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Abstract:
By using Krasnoselskiis fixed point theorem in cones to study the existence of periodic solutions for a
higher-dimensional of second order nonlinear functional differential equations of the form

X"(t) + At)X'(t) + B(t)x(t) = AC(t) f (t, x(t), x(t —z(t)),t e R
where
A(t) = diag[a, (t),a,(t),---,a,(t)], B(t)=diag[b,(t),b,(t),---,b, ()], C(t) =diag[c,(t),--,c, (O],
aj,bj,cj :R—R", 7:R—Rare all continuousT -periodic functions, A >0, f :RxR"xR" — R"is

continuous and T -periodic function.
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I.  Introduction
In the past two decades, nonlinear second-order differential equations have developed very rapidly
owing to their many applications in almost all the branches of science. For example, Liu and Ge [1] investigated
the following nonlinear Duffing equation with delay and variable coefficients:

X"(t)+ p)x'(t) + qt)x(t) = Ah(t) f (t, x(t —z(t)) +r(t).
The existence and nonexistence of positive periodic solutions are obtained with suitable conditions imposed
on f by using a fixed point theorem in cones.

However, there are few results on the existence of periodic solutions for higher-dimensional of high order
functional differential equations. Motivated by the works of [1-8], in this paper, we shall use Krasnoselskii’s
fixed point theorem in cones to study the existence of periodic solutions for a higher-dimensional of second
order nonlinear functional differential equations with periodic coefficients

X"(t) + A(t)X'(t) + B(t)x(t) = AC(t) f (¢, x(t), X(t —z(t)),t e R, @)
where
(A1)

A(t) = diag[a, (), a,(t).---,a,(t)], B(t) = diag[b, (), b, (t),---,b, ()], C(t) = diag[c, (t).---,c,(1)]

(A2) a;,b;,c;:R—>R", 7:R—R are all continuous T -periodic functions, and .[OT a,(s)ds >0,
L)Tbj(s)ds>0, j=12,--.n;

(A3) f is a function defined on RxBC xR", satisfying f(t+T,x(t+T),y)= f(t,x(t),y) for all
teR, xeBC,yeR", where BC denotes the Banach space of bounded continuous functions
17:R—R" with the norm ||77||:Sup9eR 22:1‘771 (0‘) where 77 = (17,,77,,---1,)" . In the sequel, we
denote f =(f,, f,,---f)".

Let R=(—00,+00),R, =(0,40),R," ={(X,%,,---X,)" €R":X; >0, j=12,---n}. We say that X

is positive whenever X e R.". For every X={(X,X,,---X )" € R", the norm of X is defined as
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|X0|:Zr;:1

For convenience, we first introduce the related definition and the fixed point theorem applied in the paper.
Definition 1.1 Let X be a Banach space and K be a closed nonempty sunset of X , K isacone if
(1) au+pveK forall uveKandal «,8>0;

(2 u,—ueKimply u=0.
Theorem 1.1 (Krasnoselkii [9]) Let X be a Banach space, and let K < X be a cone in X . Assume that
€,,€Q), are open bounded subsets of X with 0€€),Q3 < Q,, and let
¢ KNE,\Q) —>K
be a completely continuous operator such that either

@ oyl <yl vy eKNa, and gy 2]y]. vy e K Now, i or
@ [lgy|=]y[. vy e KNe, and |gy| <|y|, vy e KNo,.

Then ¢ has afixed point in Kﬂ(sz\Kﬂéﬂl).
In this paper we always assume that
(H1) f;(t,&,7)>0 forall (t,&,7) e RxBC(R,R,")xR.", j=12,---n.

Xj‘. BC(X —Y) denotes the set of bounded continuous function ¢: X —Y .

Il1. Some preparation
Let T be a positive constant. We define two sets

X ={x:C(R,R"),x(t+T)=x(t),t e R}
endow with the usual linear structure as well as the norm
”X” = SUPr Z‘Xi (t)‘ ! |X|o = Z‘Xi (t)"
j=1 j=1
and
K Z{XE X,xj(t)ZJHXJ.H,te[O,T],x:(xl,xz,---xn)T}.

Obviously, X isa Banach space and K isa cone.
Similar to the proof in [1], we can get:
Lemma 2.1. Suppose that (A1, A2) holds and

R, [exp(f; a, (uydu) 1]
Q,T )
t exp(_|'0 a,(u)du) -1

.
Then there exist continuous T -periodic functions P; and ¢; such that ;(t) >0, IO p;(u)du>0,

1 2

b,(s)ds|, Q, :(1+exp( [[a (u)du))2 R,

and
p,(t)+q;(t)=a;(),q;(®) + p;()q;(t) =b,;(t) forall teR,j=12---n.
Therefore
p(t)+q(t) = At),q'(t) + p(t)q(t) = B(t),t eR,
where p = diag[plv Pores pn]’q = diag[ql,qz,---,qn].

Similar to the proof in [3], we can get the following lemmas.
Lemma 2.2. Suppose the conditions of Lemma 2.1 hold and ¢(t) € X . Then the equation

X"(t) + A()X'(t) + B()x(t) = o(t) ©)
has a T -periodic solution. Moreover, the periodic solutions can be expressed by
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X0 =] G(ts)e(s)ds, @

where G(t,s) =diag[G,(t,s),G,(t,s),---,G,(t,9)],
and

[ expl["a,(vdv+ [ p, (v)dv]du + j” expl[" q, (v)dv+ jT p, (v)dv]du
[exp([. p, (u)du) ~1][exp([ g (u)du) 1]

So Eq.(1) hasa T -periodic solution, it can be expressed by

X(t) = LHT G(t,s)AC(s) f (s, x(8), x(s—7(s)))ds, 5)

G,(t,s)=

and by (H1), we have
H 2
G, (t,5)Ac; (s) f; (s, X(s), X(s —7(s))) 20, j =1, 2,---n, (t,s) e R".
Corollary 2.1. Green’s function G(t,S) satisfies the following properties:
G,(tLt+T)=G,(tt), G,(t+T,s+T)=G,(ts),
P expjt q;(v)dv

—G,(t,s) = p,(s)G,(t,s) - - ’
* exp [ a;(v)dv-1

exp [ p.(v)dv
%Gj(t’s):_qj(s)Gj(t,S)'i' T'[‘ : Cj=12,n.
exp[ p;(v)dv-1
0
T ) 1 07 )
Lemma23. Let H; = a(u)du,I; =T exp(?jO Inb, (u)du).1f H;”>4l,, 6)

then

min Tp.(u)du, Tq.(u)du ZE(H.— ,H.2—4|.);:|_,
{J.o J J.o i } 2 i j i i
max{J‘OT pj(u)dU,qu(U)dU}S%(Hj+a/Hj2—4|j)::mj, j=12-,n.

Therefore the function G;(t,s) satisfies

T
Texp(| a,(u)du)
0<Nj::%SGj(t,S)S '!-0 12 ::Mj,SE[t,t'i'T],
(e -1 (e’ -1
G,(t,s) _ N, N,
1>——>—>c=min<—, j=12,---,ny >0,
M; M; j
and we denote
I=min_, I;, m=max_.m;, N=min_ N, M=max_,.,M,.

Now, before presenting our main results, we give the following assumptions.
(H2) f(t, (1), p(t—7z(t))) isa continuous function of t foreach ¢ € BC(R,R.").
(H3) Forany L >0 and &> 0, there exists ¢ >0, such that

{4, €BC,|¢| < L|v|<L|jp-v|<5,0<s<T}

imply | f (s, (s), /(s —2())) — (s, y(S), s ~A I |, <& .

I11. Main Results
Now we define a mapping T : K > K,
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(TX)(t) = LHT G(t,s)AC(s) f (s, (), x(s —z(s))ds.
We denote (TX) = (T, X, T,X,---T.X)".

Lemma3.l. T:K — K is well-defined.
Proof. Foreach X € K, by (H2) we have (Tx)(t) iscontinuousin t and

(MX)(t+T) = I:TZT G(t,$)AC(5) (5, X(5), X(5 - 7(3))ds
= J~tt+T G+T,v+T)AC(V+T)F(V+T,X(v+T),x(Vv+T —z(v+T))dv
- .LHT G(t,v)AC (V) f (v, x(V), X(v —7(V))dv
= (M)().

Thus, Tx e X, since
NJ. SGj(t,s)S Mj,SE[t,t+T].

Hence, for X € K, we have

o< M4 § % 5= (3),F(s X 9rx(s| . o

and

TX)(t) =N, jOT |4¢; () f;(s,X(5), X(s — 7(s))[ds
N e o)1 d
. i ], 1€,(5) (s, x(5), x(s = 7(s))fds

> o,
Therefore, TX € K . This completes the proof.
Lemma3.2. T:K — K iscompletely continuous.

Proof. We first show that T is continuous.
By (H3), forany L >0 and & >0, there existsa 0 >0 such that

{0y <BC <Ly <LJg-p] <5} imoly
f(s,4(5), ¢(s—7(s)) - f (s, (s),w(s—7(s)), <

&
AMTC'

SUPg<s<r
¢
It x,yeK with |X|<L|y|<L|x—y|<5. then
(X)) - (TY)(©)], < LHT G(t,9)[|AC(S) T (5, X(8), X(s —7(5)) = AC(S) T (5, Y(S), (5 ~ 7(8))| s
< IOT |G(t,5)[|AC(8) f (5, X(5), X(s —7(8)) = AC(8) f (5, Y(S), Y(s —7(8))|,ds
£

MATC
forall te[0,T], where |G(t,S)|=maXKjgn

where C = max

1<j<n

<MATC

g

G, (t, S)‘ , this yields ||TX —Ty|| <&, thus T is continuous.

Next we show that T maps any bounded sets in K into relatively compact sets. Now we first prove that
f maps bounded sets into bounded sets. Indeed, let & =1, by (H3), forany x>0, there exists & >0 such

that {X,y € BC,||X| < |y < s[x—y|<5,0<s<T} imply
| £ (5, %(8), X(s—7(8)) - (5, Y(s), y(s —2(s))|, <1.
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Choose a positive integer N such that ﬁ <0.Let XxeBC and define

x(t)k

X<(t) = 2% k~0,1,2---,N.
If ||X||<,u,then
Hx" —x“” =SUp,_q X0k _ x(O)(k 1)) < ||x||i <Ecs
N N | N~ N
Thus,

‘ f(s,X(s), X (s—7(8)) — f (5, X“*(s), X (s — T(S))‘O <1
forall se[0,T], this yields

| (s, x(s), X(s = 2(s))], =| f (5, X" (), X" (s = 2(5))

< ZN:‘ f(s,x(s), X (s—7(5)) — f (5, X*(5), X (s —r(s))‘0 +|(s,0,0), ®)
<N+||f[|=wW

It follows from (7) that
ITX|| = sup,.r zn:\(Tj X)(1)| < Z M;AC jOT | £5(s,X(5), X(s —7(5))|ds < M ACTW.
j=1 j=1

Finally, for t € R, we have

t+T Sj d
T L I ) . (L PRI VRS
epr'0 p;(v)dv-1

j = ]ﬂ 21 et H n
Combine (7), (8), (9) and Corollary 2.1, we obtain

=m0

d t+T d
SZI \ﬂcj (s)fj(s,x(s),x(s—r(s))‘ —,(5)G, (t,5) + PTI p;(v)dv ‘d
- exp[ p,(v)dv-1

<z,1c:(|v| ||Q||+ )j \f(s X(s), X(s —z(s))[ds

<cM[Qf+2ytw,
e -1

where ||Q|| =maX, .,

aj)
Hence {TX xeK, ||X|| < ,u} is a family of uniformly bounded and equicontinuous functions on [0,T]. Bya

theorem of Ascoli-Arzela, the function T is completely continuous.
Theorem 3.1. Suppose that (H1)-(H3), (2) and (6) and that there are positive constants R, and R, with

R, <R, such that

SUP i, ek J-OT| f(s,¢(s).¢(s _T(S))LJ ds:=F, (10)

and
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Mz, ¢er | (5,4(s), #(s —2(s))|, ds = 1)
foreach A satisfy
R R "
MCF, MCP,

Then Eq.(1) has a positive T -periodic solution X with R < ||X|| <R,.
Proof. Let Xe K and ||X|| =R, . By (10) and (12), we have

M), <M f” |AC(s) f (5, X(5), X(5 —7(5))], ds
<AMC| | (s,X(5), X(s ~ 2(5))], ds

MRC1P MC.[ | f(s,x(s), X(s —7(s))|, ds <R,

forall t [0, T]. Thisimplies that ||TX||S||X|| for XeKﬂan,le{Xe X,||X||<R1}.

If xeK and ||X|| =R, . By (11) and (12), we have
(M), =N J'tm |AC(s) f (5, x(s), X(s —7(s))|, ds

t+T
> ANC L | (s, %(s), X(s — 2(s))|, ds
R,
NCP
forall te[0,T]. Thus, ||TX||Z||X|| for XeKﬂ@Qz,sz{Xe X,||X||<R2}.

|f(5 X(8), X(s —7(9))|, ds >R,

By Krasnoselskii’s fixed point theorem, T has a fixed point in K[ ((Tz\Qi) It is easy to say that Eq.(1)

has a positive T -periodic solution X with R < ||X|| <R, . This completes the proof.
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