 Dynamics of Prey and Scavengers
Similarly, the non-linear differential equation system which shows the dynamics between prey and scavenger
populations without predator population is represented as follows,

dx 01xz
—=x(1—-a;x) ———
dt ( 1%) (1+x)
dz azxz
—=—"=—0,7—0,7°
dt (1+x)

Using parameters, a; = 0.1, a3 = 0.01,6, = 0.1, 6; =0.3 ,and 6, = 0.1 to show dynamics of two
species:
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time
Figure 3:Dynamics of prey and scavenger without predator

4.5. Coexistence of three species
One of the most important question in mathematical biology is concerns the long term survival or coexistence of
all the species in multi-species community.
Baxy _ Oixz
(1+x)  (1+x)

dy _ axxy | Baxy

T w2
dz _ azxz L3xz
ar () | (1+y)
So, to show coexistence of prey, predator and scavenger population we shall use parameters
a, =01, a, =0.25,a; =0.01, p; = 0.3 8, =0.35, B; =0.003,60, =0.04,8, = 0.21,0; = 0.035,0, =
0.1 and initial point (xo,y,,2,) = (15.2, 4.6, 10.4)

d
d—:= x(1—ayx) —

- 932 - 9422

250 T T T T T T T T T
prey
predator
scavenger | /
200

150

100

50

prey, predator and scavenger populations

time
Figure 4: coexistence of three species
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The mechanism that prey, predator and scavenger species coexist is if low predation occurs in an
ecosystem. Furthermore, three species become coexist if large number of prey population computes with less
number of predator and average number of scavenger populations. As their figure shows all three species
increases constantly. Even-though, both predator and scavenger depends on prey species due to large number of
prey species their number rise up constantly. Additionally, the main things that maintain their coexistence is
both predator and scavenger species cannot get all of the prey species. The scavenger species benefits from the
large number prey species as well as from their dead bodies results to increase constantly from time to time. The
predator species also gets enough food from other two and their population flows the prey and scavenger
species.

EQUILBRIUM POINTS

In previous section we solved four equilibrium point analysis. Now for these and left two were determine the
equilibrium points numerically. We start by setting value for parameter o, = 0.1, a, = 0.25,a; = 0.01, §; =
03p,=04, B; =06,6, =0.5,6, =0.2,0;, =0.3,6, = 0.01.

Then the equilibriums become,

i) Trivial equilibrium point(0,0,0)

. 1

iy E = (Zéo,o) _(((1(2,(;,0)9

2 az (a2 —02)—a,1 02

iy B, = (az_gz, Yo ,0) = (4,10,0)

. 8(B-6)+60 6,

v) Ey = ( '(ﬁs—es)(ﬁz—ez)—ezezt’32—92) =021

V) E, = (x%,0,z")

In previous section we made difficulty to solve this equilibrium point analytically. Now easily by numerical
E, = (x*0,z") = (1.9854,0,7.2185)

vi) Positivity of Es = (x*,y*z*) , similar to E, it is difficult to solve analytically, but by using
MATLAB computer program

Es = (x*,y*,z") = (0.0321,1.8874,0,9251)

Equilibrium Existence condition Stability condition
E, Always exist saddle
E, Always exist If g, < —2and §; < —=
1+ay 1+a,
E, If 0, <a,and a,0, < a, —0, if(V) holds
If 0, < By, 05 < B3 and 6,0, < | if (VV)holds
E3 (Bs = 83)(B, — 87)

V.  Result and discussion
p(A)=234+a;A+a, 2 +a; =0 be characteristic equation for matrix defined in (10). Then the following
statements are true.
i) If every roots of the characteristic equation is less than one, then the equilibrium point of the system (9)
is locally asymptotically stable and equilibrium is called sink
i) If at least one of the root has absolute value greater than one, then the equilibrium point of system (9) is
unstable and the equilibrium is called saddle.
iii) If every root of system has absolute value greater than one, then the system is unstable and the
equilibrium is called source.
Using this lemma we check the stability analysis numerically at give equilibrium points;

Local stability of E,

we shall use parameters «; =0.1, a, =0.25,a; =0.01, §; =038, =04, B; =0.06,6, =0.5,6, =
0.2,6; = 0.3,6, = 0.01. and E,(0.2,0.1,0.5) and substituting in the Jacobean matrix (10) this set of parameter
values the Eigen value becomes 1, = 1,1, = —0.2,1; = —0.3. This implies the equilibrium E,(0.2,0.1,0.5) is
unstable. Now by using above parameters we show their graph as follows.
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Figure 5:Time serious plot for unstable equilibrium point E_o

local stability of E,

Local stability of E; we shall use g; = 0.06,8, = 0.25,8; = 0.3 and other as before we get eigen value
A =-1,4, = —0.023,1; = —0.29 and E, (9.7,0.5,0.6). hence with this parameter E; is asymptotically stable
and their graph is shown as
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Figure 6:time serious plot for stable equilibrium point
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Figure 7:Phase portrait at equilibrium point E_1
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Figure 12:Time serious plot for stability equilibrium point E_5

VI.

Conclusion

Our Lotka Volterra predator prey model with a scavenger demonstrates the possible population trends
when a predator, a prey and a scavenger population interact. We have found that the predator and the prey can
coexist in the absence of the scavenger, and the scavenger and the prey can coexist in the absence of the
predator. However, the scavenger and the predator cannot coexist without the prey. Biologically this is
reasonable, because without the prey, the predator will have no food and will die of. The scavenger will then
lose all sources of food and will too die out. We have also found that the three populations can coexist in two
ways: they will oscillate between stable populations over time, or the populations will oscillate until they
saturate and remain constant over time.
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