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Abstract:The binary quadratic equation represented by the positive Pellian 45y
22
 x isanalyzed for its 

distinct integer solutions. A few interesting relations among the solutions are given. Further, employing the 

solutions of the above hyperbola, we have obtained solutions of other choices of hyperbola, parabolas and 

special Pythagorean triangle. 
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I. Introduction 
The binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1, where 𝐷 is non-squarePositive integer has 

been studied by various mathematicians for its non-trivial integral solutions when 𝐷 takes different integral 

values [1-4]. For an extensive review of various problems, one may refer [5-20]. In this communication, yet 

another interesting hyperbola given by 𝑦2 = 5𝑥2 + 4considered and infinitely many integer solutions are 

obtained. A few interesting properties among the solutions are presented.  

 

II. Method Of Analysis 
Consider the binary quadratic equation 

𝑦2 = 5𝑥2 + 4(1) 

whose smallest positive integer solution is𝑥0 = 1, 𝑦0 = 3 

To obtain the other solutions of (1), consider the pell equation 𝑦2 = 5𝑥2 + 1whosesolution is given by 

𝑥 𝑛 =
1

2 5
𝑔𝑛 ,   𝑦 𝑛 =

1

2
𝑓𝑛  

where, 

𝑓𝑛 =  9 + 4 5 
𝑛+1

+  9 − 4 5 
𝑛+1

, 

𝑔𝑛 =  9 + 4 5 
𝑛+1

−  9 − 4 5 
𝑛+1

, 𝑛 = 0,1,2 … 

Applying Brahamagupta lemma between (𝑥0 , 𝑦0)and 𝑥 𝑛 , 𝑦 𝑛 , the other integer solutions of (1) are given by 

𝑥𝑛+1 =
1

2
𝑓𝑛 +

3

2 5
𝑔𝑛 , 

𝑦𝑛+1 =
3

2
𝑓𝑛 +

 5

2
𝑔𝑛  

The recurrence relations satisfied by the solutions 𝑥 and 𝑦 are given by 

𝑥𝑛+1 − 18𝑥𝑛+2 + 𝑥𝑛+3 = 0 

𝑦𝑛+1 − 18𝑦𝑛+2 + 𝑦𝑛+3 = 0 

Some numerical examples of 𝑥 𝑎𝑛𝑑 𝑦 satisfying (1) are given in Table(1) below 

 

Table1: Examples 

n 
n

x  n
y  

0 1 3 

1 21 47 

2 377 843 

3 6765 15127 

4 121393 271443 
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From the above table, we observe some interesting relations among the solutions which are presented below 

(1) 𝑥𝑛and𝑦𝑛are always odd 

 

(2) Each of the following expressions is a nasty number 

 
4

481419
22n32n



 xx

 

 
24

2888433
22n42n



 xx

 

 
3

361053
22n32n

y 


 x
 

 
161

193256559
22n42n

y 


 x
 

 
4

48252141
32n42n

9 


 xx
 

 
3

36574
32n22n

y 


 x
 

 12315141 32n32ny   x  

 
3

36188574
32n42n

y 


x
 

 
161

1932155292
42n22n

y 


x
 

 1235281 42n32ny   x  

 1256552529 42n42ny   x  

 
4

48336
32n22n

yy 
  

 
24

288773
42n22n

yy 
  

 
4

108631311
42n32n

yy 
  

 

(3) Each of the following expression is a cubical integer 

    1n2n33n43n 4733473    xxxx  

    1n3n33n53n 843322086843320736   xxxx  

    1n2n33n43n 10537291053324 yy   xx  

    1n3n33n53n 1885331105218853103684 yy   xx  

    2n3n43n53n 84347384347   xxxx  

    2n1n43n33n 574729574324 yy   xx  

    2n2n43n43n 1057412105744 yy    xx  

    2n3n43n53n 188574729188574324 yy   xx  

    3n1n53n33n 58433110525843103684 yy   xx  

    3n2n53n43n 105438729105438324 yy   xx  

    3n3n53n53n 18858431218858434 yy   xx  

    2n1n43n33n yyyy 12312    

    3n1n53n33n yyyy 7736220877320736    

    3n2n53n43n yyyy 21773321773    

 

(4) Relation among the solution 

 
1n2n3n 18   xxx  

 
1n2n1n 94 y   xx  

 
1n2n2n 94 y   xx  
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 
1n2n3n 91614 y   xx  

 
1n3n1n 16127 y   xx  

 
1n3n2ny8   xx  

 
1n3n3n 16127 y   xx  

 
1n2n1n 209 yy   x  

 
1n2n3n 201619 yy   x  

 
1n3n1n 360611 yy   x  

 
2n3n1n 16194 y   xx  

 
2n3n2n 94 y   xx  

 
2n3n3n 94 y   xx  

 
1n2n2n yy 209   x  

 
2n1n3n 40yy   x  

 
2n2n3n 20y9y   x  

 
1n3n2n yy 920611   x  

 
1n3n3n y360611 y   x  

 
3n2n3n 20y9y   x  

 
1n2n3n yyy 18    

 

Remarkable Observations 

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of hyperbolas which are presented in Table2 below. 

 

Table 2: Hyperbolas 
S. No. (X,Y) Hyperbola 

1  1221 47321   nnnn xx, xx   𝑌2 − 5𝑋2 = 256 

2  1n3n3n1n 8433 377  ,   xxx x  𝑌2 − 5𝑋2 = 82944 

3  1n2n2n1n 105y3 y47  ,   xx  𝑌2 − 5𝑋2 = 1296 

4  1n3n3n1n 18853 y843 y ,   xx  𝑌2 − 5𝑋2 = 414736 

5  2n3n3n2n 84374  21377 ,   xxxx  𝑌2 − 5𝑋2 = 256 

6  2n1n1n2n 574 21 y ,y3   xx  𝑌2 − 5𝑋2 = 1296 

7  2n2n2n2n 10574 2147 y ,y   xx  𝑌2 − 5𝑋2 = 16 

8  2n3n3n2n 188574 21843 y ,y   xx  𝑌2 − 5𝑋2 = 1296 

9  3n1n1n3n 543y8 3773  ,y   xx  𝑌2 − 5𝑋2 = 414736 

10  3n2n2n3n 105438 37747 y ,y   xx  𝑌2 − 5𝑋2 = 1296 

11  3n3n3n3n 1885438  377843 y,y   xx  𝑌2 − 5𝑋2 = 16 

12  2n1n1n2n y1y2 y473  ,y    5𝑌2 − 𝑋2 = 1280 

13  3n1n1n3n y773 8433 y ,yy    5𝑌2 − 𝑋2 = 414720 

14  3n2n2n3n yy ,yy 21773 84374    5𝑌2 − 𝑋2 = 1280 

 

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices 

of parabolas which are presented in the Table 3 below. 

 

Table 3: Parabolas 
S. No. (X,Y) Parabolas 

1  16473 21 22n32n2n1n  ,   xxxx  5𝑋2 = 8𝑌 − 256 

2  2888433 377 22n42n3n1n  ,    xxxx  5𝑋2 = 144𝑌 − 82944 

3  361053 47 22n32n2n1n y ,y    xx  5𝑋2 = 18𝑌 − 1296 

4  6441885y3 y843 22n42n3n1n  ,    xx  5𝑋2 = 322𝑌 − 414736 

5  1684374 21377 32n42n3n2n  ,   xxxx  5𝑋2 = 8𝑌 − 256 
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6  36574 213 32n22n1n2n y ,y   xx  5𝑋2 = 18𝑌 − 1296 

7  410574 247 32n32n2n2n y ,y1   xx  5𝑋2 = 2𝑌 − 16 

8  36188574 21843 32n42n3n2n y ,y   xx  5𝑋2 = 18𝑌 − 1296 

9  6445438 3773 42n22n1n3n y ,y    xx  5𝑋2 = 322𝑌 − 414736 

10  36105438 37747 42n32n2n3n y ,y   xx  5𝑋2 = 18𝑌 − 1296 

11  41885438 377843 42n42n3n3n y ,y   xx  5𝑋2 = 2𝑌 − 16 

12  1612 473 32n22n1n2n yy ,yy     𝑋2 = 40𝑌 − 1280 

13  288773 8433 42n22n1n3n yy ,yy  
 𝑋2 = 720𝑌 − 414720 

14  16y21773 84374 42n32n2n3n y ,yy  
 𝑋2 = 40𝑌 − 1280 

 

Consider𝑝 = 𝑥 + 𝑦, 𝑞 = 𝑥
. 

Observe that𝑝 > 𝑞 > 0. Treat𝑝, 𝑞as the generators of the Pythagorean triangle

 ZY,X,T ,where 𝑋 = 2𝑝𝑞, 𝑌 =  𝑝2 − 𝑞2, 𝑍 = 𝑝2 + 𝑞2- 

Let 𝐴𝑎𝑛𝑑𝑃denotes the area  andperimeter of the Pythagorean triangle. 

Then the following interesting relations are observed. 

 

a) 83Z5Y2X   

b) 8
P

A
207X2Z   

c) 
P

2A
y x  

III. Conclusion 
In this paper, we have presented infinitely many integer solutions for the hyperbolarepresented by the 

positive pell equation 45y
22
 x . As the binary quadratic Diophantine equation are rich in variety, one may 

search for the other choices of negative pell equations and determine their integer solutions along with suitable 

properties. 
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