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ABSTRACT: In this article,we define the modified form of Bernstein type operators based on Beta
function developed by Dhawal.J. Bhatt et al. recently.We have proved these operators uniform
convergence on the basis of Korovkin’s theorem and rate of convergence through modulus of
continuity and asymptotic behaviour is shown as Vorovnoskaja type theorem.
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I.  Preliminaries
Most celebrated Weiersirass approximation theorem is the milestone in the development
of Approximation theory which is currently understood as the given form

Iff:|a.b] =R continuous and for any s >0, 3 an algebraic polynomial p such that

[fix) = p(x)| = s, Wx € [a,b]

Bernstein [1] gave a very sound proof of this theorem and introduced Bern- stein
polynomial of degree » of the function /defined as

m Pl X, (1)
Ef
BR0= %0 1

where PodX)= " X8 - 0" and D=k=n,
K

Lots of generalisation and improvements [2, 3,4, 5,6, 7, 8,9, 10, 117 of (1) are
studied by many researchers.

Recently Dhawal J. Bhatt et al. [12] defined the following Beta-Bernstein operator
B, :
For fe C[0, 1], B,:C[0, 1] — C[0, 1]
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n |
. k:

HBn[f: .T} = E Pn,k{:?jf (E)
=0 '

where PouX) = (n/k)  Blngont Breipond 1) , X € [0, 1], B(8, D) is the Beta

function defined as

N — Blnae ikil2n k nzil) . _ N _
Pax(@) = (§) = ameiin—ns |ﬂ'ﬁ L, 2 e [0,1], 8(a.) is the Beta

function defined as Fin. b)) = '_||’,: A - '.f}b—i dt (LB o= A

Now, we define an operator as substituting £ by & inﬂ[l} st;.-_lt_h]is newly

defined operator

(3
. . o k
) =3 Paato)t (27)

k=0

(0) "QI:“EI:IF:III‘?: k s U &€ [0.1], 3(a,b) is the Beta

function defined as F(a, b) fnl t“_lfl - f]‘;’_] dt (a,b=0)

where 1 .(x)

It is obvious that the introduced operator (3) is a posiiive linear operator,

Auxiliary Results

Lemma 2.1. FI2] Ifa, b = 0 and nand k are nonnegarive integers, we have the
following results !
(i) For 0<k=n, ¥ L Bla+k b+n—k) =1
k Bla,b)
() For 1=k=n, Zn

k=1 g1 flab) a+hb

k=0

.n—lzltj;aﬁk.bwr—kl = _a

Forlsksn Xa A-1E flatkbrn-k) kT _ilakiaten_a nja+n)
k=1 -1 Blab) n

-1 Blatitmprk) ke = (0ol)(n-2){a+2){a+1)e

+ nofa+B+2)(a+b+1a+b)

fiit)

{iv] For |=k=n, Zn

k=1 -1 nz
. )
(v) Forl < ksn, Iy a1 plavkben=k) ks = (n=1)(n-2){n-3)a+3)a+2}a+1)a
' + - =
e ¥ n3 naf et Ao L0 P by badifa + b)
k=1 B(a,b) nata+bt2){a+b+1)arh)

* Fnijatlla + __a
nafa+b+1){a+b)  nsfa+b)
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Mow from the above results, we compute the first four raw moments of the operator Bi in
the following lemma.

Lemma 2.2, [fa b=0andnandkarenonnegative integers, wehavethe following resulis :

(i) Bn(l;x) =1

(i) B’(t—. x) = . toel)
{n+1){n+2)
{'ifi) B- {!‘2 X) = nin-1)nx+1){nx+2) +_nlnx+1)
(n+1)z(n+2)n+3} (n+l)2{n+d)
{iv) B.(i3; X} = n{n-1)(n—2){nx+ 3} e+ 2){nx+1
4] n+1 )3 n+

IR HEEE i+ 1) 4 (thkely+2)

{v) B-(fa; X) = n{n=1){n=2){n=3)nx+4){nx+ 3+ 2)[nx+1
n En+i§iﬂn+5ﬁn+3]in+3ﬁn+2j
<anin— 10 aar i dinndk 1) +7n(n-1){nrd Bar3Xn+2)

mnx+1
' En+.Ijqﬂn+2}|

Proof : (i) Bil:x)=Zn
n k=0

L Blnx+k+1,2nk-nx+1)
Kk Blnx+1,n—nx+1

From (i)of Lemma 2.1, we obtain

Ba(l;x) =1
AL Blax+k+1,2n-k-nx+1) k-

(i) Bt x =
n k=0 #=0 Kkf{nx+1,n—nx+l ntl g
= n In

AT

n+l

L Blnxtk+l 2n-k-nx+1) " K B{nz+ 1 nnx+1

n

= _n Zn k=1 o2 Blrxplebddorhmowtl) * k

From (ii}of Lemma 2, |

nx+1
_h n+

= n+l
r.l(n%—l]
(A+I¥n+2]
= k=0 Hrx+1ln-nx+
- . I
{n+l)2 (n+1)z

{ar)

& Btk 2n-k-me+l) * ke Blnx+1,n=nx+1
= me Znk=1 et plncplmdsdomhmme1) © k

From (iii)of Lemma 2.1
= ol RHO) + oy 1(r+2)
z
vl B'IIEP; X)=Zn s &ﬁn**lf”lr il @

k=0 Kk k=1 nz
= o En o actT Bl dorimont 1) © ke
{n+1)3
From (ivjof Lemma 2,1
a(n 13(n 2){nx+3)(nx+2)(me+1)
_ (n+1)a(n+4)n+3)(n+2)

4 3oln 1)) mR)) + n(ndeti)sin+2)
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) NE Blnx+k+1,2n-k-nx+1) ° ka
(v} Bitx) =& B Alrx+ 1—nx+1 (n+1)4
n k=0 Ek k=1 ni
= 4 . b
i & 12 B{nx Bt dorhmowt 1) * k3

From (v)of Lemma 2.1

an L 200 I+ ne+3)0na+2 ) {ne+1)
_ _ [+ 1)ain+5)n+4)(n+3)n+2)
- Z6n(n ){n 2 Frx+ 3 e+ 2)(nx+ 1)
- = [+ Ban+)(n+3)n+2)

+ 7nfa+1istae 3)mEl) + n(ndetil )4n+2)

Mow we compute the moment estimation of our defind operator B n about
% in the following lemma,

Lemma 2.3. For x €0, 1], p"

operator Bl in about x are as follows

(i) Bo (t-x)"xZ =1

(=10, 1, 2) moments for the defined

(i) B((t- x); x)) = S22
n 1)(n+2
(i) B..(f-xz2.xL = f(?n’TfEn}’Eff?:LEj+.x{2n’-4n’—2nj+{3n"+nj
Proof n [n+1)2(n+2){n+3)
rool

(i) B .(t—x)" x)Z = Ba(];X)

From (1) of Lemma 2.2, we have
Bn.(f—x)" x)Z = Ba(l; x)

From the linearity of BOn and from (i), (ii) of lemma 2.1, we have

B ((f - x), x)) = ool — x

n (n+1){n+2) X 3n 20 (n+1)(n+2)
n 3nx 2x — - -
(AT THn+T) - - -

From the linearg "Bl n from {1}, (1), (1) of lemma 2.1, we obtain
ﬂf.ﬂ-ﬂz;% = g[;:;l(){}ix+{l‘j(}n£+ }+_n{nx+1)

n _IEI.!]z{n+2‘,|{n+3j| T +.If:m'1]'2':”+2}' ?n21+1;1t+2]2

I+ 150+ 17n+6)+x( 20" 407 20+ (377 +n)
_ (ne1)2{n+2)n+3)

From the above similar process,it is obvious that
Ba.(t—x) xZ 20
Ba.(t-x"xE20

DOI: 10.9790/5728-1606021017 www.iosrjournals.org 13 | Page



On The Degree of Approximation by Modified Beta-Bernstein Type Operators

Il. Main Result
Now following theorem refer the unifivm comverzence of Ba for a [unction

f= C[0, 1] with the norm

IFll = sup I (x)]
xa[i0,1]

Theorem 3.1. If f= C|0), 1], x € [(), 1] then
IBaif: x) = foall =0
uniformly as n - =
Proof : From lemma 2.2, we have
Bn(l;x) =1
BL0=" T

B.I'_.fz;xj = ﬂﬂ:@ﬁﬁﬁ%ﬁ% i in Q{Pﬁt‘n]ﬁ 2)

Itis clear that as 0 = =, Ba(t"; %) converges uniformly to x"(m =10, 1, 2),

X = [0, 1] from Korovkin's theorem [13].

I11. Rate of Convergence
The modulus of continuity for F € C[&, b] 1s given by
wid) = w(f,d)= sup If(fy — fx)l, 0=0
g

The rate of convergence of the sequence of operators B n is estimated in the following
theorem in terms of modulus of continuity of first order.

4  Theorem 4.1. If f€ Clo, 1], x € [0, 1] then
|Ba(F: x) = F(x)] < 2o, VBr)
where  8n= Ba .(t—x)" xE

Ll
Proof - We have k=B Puof  _k _ fixnE
g .

IBa(f, x) — fix)| =
n+l _ ¥
lel.uklewr n'il_ X

z . 1 .k Lk ,

EEHP :I wi(6')

s (X) 0 Qe XxIZ '

DR P gl T o)
'52 k=0 tal.}

=]+ | B .(t-x)" xZiw

Mo, 1" we choose
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02 p
& =0n=Ba.(l- X XX
|Baif; x) = fo)l < 2wif, VEn)
Theorem 4.2. If f = Lipc(n, C=0,0=<r=|then
[Baif; x) = flx))| = Cdr(x)
where  8nx) = Ba((t— x)": x)*

Proof: In view of the monotonicity and linearity of Bi, we get

In .k
|B(f; x}{— fix)l = < 0 PrdX).fin+ 1) = x).
R ' n Pr.'.ﬁ{.x.}‘n'l'l X r

R:n Pos(x) ) _k_ 5572 (Pnk(X)1-n2

then we obtain

- n+l — X
k=0
Foom Holder's inequality, we obtain - -
‘E n F:ulrl;xj nf XEZEL"EPE Pq.\{k'} EI_F:'Q
=C 3
k=0 Kk X
L Fox) n+l 2222 k=0
=C
k=0
2 w2
=C.B wt—x) :xEE
= CdniX)

where  On(X) = Bal(t = x); )"

5  Vorovnoskaja type theorem

Now,we givea Farovnoskajaivpeasympioticformuda forour defined oper- ator Hi.
Lemma 5.1, Ifx = [0, 1], then

lim nBa((t—x)xp=1-3x

=

Proof : From ( i} of lemma 2.3 ,we have

n B (1~ X0 X) = 5550 )

S0 W et

lim MBa({t—xi:xi=1-3x
1=
Lemma 5.2. [f x € [0, 1], then

iy B XEX) = X(Tx+2)
=

Proof : From ( 1ii) of lemma 2.3 ,we have

B .({ = X)2; XZ = (70" +150 +17n+6 )+ 20" ~4n'=2n)+(3n"+n)
(mk1)2(n+2)n+3)

n
then we get
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lim  MBa((t = x)%; ) = x(7x + 2)

==

Now,we prove the main theorem,

Theorem 5.1. [f fe C[0, 1] and f., foe C[0, 1] where x [0, 1] then
nBa(fx) = fogy=(1= 3P0 +xC I, B 40
lim 2
fle
Proof : From Taylor’s expansion,we have —
(F X7 T u(x)+ hibit— x)? (4)
fify = fix) + (t=2x0F(x) +

where h(fy = C[{}, 1] is Peano type remainder and lim... hif) = 0

Now

(B (F; )~ f(x)) = nf OB (({—x); )+ nfooB ((Fx07 x+nB hibit—x)"; x)

n n 2 n n
5
from Cauchy-Schwarz inequality, we ggt
Al Y
nBa(h(t)(t = X); X) S Ba(h2(t;x)©  mBa((f~x)4:X) ()

Here m*Ba((t— x)*; X} 15 nonnegative and finite for X = [{), 1] refer to lemma
2.3 and lime. At =0

B is uniformly convergent for f(f) € C[0, 1] so we obiain

lim (FA(Ex) = (X)) = 0

b

From { 6) we have nBath(fit—x) x) =0

and from { 5) of lemma 5.1,5.2
| niBaif; %) = fly=1(1- 30F () + x( Ex+ O LX)
1m ’

2
F=hn
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