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. Introduction
1.1 The applications of Lie groups to differential equations

A Lie point symmetry of a differential equation is a Lie point transformation that maps any solution of
the equation into its another solution. On the other, similarity solutions of an equation are the solutions
which are imvariant under the Lie point symmetries. Finding simpler forms of differential equations is called
a reduction. Indeed, the arder of an ordinary differential equation, and the number of independent variables
of a partial differential equation can be reduced by one if they are invariant under one-parameter Lie group
of point symmetries. Similarity solutions of an equation are construed by solving its reduced equations.
Marius Sophus Lie was the first to introduce the relationship between Lie point symmetry groups and tradi-
tional methods for reducing of differential equations, and finding their similarity solutions. Lie’s fundamental
idea led to concept of Lie algebra. He declared that Lie groups can be characterized by their infinitesimal
generators. Also, satisfving infinitesimal symmetry condition is a distinction for the basic elements of a Lie
symmetry algebra. The applications of Lie groups to differential equations were mainly established by Lie,
Emmy Noether, and Elie Cartan.

Fig. 1 Marius Sophus Lie (1842-18949), Elie Cartan {1869-1951), Emmy Noether {1882 -1935)
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1.2 The Zabolotskaya--Khokhlov equation (ZK)
The Zabolotskaya-Khokhlov equation (ZK) in three dimensions, is a nonlinear partial differential equation
in the form

Alt, e,y u) = uge — (ug)® — v, — tyy = 0. (1)

where {, 7 = 0 and —oc < y < +oo. In addition, the value of w = u(t, r, i) is proportional to the deviation of
the media density from the balanced density, while the dimensionless variables ¢, x, ¥ are expressed via the
temporal t and spatial variables r, p as the following (refer to [2])

t— L 12
t= m 1 _:n 1|,-",|"-"E|_C'D:' =@ Y= ;ﬁli} [2}

where cp is the sound velocity in the media,~ is the isentropic exponent, p is the coordinate in the direction
of beam propagation, p is a small parameter, and po is the balanced density. According to [1,9,11], this
equation is derived from the incompressible Navier—Stokes equation. Furthermore, it is used in order to
Jjustify the phenomenon of sound waves propagation in nonlinear medias. In this research, findings about ZK's
Lie reductions and its similarity solutions are presented. Since the ZK equation involves three independent
variables and cne dependent variable, it can be accounted as the total space E ~ B3 with coordinates
t, x, i, u. Therefore, Lie point transformations of the equation are via:

=t+ebilt, z,y,u) + O(=?),
T =z +eba(t,z,yu) + 0O,
7=y +els(t,z, y u) + O(=7), (3)
T=u+epi(t,z,y,u) +D{E2],

where £1, £2, €3, w1 are O™ functions.

A Lie point symmetry of the eq.(1) is a Lie point transformation that maps any solution of the equation into
its another solution. Hence, it is a transformation as (3), of E into itself On the other hand, generators of
a symmetry algebra related to the ZK equation, can be regarded as infinitesimals of the transformation (3],
namely,

v= &8 + Eaddy + E3dy + o1dy.
[ £1,&3, 3,1 are O™ functions of t,z,y,u) (4)
In 2008, N.1.C. Ndogmo completed the work in [3,4,6.12], in the line of further introduction of the ZK's

symmetry properties. Thereupon, he presented the general form of basic elements of the ZK's symmetry
algebras as (refer to [7]):

v = 2odr + yiy + 2udy,
vg = gir — g'Ou,
vh = Syh'd; + hd, — Lyh"d,, (5)
vy = foe+ 22z f + 7 )8 + 2yfoy + LH—duf — 2z f" — )8,
where f, g, h are arbitrary "™ functions on the time variable t, defined on some open subset of B. In this

article, applying a symmetry method discovers a symmetry algebra for the ZK equation. The infinitesimal
symmetries are linear combinations vy + vy, + vy corresponded to choices of the functionsf, g, h as:

g=—4.h=—t,f=0,
g=—-th=-1,f=0,
g=LA=0,f=1,
g=0h=0f=1.
Obtaining the reductions of the equation by the one and two-dimensional optimal systems of subalgebras and

repeating the symmetry method for the reduced equations lead us to some ordinary differential equations.
Then, solving the ODEs gives several similarity solutions of the ZK equation.
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I1. Main discussions
2.1 The symmetry algebra

Considering infinitesimal generators of ZK’s symmetry algebra as (4), with constraint £ + ¢ = 0, and
implementing the Maple commands result the following linearly independent vector fields

vl = — &y + 15)8z — t3y + tih,

vz = —tdz — By + Ou, (6)
vy = &y,
ity = I".'n‘t.

Such that their second prolongations are according to

prifuy = — Ly + 128, — t, + tdy + (1 + tug +uy )y, + Judy, +
(ur + 2tuer + 2u4y )0u,, + (Ptzr + tey by, + I{%ug, + tttey +
Uyy ), + StircBu_, + tzyu,,,
jl.'.l'!l"{z}'tf: = —tidy — fy + du + Uz, + 2utetu,, + Uzxdu,, + Uzyih,,,
pr{zjl's = 8z,
pritly, = 8,
Therefore, pr'iz:'v.-[/_‘.] la=p = 00 (i = 1,2,3,4). Thus g = (?.?1,1‘3,1,'3,1'4:} is a symmetry algebra for the ZK
equation.
T!;fnre:m 1 A one-dimensional optimal system of the symmetry subalgebras of the ZK equation is compliant
i
{lvs), (w1 + eswa), {vo+ csws), (w4 csus), {eivn 4+ czvz 4 uvs),
{c1v1 +vs + cava), (cove+us+ cava), {c1v1 + czvz + v+ cava)l}, (7)

where 1, €3, €3, €4 are nonzero constants.

Proof The center of g is {va). Therefore, a one-dimensional optimal system of subalgebras of the ZK eq.(1)
must be as l:ﬂ;} (refer to [5]), such in relations (7).

g
If {{} be a member of the one-dimensional optimal system, providing that [/ with together an appropriate

V= E:=1 cktk (ck € B) create a Lie algebra, results that {L’, V) is an element of a 2-dimensional optimal
system of the symmetry subalgebras. In fact, the next theorem can be declared:

Theorem 2 A two-dimensional optimal system of the symmetry subalgebras of the ZK equation is compliant
with

{{vs, 101 + cava + eava}}, (8)
where £1, ¢z, cg are arbitrary constants.

More owver, taking into account the producers of the 2-dimensional optimal system member, namely, 11 =
v + v + wy and V; = vy, providing that these vectors with a suitable IV = Ei=1 agty; (ag € R) create a
Lie algebra, concludes that {V, 1r’1_.‘[-"3:) is an element of a 3-dimensional optimal system. As a result, for the
optimal systems of subalgebras, the following table is produced:
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Table 1 The optimal systems of subalgebras, and related ordinary invariants

| dimension || optimal system element | ordinary invariants |
1 T} oy, u
1 |:1|1+t':;} t,—I—%+%%+étp,y+u
1 Tos o3 TR T
1 fvs + 14} T—t,yu
— T
1 {v1 + va + va) t,—z4 dy(l+)+ 225 44w
1 f + vy + guab g+ttt -2+ Hy+ T+, T 4u
1 Tog + vy + vgb %t‘*—t+r,t+y,u—t
1 {m +1'2+i1'3+%1,‘4} t“+Et+y,—§t+t{t‘+2t+y]+z,
—t? 2t tu
2 g 4+ vg 4wy, ) gt fity, —gt-—ttu
3 [y + vy, vz, v5) Uty

2.2 Reductions and similarity solutions of the ZK equation

TTsing of the table 1 obtains the reduction formulas as follows (refer to [8]):

i} The reduction by {vz} is done by the formula

w(t, . y) = sfw,z), t=w, y=sz, ()
and the reduced equation is
A s = {10)
Solving the (10} acquires a similarity solution of the ZK eq.(1) as
s = Fi{whz + Falw), {11)
where Fy, Fu are arbitrary ™ functions.
ii} The reduction by {v1 + wa’ is done by the formula
1% 1
u(t, @, y) = s(w,z) —p, t=w, 2= —z— L 4 ¥ o oy, (12)
and the reduced equation is
Ag s (dw?s + (w? — 23 s + duws,. + 4w®s? 4+ 2ws. =00 (13)
Eq.{13) has a syvmmetry algebra with generators wy = —wd,, — %w
Wz + s0s, w2 = Oz, w3z = wdw + -};w:‘:}z. and a one-dimensional optimal system of sub-algebras
fend o +wa) uwn +wald.
— The reduction by {w1) is done by the formula
_ uif) — 1 5 1
s{w, =) — = I+ =Y o T {14)
and the reduced equation is
Az Zugpu — wp + 2uF = 0. {15)
Solving the (15) acqguires a similarity solution of the ZK eq.(1) as
v =y (Lambertﬂr' (CL-E %{f+c’}) + E) . (16
1
— The reduction by {wl -+ .:.Jg::l i= done by the formula
y 1 1
.-i{Lu,zJ—%.z—f+ﬁwﬂ—1n{w}—ﬁ—w, (17)
and the reduced equation is
Azz o 2{v + Lugy — vy + 2uF = 0. (18)
Solving the (18) acquires a similarity solution of the ZK eq.(1) as
¥ = 1 (Laﬁu‘.ver'tﬁr’ (Cie&(;“q_c’}*_l}_l)) + e — 1. (19)
1
— The reduction by {wl -+ r..,'s'} iz done by the formula
s{w, =) = w{fHF— 122 —122F —12), w = f, (20
and the reduced equation is
Ag g 12wy — 144 F%0% + 19 %0 = 0. (21)
Solving the (21) acquires a similarity solution of the ZK eq.(1) as
y = —.,-—1 (22)
¥ | R P (22
iii) The reduction by {'vz —+ L!;} is done by the formula
a a
wit, @, y) = s(w,2) — — 2, t=w, y=z+_> (23)
and the reduced equation is
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Ag i (w— 1)sws + (s + (w— 1%z + 55 + 5. = 0. (24)

Eq.(24) has a symmetry algebra with generators a1 = (gw — 3) fw + 28 + 58, 0z = (Jw— 3) Ju +
{éwz —w+ l] 0z, a3 = iz, and a one-dimensional optimal system of sub-algebras l':r:n —az + %as:},{ag}

!'::‘13}'

— The reduction by {al — oz + %aa} is done by the formula
s(w,z) = w(f)(f* —2f +1-22), w=f, (25)
and the reduced equation is
Azp (11— flup+26® —v =0 (26)

Solving the (26) acquires a similarity solution of the ZE eq.(1) as
1

= 27
R — (27)
— The reduction by {2} is done by the formula
1
s(w.z) = v(f), z = (—f+§{w—1)2+lnf_w— 1)). (28)
and the reduced eguation is
Agz (v — e +oF—vp =00 (29)

Solving the (29) acquires a similarity solution of the ZK eq.(1) as

c1e =1

1
e%1
v=rc (Lamﬁeﬂw (_W) + 1) +1. {30)

— The reduction by {aa} is done by the formula

s(w, z) =v(f), w=f, (31)

and the reduced equation is trivial.
iv) The reduction by {va + va} is done by the formula

ult,z,y) = slw,z), ft=zr—w, y=az, {32)
and the reduced eguation is
Ag {5+ 1)sww + 55 + 522 = 0. {33)
Eq.(33) has a symmetry algebra with generators §; = wd, + %zﬂ, + {1+ s}, Gz =0, 3 =y, and a
one-dimensional optimal system of sub-algebras {_.'31 — =2+ %_Hs:},(ﬁz:} .{_.'3'5}.
— The reduction by {1 — Sz + 51} is done by the formula
sluz) =v(fl{l+2w)—1, z= fyT+ 2w +2, (34)
and the reduced equation is
2 2 2 2
Aga (o4 Nugp —Sfvey + fof + 40" =0 (35)

Solving the (353) acquires a very huge abnormal similarity solution of the ZK eq.(1).
— The reduction by {F;} is done by the formula

slw,z) = v(f), w=f, (36)
and the reduced equation is
Aaz:(v+ v +vf =0 (37)
Solving the (37) acquires a similarity solution of the ZK eq.{1) as

v=—yerf Tez—1. (38)
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— The reduction by {83) is done by the formula
s(w,z) =v(f), 2= 1, (39)
and the reduced equation is
Agaiwpp =10 40y
Solving the (40} acquires a similarity solution of the ZK eq.(1) as
v=ge1f + ca. (41)

v) the reduction by {v; + vz + v3) is done by the formula

ult,z, ) = s{w, 2] —y, t=w, (42}
e =2+ jy(l+u) + ],
and the reduced equation is
As (2w + 1% — (w® 4 2w — 2)%)s2z + 2(w + 1)5w: + (43)

2w+ 1152 + 52 = 0.

Eq.(43) has a symmetry algebra with generators
= [z— % {%w"' +wd — ng - Ew} +Ellnl:w+1}} 3; + sy, 3 = J;, and a one- dimensional optimal
system of sub-algebras {71}, l:‘_.-l}.
— The reduction by {y1} is done by the formula
s(w, z) = v(f) (162 — f* —4f* +6/% + (44)
20f +144In(f + 13}, w=f,

and the reduced equation is

Ag 1 16(f + Ljog + 256(f + 1)v* + Bv = 0. (45)
Solving the (45) acquires a similarity solution of the ZK eq.(1) as
V= L (46}
32(f+ 1l +ayFFI
— The reduction by {qrz} is done by the formula
slw,z) =v(f), w=f, (47)

and the reduced equation is trivial.
vi) The reduction by {vz2 + va + va) is done by the formula

u(t,z,y) = s(w, z) +1, .r:w-{-t—%ig, y=z—1, (48)
and the reduced equation is
Ag Sz — S22 — (84 1) 8w — 52 = 0. (49)

Eq.(49) has a symmetry algebra with generators Ay = (z + 4w)dy, + 228, + (ds +3)8,, Az = 9;, Az = Iy,
and a one-dimensional optimal system of sub-algebras {}Ll}, {Aa). {}Lg + Aa).
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— The reduction by {)«1} is done by the formula

slw, z) = —fz2wif) — ; w=fz* — % {50)

and the reduced equation is
Agx (4% — FPodvpe + (6F° — 4fv) — fPof —v® =0 {51)

Solving the (51) acquires a very huge abnormal similarity solution of the ZK eq.(1).
— The reduction by {Az% is done by the formula

s(w, z) = v(f), w=f, {52)
and the reduced equation is
Asz (v + Lugp +vf =0 (53)

Solving the (53) acquires a similarity solution of the ZK eq.(1) as

v=—yef+ez—1 {54)
— The reduction by {As% is done by the formula
slw,z) = v(f), w= =z, {55)

and the reduced equation is done by the formula
Agaivgr =00 {56)
Solving the (56) acquires a similarity solution of the ZK eq.(1) as
v =1 f +ca. {57)
vii}) The reduction by {v1 + va + ;m} is done by the formula
wlt,z,y) = s{w, 2) + 12, r =243t —tw, y=1w— 1, {58)

and the reduced equation is

A7 (s — w4 382z + Sww + 52 =L (59)

Eq.(59) has a symmetry algebra with generators k1 = du + =, k2 = (3w — 3) fu
+ z8: + (s — fw) s, k3 = Jz, and a one-dimensional optimal system of sub-algebras {x1%, {xz2}. (Kra}.
— The reduction by {x1} is done by the formula

s{fu,z) =w(f)+w, z=f, (60)
and the reduced equation is

Az v+ 3vge +vF =0 {B1)
Solving the (61) acquires a similarity solution of the ZK eq.{1) as

v=—y'er f + o2 — 3 (62)
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— The reduction by {xz} is done by the formula
s(w, z) = v{f){w? — 12w+ 36) + w— 3, z = flw—6)%, (63)

and the reduced equation is
2z, 1 2 .
L‘.-;_yii(f +4—tl)trf_;+1l_,r—2ftl_|r+hlmﬂ. (64)

Solving the (G4) acquires a very huge abnormal similarity solution of the ZK eq.(1).
— The reduction by {xz} is done by the formula

w= f,s{w,z) = v{f), (63)
and the reduced equation is done by the fornula
Aratwpp =10 (66)
Solving the (66) acquires a similarity solution of the ZK eq.(1) as
v =af + . 16T)
viii) The reduction by {u1 + vz + %-'r_la + %m} is done by the formula
u(t,z,y) = s{w, 2z} + 2+ 2t, © =z + 3t — tw, (G&)
y=w— £ — 2,

and the reduced equation is

As %[23—‘2&-‘1—1]3“—Esw;—i—swmi—sgmﬂ. (69)

Eq.(69) has a symmetry algebra with generators {1 = w+8s, 2 = w+1)du+(z + w) d+(s — Fw) s,
{3 = 8z, and a one-dimensional optimal system of sub-algebras (1), (2}, {Ga).
— The reduction by {{1} is done by the formula

s(w.z) =v(f) +w, 2=, (70)
and the reduced equation is
As %{‘Ev + Lugp +vF = 0. (71)
Solving the (71) acquires a similarity solution of the ZK eq.(1) as
v=—svVafta-g. (72)

— The reduction by {¢z} is done by the formula
s{w,z}ﬁv{f}{wz+2w+lj+w+%, (73)
r=flu*+2w+1)—w— g,
and the reduced equation is
Asz (tr+4f2)1l_f_r — 2fup + v} + 20 =0, (74)

Solving the {74) acquires a very huge abnormal similarity solution of the ZK eq.(1).
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— The reduction by {1‘,’3} is done by the formula
slw, z) = v f), w=f, {75)
and the reduced equation is
Aggivpp =0 {76)
Solving the (76) acquires a similarity solution of the ZK eq.(1) as
v=aeaf+ecz {77
IX) The reduction by {11 + v2 + va,vs) is done by the fornmla
w(t, z,y) = s(w) + (%33+f)1 ¥=1iw— %tz—f, {T8)
and the reduced equation is
Ag : Sww = ()
Solving the (T9) acquires a similarity solution of the ZK eq.(1) as

V= i+ g, {80

2.3 Symmetry group action

Recall that for every w = (£, z, %, u) belonging to the total Euclidean space E =~ BRIt 0 e g and = € [k, the
local fow explzw; ) (w); (i =1,2,3,4) is defined by

. > d
e explev J(w) = 05 |explev,)(w), EXplev){w) [e=o = w, (where & = d_r’]'
Thus, the behaviors of one- parameter transformations expl{sw) @ E — E, namely,

exp(ewg) ¢ {i,.r,y,u}v—}{i_,.f,g?, )y ((i=1,2,3.4), =eR), {81)

lead to the actions of one-parameter subgroups of &, as the following table:

Table 2 The one-parameter subgroups actions

i T v u |
T, I . T
explevt) [4 EE it— EE: 4+ — asy —et+ st 4 u
explevz) [3 —et+ v—c w+e
expleva) [; T4E v u
explevd) t4 = T u u

On the other, the action of & on E is produced by combination of the one-parameter subgroups actions.
Therefore, the use of the above table deduces:

Theorem 3 Ifu= Fit,r y) is o solution of the ZK equation, then so are
u= F(t, éfgt — %Etz +x — é-fj‘,f, —et + y) + £t, (82
u=Ft,—st+z,y—c)+e u=Fit,x+e,y), u=Flt+ez,u),

where £ is an arbifrary parameter.
Hence, calculating exp[:‘[Z:=1 et b (e £ B results that:
Corollary 1 Ifu = Fit, x,y) is a solution of the ZK equation, then so is

u = F(t + e16, 7 + (c2 + eat + eat® + csy)e + (s + ort)e® + (83)

0553,3.! + (o7 + cat)s + cmsgj + (11 + c12t)s — rs-,-.-_-'z},

where £, 053 (1= 1,2,---,12) are arbitrary numbers.
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Conclusion

In this research, a symmetry algebra for the three-dimensional Zabolotskaya—Khokhlov equation (ZK) has
been determined. Then some new attainments about ZK's reductions and its similarity solutions have been
obtained as the table 3. The solutions of this famous nonlinear equation may be applied to clarifying the
propagation of a bounded two-dimensional acoustic beam in nonlinear medias.

Table 3 Reductions and Similarity solutions by one-dimensional optimal systems

| Reductions by... | Reduced equations | Similarity solutions
U3 Ay s = Fylwhz + Fplw)
w1+ 13 Az, 1
Az, v=ey (Lambe-rtw %ezﬁ”“ﬂ + 1) .
Ay g, =y (Lﬂmb«:f‘tw (%E%['{f”+czﬁ+ij—1)) bep—1,
Jas Y= ST
vy + g Ay,
Fat o= i .
Az g v=u (Lambcrtw (_ji”ﬁ) + 1) +1
cpe BL
ug + ug Ay,
Ay 1,
Asz v=-—yafFa-1
vl 4+ vz -+ vx Ax, )
s 1 5 SN i
vo 4 g 4 Uy Fir
4.1,
Ag a2, w=—yfe  f +ez—1,
Agx w=uqc1f+ ez
v 4 ug 4 gug Az,
ar, v=—yEf Fez -3,
Fat
Ar g v=g f+ecg
vy 4 w2+ Fra 4+ Fug s,
Ay, v=-tyarTe -1
As oz,
Ag 3 v=of+cg

References

[1]. N.S. Bakhvalov, Y.M. Zhileikin, E. A. Zabolotskaya, Nonlinear theory of sound beams, Am. Inst. Phys, NewYork, 1987.

[2]. A.V.Bocharov, A. M.Verbovetsky, Symmetriesand Conservation Lawsfor Differential Equations of MathematicalPhysics,Author
address: DiffeoUtopia.

[3]. A.R.Chowdhury, M. Nasker, Towards the conservation laws and Lie symmetries for the Khokhlov-Zabolotskaya equation in three
dimensions, J.Phys. A: Math. Gen. 19: 1775--1782, 1986.

[4]. P.A. Clarkson, M.D Kruskal, New similarity reductions of the boussinesq equation, J. Math. Phys. 30: 2201--2213. 1989.

[5]- Y.N. Grigoriev, .N.H. Ibragimov, .V.F. Kovalev, S.V. Meleshko, Symmetries ofIntegro-DifferentialEquations, Springer, Dordrecht,
2010.

[6]. W.Herman, W.H. Steeb, N.Euler, Towards the conservation laws and Lie symmetries for the Khokhlov-Zaholotskaya equation in three
dimensions, J. Phys.A: Math. Gen. 25: 2417--2418, 1992.

[7]. J.C. Ndogmo, Symmetry properties of a nonlinear acoustics model, Nonlinear Dyn. 55: 151-167, 2009.

[8]. P.J. Olver, Applications of Lie groups to differential equations, Springer, NewYork, 1986.

[9]. A.P. Sarvazyan, O.V. Rudenko, S.D. Swanson, J.B. Fowlkes, S.Y. Emelianov, Shear wave elasticity imaging, A new ultrasonic
technology ofmedical diagnostics, Ultrasound Med. Biol. 24 : 1419--1435, 1999.

[10]. F.Schwarz, Symmetries of the Khokhlov-Zabolotskaya equation, J. Phys. A: Math. Gen. 20: 1613--1614, 1987.

[11]. E.A.Zabolotskaya , R.V. Khokhlov, Quasi plane waves in the nonlinear acoustics of confined beams,Sov. Phys. Acoust. 15: 35--40,
1969.

[12]. J.F. Zhang, Y.J. Zhu, J. Lin, Similarity reductions of the Khokhlov-Zabolotskaya equation,Commun. Theor.Phys. 24: 69-74, 1995.

Leila HamediMobarra"On similarity solutions of the Zabolotskaya--Khokhlov acoustics model” IOSR
Journal of Mathematics (IOSR-JM) 14.5 (2018): 13-22.

DOI: 10.9790/5728-1405021322 www.iosrjournals.org 22 | Page



