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Abstract: In this paper we investigate several decomposition formulas associated with hypergeometric
functions H , in three variables. Many operator identities involving these pairs of symbolic operators are first
constructed for this purpose. By means of these operator identities, as many as 5 decomposition formulas are
then found, which express the aforementioned triple hypergeometric functions in terms of such simpler functions
as the products of the Gauss and Appell hypergeometric functions.

Keywords: Decomposition formulas; hypergeometric functions; Multiple hypergeometric functions; Gauss
hypergeometric function, Appell’s hypergeometric functions.

Date of Submission:; 05-08-2017 Date of acceptance: 25-08-2017

I.  Introduction
In the present work we aim to find differential equations to describe experimental data. The obtained
equation would be practically helpful in the evaluation of the equality of experimental results.
The hypergeometric functions help solution many practical problems, such as partial differential equations,
which can be obtained with the help of hypergeometric functions (see [9, 10, 16]).
3

7
Initially we acting by the neutral operatorD = %" d,, d, = z,— a differential equations is found.

-1 oz
One can then recall that the hypergeometric function is a solutions of such an equation.
Suppose that a hypergeometric function in the form (c.f. [4, 11])

(1.2) zFl(arﬂ;7;2)=l+z(a)"(ﬂ)nzn
1 ),

for y neither zero nor a negative integer.

i

Now we consider H , - hypergeometric function defined in [16] as follows
(1.2) H,=H,(a,8.8%7r. 7 -2,,-2,,-2,)

@) (B)er B
= Z (_Zl) 1(_Zz) 2(_23) ’

o, NN In M) ()L,

17203

The study of H , - hypergeometric function, where it is regular in the unit hypersphere (c.f. [7,11]), for the
H , - function, we can define as contiguous to it each of the following functions, which are samples by uppering
or lowering one of the parameters by unity.
This study begins with an applied example for the idea of the research. we consider The H , - hypergeometric
function as in (1.2)
3
D = d. =z —
%1 i d i ZJ ﬁzj
and the way we effect it with the recursions relations as it is found in the second part of the research, we obtain,
as a result of acting by D on this function a differential equation, some special cases for a group of differential

equations are the functions that are effected by the differential operator. There is a numerical example for one of
these cases.
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Il.  The Symbolic Operators
Burchnall and Chaundy [1,2] and Chaundy [3] systematically presented a number of expansion and
decomposition formulas for some double hypergeometric functions in series of simpler hypergeometric
functions. Their method is based upon the following inverse pairs of symbolic operators:

(2.1) V21zz(h):r(h)r(d1+dz+h):§: (_dl)k(_dz)k
r(d,+h)r(d,+h) = (h), k!
_F(d1+h)l"(d2+h) - (7d1)k (7dz)k
22 A““(h)_r(h)r(d +d,+h) kzo (1-h-d,—d,) k!
& ()(h)Zk(d)( 2)\
_kzzo (h+k-1), (d,+h) (d,+h) k!
and
2.3) VZZ(h)Axy(g):1"(h)l"(d1+d2+h)l"(d1+g)1“(d2+g)
v F(d1+h)l“(d2+h)1"(g)F(d1+d2+g)
2 (g -h) (9), (=d,) (=d,), (9 -h) (=d,) (-d,),
—kZ (g+k-1) (d,+9), (d,+g), k! kZ (h), (1-g-d,~d,) k!
since d].:zji ,J=1,2.

o0z .

J
We now recall here the following multivariable analogues of the Burchnall-Chaundy symbolic

operators V., . (h) and A 2z, (M) defined by (2.1) and (2.2), respectively (cf. [6]; see also [15] for the case

when r = 3):
r(h)r(d. +d,+d,+h > (=dy), (=dy), (=dy),
2.4) Vzlzzzg(h): ( ) (1 2 3 ): Z ! 2 2/, 8/,
r(d,+h)r(d,+d,+h) nymy=0 (h)nz+n3n2!n3!
. o .
since d =z — ,j=1,2,3and
J J
o”zj
5) r(d,+h)r(d,+d,+h) z” (=d,), ., (=d,), (=dy)
. 1,2, _r(h)r(d1+d2+d3+h) 0 maso (1—h—o|l—d2—d3)n+n n,!n,!
z“’ (—1)nz+na (h)2(n2+n3)(_dz)nz(_d3)n3 (_dl)n2+n3(_d2)n2(_d3)n3
_nz,nazo n,!n,! (h+n2+n3—1)n . nZ!n3!(d1+h)n . (d2+d3+h)n )
. o .
since d,=z,— ,j7123.
o0z .

J
where we have applied such known multiple hypergeometric summation formulas as (cf. [8,1])

HA(a,ﬂ,ﬂ';}/,]/';—zl,—z2,—23)
(@) 0, (B)oin, (B, (m2)™ (m2,)" (-2,)"
P

nng.n (GO 020 e n,! n,! n,!

1203

since

R(y+r'-a-B-p")>0 , (max{|zl|,|zz|,|z3|}<1)
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I1l.  Some Operators For H , - Hypergeometric Functions.
By applying the pairs of symbolic operators in (2.1) to (2.5), we find the following set of operator
identities involving the Gauss function ,F, and H , («,8,8"7.7"i-2,.,—2,,—2 ) defined by (1.2):

(3.1) Ho(a.B. 877 -2,,-2,,-1,)
=V, ()Y, (B),F(a.Biri-z,)F (B B.aiy'i-1,,-1,)

(3.2) H,(a.8.8%r.r -2,-2,,-2,)

=V @)V, (B)V,, (7)), F(a.Biyi—z)F, (B B.air' . v'i-1,,-1,)
(3.3) Ho(a.B. 877 ~2,,-2,,-1,)

=V @)V, (B, (B),F(a.Biyi—2,)F (BB B aiy'i-2,.,-1,)
(34) H,(a,a,.By.7vi-2,,-2,,-2,)

=V, @)V, ()Y, , ()V,, (7'),F(a.ayi-2,)F (a. By ri-2,,-2,)

(3.5) H,(a.B.8 7.7 -2,,-2,,-2,)

1

Vz za(a)vzlzz(ﬁ)vzzza(ﬁ,)vzzz3(7')2F1(a’ﬂ;7;_zl)ZFl(ﬁ’ﬁ';}/(;_ZZ)ZFl(a’ﬂ';yI;_Z3)

IV.  Decompositions For H , - Hypergeometric Functions.
Using of the principle of superposition of operators, from the operator identities (3.1) to (3.5) we can
derive the following decomposition formulas for hypergeometric functions H , :

(4.1) Ho(a.B. 85y ri-2-2,-1,)=

(@), o, (B)yn, (B, (2 )" " (=2 ,)" (-2 ,)"

: ’
Ny, (7)n1+n2(7 )n1+nz nl!nz!

LF(a+n +n,,B+n +ny+n +n,;-2,)

F (B A+, Ben A0, a0y 40 40,5 -2,,-2,)

(42)  H,(a,B.Br.vi-2,-2,,-2,)=

’ ’
N (7 )2n3(a)n1+n2+n3(ﬂ)nl+nz+n3(ﬂ )n1+n2+2n3 (_Zl)nlJrnQ(_zZ)HZH]a(_Z3)n1+n3

] (7'+ n3 _]')n3(}/)nl+-n2(7//)n1+2n3(}/,)n2+2n3 nl! nz!n3!

LF(a+n +n,+n B0 +n, 40y +n +0,;-2,)

! . 1 ’ .
Fy(B'+n +n, 420,40, 40 ,a+n +n,+n 7 +n, 420,y +n +2n,,-2,,-2,)
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(4.3) Ho(a. B8y, 7 i —2,,-2,,-2,)=

(a)nl+n2+n3(ﬁ)nl+nz+n3(ﬂ')n1+n2 (ﬁ')rHJrn3 (_Zl)n2+n3(_zz)nl+n2 (_23)“14“3
2

! ’
LERLPRLEY (ﬂ )nl(y)"2+ﬂ3 (7 )2n1+n2+n3 nl! nz!n3!
LF(a+n +n,+n  ,f+n +n,+n .y +n,+n,,-2,)

’ ’ . ’ .
.Fs(ﬁ+n1+n2,ﬁ' +n1+n3,/3 +Nn, +n,,a+n +n,+n,y +2n1+n2+n3,—zz,—z3)

(4.4) Ho(a, BBy i=2,-2,-2,) =

Z (a)n1+nz (a)n1+n3(ﬁ)n1+n2+n3(ﬂ,)nlérnzérnz(y’_ﬂ’)n3 (_21)n1+n2 (_Zz)”z+”a(_za)"1+"3

’ 1
LERLPRLEY (;/ + n1+ nz + n3_1)n3(a)n1(7)n1+n2(}/ )n1+n2+2n3 n1!n2!n3!
.zFl(a+n1+nz,ﬁ+n1+nz;y+n1+nz;—zl)
LF (BN +n, 40 BN +n, 40y #0400, +20,;,-2,)

’ . ’ .
LFE(B'+n +n,+n a+n +0n_y +nl+n2+2n3,—23)

(4.5) Ho(a. BBy ri-2,-2,,-2,)=

(a)n1+nz (ﬂ)"1+”z (ﬁ')nﬁnz (72 1)nl+nZ (72

’
Nyny, (7/)n1+n2 (}/ )n1+n2 n1!nz!

)n1+n2
2

.ZFl(a+n1+nz,ﬂ+n1+n2;7+n1+n2;—zl)

LFE(B'+n+n,,a+ f+2n #0740, +0,;-7,)
Now we shall use apply superposition's of operators for Hypergeometric function, for instance, we consider
decomposition (3.3).
It’s easy to see, that equality takes place Decomposition (3.3) can be proved by means of equality

(46) V., (a)V,, (B)V,, (B)=

243

1 i (ﬂ')n-ﬁ-nz(ﬂ')péfnl(a)p-ﬁ-nl(_é‘l)nﬁ-nz(_6‘2)n1+-n3(_53)n2+n3
(B, (B), (@), niino (@)yen, (B (B .y o000,

Taking into account the identities (4.6), from parity (3.3), we have
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(4.7) Ho(a BBy ri—2,-2,-2,)=

? ('B’)n2 (ﬂ')n1 ((Z )"1 (7d 1)n1+n2 (7d 2)n1+n3 (7d 3)n2+n3

n;,n,,n;=0 (a )n1+n2 (ﬁ)nl (ﬂ’)n1+-r\2+-r\3 nl! n2 !n3 !

F(a,Biyi—2,)F, (BB +n, B +n,,a+n;y'i~2,,-1,)
By virtue of the formula:

(5.8) (6+a)(d+a+l)(d+a+r-1)f (&)=¢&"——[&"7f (&)],
dg
where f (X) - analytic function, we find that
r d’
-0) f =(-1 ' f .
(=6),f (5)=( )fdgr (¢)
we have
(49) (_dl)nl+n2F (a’ﬂ;}/;_zl):
@) (B, L, (@)
(_1) (_21)3 ) _21)1 ’
(}/)n1+n2
F(a+n +n,,B+n +n;7+n +n,;(-2,))
and

(4.10) (7d2)n1+n3(7d3)n2+n4 Fs(ﬂ’ﬁ’+ nl’ﬂ,+ N, o, + nl;y';(fz 2)’(72 3))

(0',1)n1+nz+n3 (ﬂ)n1+n3 (ﬂ,):1+n2+n3
(@), (B), (B (" Vo on,

n,+n,

n,+n n,+n
(_22)1 3(_23)2 3

= (-1)

(B+n +n_,B'+n +n,+n_,B8'+n +n,+n_,a+n +n,+n.)
el |
L7 +n +n,+2n,;(-2,),(-2,) )
Substituting identities (4.9) and (4.10) into equality (4.7), we get

HA(a’ﬂ’ﬂ,;}/’}/l;_zl’_z2’_23)
:vzlz3(a)vzlz2 (ﬂ)V2223(ﬁ,)zFl(a’,ﬁ;}/;—Zl)F3(,B,,B’,,B’,O!;}/’;—Z2,—23)

Our operational derivations of the decomposition formulas (4.1) to (4.5) would indeed run parallel to
those presented in the earlier works which we have already cited in the preceding sections.

V.  Alternative Derivations Of The Above Decomposition Formulas
First of all, we prove the decomposition formula (4.1) with the help of the following known integral

representation for H , [13]:
_ T()r)
LB (AT (r=A)T(r'=£')

(5.1) H,(a.8.87.ri-2,,-2,,-2,)

e e ) @) (s 2 ) sz ) e 2,e] Tdedy
since
R(7)>R(B)>0; R(y)>R(f')>0.
Now,
(5.2) [(+z,7)A+zp)+2,6] =
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- ® (a)n+n n n
[(1+21§)(1+2277)(1+Z377)J 3 ﬁo‘llgzz
o Nn;'n,!
since
(_Zl)(_z3)§77 . (—Zl)(—zg)in
o, = ’ 0'2:
(v zE)(Lvzm)(Lezan) (1+2,&)(1+2,7)
By substituting from (5.2) into the integral representation (5.1), we find that
(a)nﬂl n,+n n n
(5.3) HA(a,ﬁ,/?’;y,;/';—zl,—z2,—23): Z ﬁ(_zl)l 2(_22)2(_23)1
oy, NNyt
I 7 ! +n+n,-1 r=p-1 —a-Nh =N,
. () [ermt - g) T T (g dé
r(s)r(r-p)°°
r }/’ t ‘+n,+n, -1 7'=-p'-1 —p-n-n, —e-n

. : ( ) — [ " (1) "Tavza )’ (1+z,7) " "dn.
rp)T(r'=p") °°
From the above we get

1 y-pB-1 -a r ﬂ r y_ﬂ
(5.4) [ & @-¢) arz,e) de= (L) )zFl(a,ﬁ;y;le)

’ r'(7)
since R(y)>R(B)>0 and
(5.5) [ nta-n) T rzn) Qrzg)” dy

T ()T (r-a)
= Fl(a,ﬂ,ﬂ';y;—zz,—23)
r(7)
since R(y)>R(a)>0
Therefore the decomposition formula (4.1) is

Ho(a.B. 85y ri-2.-2,-1,)=

(@) n,(B)yn, (B n, (2 )" " (-2 )" (-2 )"
)3

’
nyn, (7)n1+nz(7 )nl+n2 nl! nZ!
LF(a+n +n,,B+n +n,;y+n +n,,-2,)

F (B 40, Ben 40, a+n sy 40 +0,5-2,,-2,)

VI.  Integral Representations Decomposition Formulas
For hypergeometric function H , , Srivastava [14,15] gave several ordinary as well as contour integral

representations of the Eulerian, Laplace, Mellin— Barnes, and Pochhammer’s double-loop types. Here, in this
section, we first observe that several known integral representations of the Eulerian type can be deduced also
from the corresponding decomposition formulas of Section 4, (see [14]) .
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r(y)r(r')
T(B)T(B)T(r=-B)T(r'-8")

(6.1) Ho(a.B. 8%y 7 -2,,-2,,-2,) =

.I: J_Ol gﬂ—lnﬁ'—l(l_5)7-5—1(1_77)7'—/1'—1(1+ z.n )—,H (1+ Zlé’ . 2377)_
RPN GG Yﬂdgdn

L (1+22n)(1+zl§+z3n)J
since

R(r)>R(B)>0; R(y)>R(B")>0,
Srivastava [14] deduced from his single-integral representation:
(6.2) HA(0!,/3,,3';7,}/';721,722,723)

F(}/') 1

T (BT (- B) [, 77 =n) = (rzn) (1+z.7)
( e (_21)
”Fll 'ﬁ'”(uzzn)(uzm)Jd"

since

R(r)>R(8')>0,

Next we turn to a set of known double-integral representations of the Laplace type for H , , each of
which was derived by Srivastava [15] from the following rather elementary formula :

1 ©
(6.3) (2) = [ et
n 0

since
(6.4) H,(a.B8.8 7.7 i-2,,-2,,-7,)

1 ©

T (a)T(F) k.

—-s -t -1 -1
a s B

—

oFu(=s7i(=z)st) F(B7r(-2,)s +(-z,)t)ds dt
since

min {R («),R (f)}>0; max {R (-z,),R (-z,)} <1,
which, in view of the elementary integral formula:

1 R S R (=2
r(/l)jo et F (—iui(-z,)t)dt

(6.5) 1F1(i;ﬂ;(_zs)):

since J(4)>0,

immediately yields the following triple-integral representation of the Laplace type for H , :
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(6.6) H,(a.B.B%r. 7 -2,,-2,,-17,)

1

©e” © sot- 1 g1 1
= j I J' I S TR
0 0 0

T ()T (B)T ()

oF (=i (mz)st) o F (=575 (-z2,)us+(-z,)u t)ds dt du
since
min {R (&), R (B),R(B")}>0,
In each of the integral representations presented in this as well as the preceding sections, it is tacitly
assumed that both sides of the result exist.

VII.  Concluding Remarks And Observations
By suitably specializing the decomposition formulas (4.1) to (4.5), we can deduce a number of
decomposition formulas including those given by Burchnall and Chaundy [1,2]. For instance, we find the
following results:

i+j

(7.1)  F(a.Biri-z,-2,)=3

Fo(la+2i+2),B+i+jiy+2i+j,y+2i+j;-2,,-2,)
and

i+

(-2,)

0 (7)i (F) 0 il

(7.2) Fola.B.B v yvi-2,-2,)= )

i

© (a)2i+j(ﬂ)i+j(ﬂ,)i+j (_21)
F(a+2i+ja+2i+ ] it flritiiy+2i+ji-z,,-2,)

Furthermore, by making use of the decompositions (4.2), we can derive the following known reduction formulas
for Srivastava’s triple hypergeometric function H , [14]:

(73)  H,(a.B.Br B-2,-2,,-1,)

-5 W ! _ ) -z, (-z,)(-z,) )
:(l+zz) (1+23) FALa,ﬂ,y,ﬁ, ,
(1+z,)(1+z,) (1+z,)(1+z,)

Some of the most recent contributions in the theory of Srivastava’s H , - hypergeometric series
include a paper by Harold Exton [5] and a paper by Rathie and Kim [12].
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