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I.  Introduction

Throughout the paper, N denotes the set of all positive integers R the set of all real numbers. The
concept of convergence of sequence of real numbers has been extended to statistical convergence independently
by Fast (1951) and Schoenberg (1959). Gokhan et al. (2012) introduced the concept of point wise statistical
convergence and statistical Cauchy sequence of real-valued function. Balcerzak et al. (2007) studied statistical
convergence and ideal convergence for sequence of functions. Gezer and Karakes (2005) investigated I-
pointwise and uniform convergence and |- Point-wise and uniform convergence of functions of sequence and
then they examined the relation between them. Gokhan et al. (2007) introduced the notion of point-wise and
uniform statistical convergence of double sequences of real-valued function.

Dindar and Altay (2015) and (2016) introduced and studied the concepts of point wise and uniformly
I-convergence of point wise and I"-convergence of double sequences of function and investigated some
properties about them. Furthermore, Dundar (2015) investigated some results of I,-convergence of double
sequence of functions. The concept of 2-normed spaces was initially introduced by Gahler (1963) and (1964) in
the 1960’s. Gurdal and Pehlivan (2009) studied statistical convergence, statistical Cauchy sequence and
investigated some properties of statistical convergence in 2-normed spaces. Sharma and Kumar (2008)
introduced statistical convergence, statistical Cauchy sequence, statistical limit points and statistical cluster
points in probabilistic 2-normed spaces. Savas and Girdal (2016), dealt with I-convergence of sequences of
functions in random 2-normed-spaces and introduced the concepts of ideal uniform convergence and ideal point
wise convergence in topology induced by random 2-normed spaces.

Sarabadan and Talebi (2011) presented various kinds of statistical convergence and I-convergence for
sequences of functions with values in 2-normed spaces and also defined the notion of I-equi-statistically
convergence and study l-equi-statistically convergence of sequences of function. Sahiner et al. (2007) and
Giirdal (2006) studied I-convergence in 2-normed spaces. Giirdal and Acik (2008) investigated I-Cauchy and |-
Cauchy sequence in 2-normed spaces. Brono and Ali (2016) introduced and studied the concept of ,-statistical
convergence in 2n-normed spaces. They also defined A,-statistically convergent double sequences in 2n-normed
linear spaces X.

In this paper, we shall introduce the concept of statistical convergence and statistical Cauchy convergence of
double sequence of functions in 2n-normed spaces and establish some relationship between these two concepts.

1. Definitions, Notations And Preliminaries

Now, we recall the concepts of density, statistical convergence, 2n-normed spaces and some of fundamental
definitions and notations, which would be needed in sequel.

Definition 2.1 (Brono and Ali [2016]) : A double sequence x;, in 2n —normed spaces (X, |[. ... |[2) is said to
be convergent to 1 € X with respect to 2n-norm space if for each € > 0, there exists a positive integer n, such
that || (xj — L), - iz, - ---rZin—l)”Z < eforallj,k = ny and for every z;, zy, ..., Zin_1 € X.

Definition 2.2 (Brono and Ali [2016]): A double sequence (x;) in 2n- normed spaces (X,[|., ...,.[|) is called a
Cauchy sequence with respect to the 2n —normed if for each € > 0, there exists a positive integer n, = ny (&)
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such that ||xj — X5, Ziz, ., Zin—1 || < €foralli, j, r,s,> ng and for every z;, ziy, ...,z € X. If every Cauchy
sequence in X converges to somel € X, then X is said to be complete with respect to the 2n —norm. We shall call
any complete 2n —normed spaces a 2n —Banach Space.

Definition 2.3 (Brono and Ali [2016]): Let n be non-negative integer and X be a real vector space of dimension
d > 2n (d may be infinite). A real valued functionl|. .... || from X2 into R satisfying the following conditions

() X1, -, Xin llp = 0 if and only if x;1, X5, ..., Xjp 1= 1,2, ..., n are linearly independent.

(i) %1, - -0r Xinllp, 1 = 1,2, ..., n is invariant under permutation

(iii) lloxig, Xz, - Xin llp = lallIXi1, Xi2, oo, Xin llp, 1 = 1,2, ...,

(IV) ”X + X_l' Xi2, -+ Xin "D < ”Xv Xi2, -+» Xin ” + “X_l'XiZ! -1 Xin ”D ,i =12,..,n

Let us call this function a 2n-norm on Xand the pair (X, ||, ...,.|lp) a 2n-normed spaced

Definition 2.4 (Brono and Ali [2016]): A double sequence (x]-k)j oy IS said to be point-wise statistically

convergence to f, if for every e > 0

N T
lim ]_k |{(],k) € NXN: ||xjk —x(X), Zi1, Zip, ...,zm_1||}| =0

jk—o0,00

I1l.  Main Results
In this paper, we study the concepts of convergence statically convergence and statistical Cauchy
double sequence of functions and explore some properties and relationship between these concepts in 2n-norm
spaces.
Throughout this paper, we let X and Y be two 2n normed spaces, (fyn)mnen aNd (€mn )mnen b€ two double
sequence of functions and f,g be two functions from X to Y
Definition 3.1: The sequence (f,, Jm nen IS Said to be (pointwise) statistical convergence to f, if for every ¢ > 0,

. 1
lim _l {(m,n) € NXN:, [Ify, (%), Zi1,Ziz, o Zin—1 12 €} | =0
m,n —co MN
for each xe X and each non zero z;q, 7, ..., Zin—1 €Y, it means that for each x € X and each non zero z;,
Zi2, - rZin—1 € Y,
||fm‘n(x) — (%), Zi1, Zi2, ...,zin_1|| < e€a.a.m,n

In this case, we write
St — lim |y, %), Zi1, Zizy s Zin—1ll = e ), Zi1, Zigs ) Zin 4 |l

m,n —ow

REMARK 3.1: (fn )m nen IS any double sequence of functions and f is any function from X to Y, then set
{(m' n) € N x N:”fmn (X) - f(X)! Zi1,Zi2) «+e) Zin—lllze}

For x € X and each non zero z;q, Ziy, ..., Zin_1 € Y,= 0,

Since if z = 0 (OV&Ctor), ||fy (X) — £(X), Zi1, Zigs e » Zin 11l = 0.

So the above set is empty

THEOREM 3.1: If for each x € X and each non zero z;;, Z;y, ..., Zin—1 € Y,

St2 — lim "fmn (X)' Zi1,Zi2) - Zin—l” = "fmn (X), Zi1,Zi2) - Zin—l” and
m,n =
St, —  lim |, (), Zi1, Zigs ooy Zin—a | = 1180, Zi1, Zigs ey Zin |l
m,n =
then ||f,, (X), Zi1, Zig, s Zin—1ll = 11€X), zi1,Ziz, -, Zin—11l, (i.€., f = g), for each x € X and each non zero z;;,

Zi) oy Zin—1 eyY.

Proof: Assume f+g then f-g#0 so there exists a Zi1, Zig, -y Zin—1 €Y
such that f, g and z;1,z;,, ..., Zi,—1 are lineraly independent (such a z;4, Zip, -, Zin—1 €Xistsinced >
2). Therefore for each x € X and each non zero z;q, ziy, .., Zin—1 € Y.

[1f(x) — g(X), Zi1, Zig) -+ » Zin—1ll = 2e withe >0

Now, for eachx € X and each non zero, zj, Z,..,Zin_1 €Y. we get 2€||f(x) — g(X), Zi1, Zi2) ) Zin—1ll =
(f(X) - fmn (X) + (fmn (X) - g(X), )Zi1,Ziz; vy Zin—1 = "fmn (X) - g(X), Zi1,Zi2y ++» Zin—1"+ "fnm (X) - g(X)r
Zi1,Zi2y oo » Zin—1 I + Iy (X) — f(X), Zi1,Zi2, - » Zin—1 1l @nd SO

{(m,n) € N X N:llfrpn (x) — g(x),2i1,2i2, e+0r Zin—1 1< €} S {(m,n) € N X N:||
fmn (X) - f(x)lzil'ZiZI o Zin—1 = 6}
But for each x € X and each nonzero, z;1,2;5, ..., Zin—1 €Y.

6{(m,n) eENXN:||frm () — g(x), 21, Zi2, -, Zin—1 || < €}) = 0, then contradicting the fact that
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St; — mlrilﬁ’loo”fmn (%), Zi1, Zizs s Zin—1ll = 1f (%), Zi1, Ziz) oov ) Zin 1|l
THEOREM 3.2: If (fun)maen i @ convergent double sequence of functions such that f,,, = g, aamn
then (fiun Jm nen is statistically convergent.

Proof: Suppose that for each Xx€ X and each non zero z;1, z;5, ..., Zin_1 €Y,

62 ({(m' Tl) EN X N:fmn (x) * Gmn (.X')}) =0and

mlni”_”fw”gmn (X)s 211, Zizs s Zin—a1 | = If (%), 211, Zizs woes Zin I,
then for every € >0
{(m' Tl)e N X N”"fnm (X) - f(x)vzilizizv ""Zin—lllze} c {(m! Tl) €N X N:

”gmn (x) - f(x); Zi1,Zi2, =1 Zin—-1 "26} U { ( (TI‘L, n) €N XN: fmn (x):,ﬁ Imn (x)}

Therefore,

8 {(m,n) € N X N:llllfyym (1) = f(%), Zi1, Ziz) oovr Zin—1 ||>€}) <

8, {(m,n)€ N X N: ligpn (x) — f(X), Zi1,2i2, ) Zin—1112€ }) +

52 ({(m' Tl) €N X N: fmn (x);é Imn (X)}) """" (1)

Since lim |gmn (X), 21, Ziz) s Zina | = 1f (), 21, Zigy s Zin 1,

for each x € X and each non zero z;4, z;5, ..., Zip—1 €Y.

The set {(m,n € N X N: || gpn (x) — f(x), Zi1, Zi2, ..., Zin—1 |= €} contains finite number of integers and so
6({(m,n) € N X N:ll gy (x) — (%), 211, Ziz, o) Zin—1 12 €} =0

Using inequality (1) we get for every € > 0

52({(111,11) €N XN: ” Imn (X) - f(x)lzil'zizr < Zin—1 "2 E} =0

for each xe X and each non zero z;q, z;5, ..., Zin_1 €Y

Sty — mlrilrﬁw | frn (XD, Zi1, Zizy woes Zin—a I = If (%), 2i1, Ziz) +or s Zin -1 |l

THEOREM 3.3:
Leta € R,if for each x € X and each non zero z;1,Z;y, .., Zin—1 €Y
Sty — Limuy, ool fin (), Zi1s Zigs oo Zin—1 | = 1f (X)) 211, Zi2) s Zi—1 || @N

St; — limm,n—»oo“gmn (), Zi1, Zizy s Zi—1 | = 119 (%), 211, Zizs +ovs Zin 1l
Then
i Sty = limey oo |l frnn GO+ Gnm (%), Zi1, Ziz, ooy Zin 1 | If () + (), 231, Zi2, -+, Zin 4 || @ND
i Sty — limey, posll@fonn (%), Zi1, Zigs s Zina | = laf (%), 21, Ziz) v, Zin 4 l

PROOF (1): Suppose that
StZ - limm,n—)oo”fmn (x),Zil;Ziz; '-"Zin—lll = ”f(x),zil;Ziz, "-tzin—l“l and
StZ - limm,n—mo”gmn (X), Zi1)Zi2) oy Zin—1 ” = ||g(x), Zi1,Zi2y 1 Zin—1 ”
for each x € X and each non zero z;1, Z;y, ..., Zin—1 €Y
Then 6,( K{)= 0and 6§, (K;) = 0 where
Ki= K1 (6,21, Ziz, e Zin—1) * {(m, 1) ENXN:|| fon (1) = £ (%), 201, Zi2, ) Zin -1 |12} and

Ko=K; (€, 21, Zig) o) Zin—1): {(m, 1) € N X N: || g (x) 9(%), 231, Ziz, ) Zin—1 |12 g}

for each x € X and each non zero z;, z;5, ..., Zi,—1 €Y. Let

K= K(E' Zi1,Zi2, ""Zin—l) = {(m, Tl)E N X N: ”(fmn (.X') + Imn (.X') ) - (f(X) + g(X)), Zi1,Zi2) -~ !Zin—lllie}
To prove that

§,(K) =0, it suffices to show that K ¢ K; U K,. Let my,n, € K then, for each x € X and each nonzero
Zi1,Zi2, 1 Zin—1 EY

”(fmono (%) + Gmgn, ) = (f () + g(%), - Zi1, Ziz, ---:Zin—l)”_Z e ————()
Suppose to the contrary, thatmgn, € Ky and mgn, € k.. if myn, €K, and mgn, €K,then, for each x €
X and each non zero z;1, Z;2, <., Zin—1 € Y||fm0no (x) = f(x), 21,22, ...,zin_1|| < %} and ||gm0nu (x) —

gxzil, zi2,...,zin—1<€2}
Then, we get
||fm0n0 (x) + gmono (x) - (f(X) + g(x)' Zi1sZi2y +r ’Zin—1|| =<

€ €
||fm0n0 (x) - f(x)' Zi1, 22, ""Zin—1|| + ”gmono (X) - g(x)'zilﬂZiZ' "':Zin—1” < E + E =€
For each x € X and each non zero z;, 2, ..., Zy—1 € Y which contradicts (2). Hence mgyn, € KU Kjand so
K c Ky UK,

ii. Let « € R (a¢ = 0)and for each x € X and each non zero z;1,2;2, ..., Zin—1 €Y
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Sto— limun ool frnn (X)) Zi1, Zi) v s Zi 1 |l

Then, we get 8,({(m, n)€ N X N: l|fyun (X), Zi1, Ziz, ) Zin—1ll 2 Z3) =0
Therefore, for each x € X and each non zero z;4, z;5, ..., Zim—1 EY, we have
{m,n) € N X N:||afp, (x) — af (x), 21, Ziz, - Zin—1 |l = €}=

{:{tmn) €N x N:|a|llfpm () = F(X), 21, Zizs s Zin—a || = €}
={m,n) €N XN:llfpn (x), Zi1, 22, ) Zin 1l 2 =}

Hence, the right hand side of the above equality equals 0. Therefore, each x € X and each non zero
Zi1,Zi2y > Zin—1 € Y,we have

Sto— limy poooll@fiun (X), 2i1, Zig, s Zin -1l = llaf (%), i1, Ziz, -, Zin 1l

Now, we give the concept of statistical Cauchy double sequence and investigate relationship between statistical
Cauchy double sequence and statistical convergent of double sequence in 2n — normed spaces.

DEFINITION 3.2

The double sequence of (f,,,) is said to be statistically Cauchy if for every
€ > 0 and each non zero z;;,z;5, ..., Z;,—1 € Y, there exists a number

K = K (€, 21, 22, -, Zin—1) SUCh that

52{(771, Tl)E N X N: ”fmn (X) - f}"k (X), Zi1)Zi2) oy Zin—1 ”E 2}=0
Foreachx € X i.e., ||fmn (x) = fir (%), 21, 2;2, ...,Zm_1” <e€ea.a.mn

THEOREM 3.4
Let be statistically Cauchy double sequence of functions in a finite dimensional 2n-normed spaces (X,I.,1,) then,
there exists a convergent double sequence of functions {g,,, }; n>1 (X, I...I) such that f,,,, = g,,,,fora.a. m,n

PROOF:

First note that {f;,, },,.>1 is statistically convergence of functions in (X, l.lo) choose anatural number K(1)
such that the closed ball

Bi =Bu (fix 1y, 1) contains f,,,, (x) a. a.m,nand for each x € X.

Then choose a natural number K(2) such that the closed ball B, = Bu (}j-k (1)(x), 1/2) contains f,,, (x) a. a.
m,n and for each x € X.

NOTE That B2= B! n B, also contains f,,, (x) for a. a m,n and for each x € X. Thus, by continuing of this
process, we can obtain a sequence
{2B""} m,n =1 of nested closed balls such that diam (B]"")<

Therefore,
00, 00
n B ={h(x)}
mn=1,1

1

2mn’

Where h is a function from X to Y. Since each B]'" contain f,,, (x) for a. a. m,n and for each, x € X, we can
choose a sequence of strictly increasing natural numbers {S,,, },, »>1 such that for each x € X

nf—n|{(m,n)€ N X N: fi, (x) € B]'™} |<an ifm,n>3S,,
Put
Ry ={(m,n)€ N X N:m,n 2, S, frn (¥) € B""}x € X, for allm,n>1and R U, |R,,. Now for
each x € X, defined the sequence of function {g,,, }m,n = 1 as follows
_(h(x),if mn€R
Gmn (%) = {fmn (x), otherwise

NOTE: That, limy —wGmn (X) = h(x), for each x € X.
In fact for each € > 0 and for each x € X, choose natural numbers m,n such that € > # > 0. Then, for each
m,n = S,,,and for each x € X, g, (x) =h (x) Or gy (%)= fr (x) B;*™ and so in each case.

I Gmn () = ROl diam (B <1/ 1y
Since, for each x € X,{(m,n) € N X N: gp ()} # frnn ()} S {(m,n) € N X N}:fonr (x)B"} we have
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— [{ 1€ N X N: gy () # frn (00} | <
| {(M,M)€ N X N: gy () # frmn ()} < — and s0

52({(7’)’1, Tl)E N X N: Imn (X) = fmn (X)}) =0
Thus, gmn (X)=fmn (x) for a. a. m,n and for each x € X in (X, ||.|l..). Suppose that {U;,..,U;} is a basis for (X,
I.,I). Since, for each x € X,

lim || Gmn () = R(X) ||l =0 and || gmn (x)- h(x), u;||, for all I< i< d, then we have
m,n—oo,

lim g, (X)—h(x), 2z, zi2.. Zp_q||l0o=0

M0,
For each x € X and each non zero z;,z;5, ..., Z;n_1 €Y
THEOREM 3.5

The double sequence {f,,,, } is statically convergent if and only if and only if {f,,,} is a statistically Cauchy
sequence functions.

PROOF:
Assume that f be function from X to Y and
StZ_mlIr:l’llw”fmn (x)'zil' Zi2y v Zin—1 ” = ” f(X), Zi1)Zi2) o Zin—1 ”

For each x € X and eachnon zeroz,z;, ..., Zi,—1 € Y and € > 0.Then,eachx € Xand each non
Zeroz;qy, iz, -, Zin—1 € Y, We have

| fonn () = F(X), 211, Ziz) o s Zin—1 ]l < g a.a.mn
If K=K(€, 21,2, ,2in—1) 1S choosen so that for each x € Xand each non zeroz;y,zy,...,2;,-1 €
Y | fik ) = f(x), 21, Zizs v s Zin—1 || < %
And so we have
| fom GO = e (0, it Zizs oo Zin—1 || <N . (6) = F (%), 2_i1, 202, ..., z_(in — 1) ||+
£ G = fx (O, 21, 22y s Zina | < 5 +5 = €aamn
Hence , (f,,, ) is statistically Cauchy sequence of functions
Now, assume that {f,,,, } is statistically Cauchy double sequence of functions

By theorem 4 there exist a convergent sequence (g, m ey from X to Y such that f,, = g, for a.a. m,n. By
therorem we

St; — lim (|f,, (), Zi1) Zizs - Zin—1 || = If (%), Zi1, Zig, s Zin—1 ||
m,n—w

For each x € X and each non zero z1,z;5, ..., Zin—1 €Y
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