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Abstract: Fuzzy Matrix (FM) is a very important topic of Fuzzy algebra. In FM, the elements belong to the unit
interval [0, 1]. When the elements of FM are the subintervals of the unit interval [0,1], then the FM is known as
Interval-Valued Fuzzy Matrix [ IVFM ] . In IVFM, the membership values of rows and columns are crisp ie.
Rows and columns are certain. But, in many real life situations they are also uncertain. So to model these type
of uncertain problems, a new type of Interval-Valued Fuzzy Matrices (IVFMs) are called Interval-Valued Fuzzy
Matrices with Interval-Valued Fuzzy Rows and Columns (IVFMFRCSs). In this paper, some new elementary
operators on a-cuts of IVFMFRCs are defined. Using these operators, some important theorems are proved.
Keywards: a-cut, o-cuts of interval valued fuzzy matrix, Fuzzy matrix, Fuzzy rows and columns, Interval
valued fuzzy matrix.

. Introduction

Real world decision making problems are very often uncertain or vague in a number of ways. In 1965,
Zadeh [9] introduced the concept of fuzzy set theory to meet those problems. In FMs, only the elements are
certain. But in many real life situations we observed that rows and columns are uncertain. Fuzzy matrices were
introduced by M.G.Thomson [8]. A.K.Shyamal and M.Pal introduced Fuzzy Number Matrices. Two new
operators and some properties of fuzzy matrices over the new operators are given in [6]. a-cuts of Triangular
Fuzzy Numbers and a-cuts of Triangular Fuzzy Number Matrices are given in [1]. Pal[3] has defined Fuzzy
Matrices with Fuzzy Rows and Fuzzy Columns <FMFRCs>. The elements of FMFRCs are non-negative proper
fraction. But, when the elements are the subintervals of the unit interval [0,1], then the FM is known as IVFM.
In IVFM, the rows and columns are considered as scripts, but we have seen that they may also be uncertain, ie.,
rows and columns have same membership values. The concept of IVFMs as a generalization of fuzzy matrix
was introduced and developed in 2006 by Shyamal and Pal[5] by extending the max-min operation in fuzzy
algebra. In these matrices, rows and columns are also fuzzy numbers, ie., unlike Fuzzy Matrices they are also
uncertain. In this paper, some new elementary operators on a-cuts of IVFMFRCs are defined. Using these
operators, some important theorems are proved.

Preliminaries
Definition 1.1
Some basic operations on interval-valued fuzzy numbers are given below.
Let D denote the set of all subintervals of the interval [0,1]. Leta =[a~,a*] and b = [b~,b*] be two elements of
D. Then
l)ab=[a+ b —a.b ,at+ bt —a*.b*],
- ~ 4 " _(a ifa>»b
2)a©b=[a"©b,a*Ob ],whereaeb_{o S
3avb =[a",a"] v[b~,b*] =[a”vb~,a” vb*].whereaVb=max{xy}
The operators, “+ * and “ - ” used in extreme right are ordinary addition, subtraction respectively.
Two intervals [a~—,a* ] and [ b™,b* ] are equal if and only ifa~ = b~ anda® = b*. We denote [0,0] and [1,1]
as 0 and 1 respectively.

Definition 1.2 [5]

An Interval-Valued Fuzzy Matrix of order mxn is defined as, A = (aj;)mxn, Where a;; = [ag,ai’g] is the ijth
element of A, represents the membership value. All the elements of IVFM are intervals and they are members
of D.

Definition 1.3 [2]

Let A =[ra(D)] [ca(D] [aij]mxnbe an IVFMFRC of order mxn. Here a;;,i = 1,2....m, j = 1,2,...n represents the
ij™ element of A,ra(i), ca(j) represents the membership values of i™ row and j™ column respectively for i =
1,2...m,j=1.2,...n ca(1)ca(2) ... ca(m)
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o, €a()), =

ra([ az@iz . a1y
azdy; .. a . o
Let A= rA(Z) a1ezz 2™ | be a matrix, where ra(i),i=1,
rA(n) amlamz -+ Amn
1,2..n a;j, i = 1,2,..m, j = 1,2....n represent respectively the membership values of rows, columns and
elements.
Definition 1.4

Let A = [ra(D] [ca()] [ay]
the following operators are defined

1) A® B =[[ra(] [ca()] [a]

2)AVB=[[ra®] [ca®] [a5] _ 1V Irs@] [ca()] [bl]]mxn

3) AGB = [ [ra®)] [ea®] [ay] 1O [Ira()] [ca (] [by]

4) A>Biff [ra(D)] >[rg (D], [ca()] > [CB(])]:[aij]
Definition 1.5

mxn

IO rs1les D[by]

mXxn
1’1’1>(1’1

mxn — [ l]]m><n

The Upper a-cut of an IVFMFRC A = [ry ()] [ca(D] [aij]mxn is defined as

A = [ OIO D] [a]

mxn

and B = [rg()] [cs ()] [bij]mxn be two IVMFRCs of order mxn. Then

Here ra (i) and c,(j) represents the membership values of i row and j™ column respectively fori=1,2,...m, j =

1,2,....n.
Here, aj;,i=1,2,...m, j = 1,2...n represents the ij" elements of A.
ai(]'a) — [ai_j(a)'a:]:(a)] - [1 1] Ifa (’1) +(0()> a
[0 1]ifay ~@ <g and a+(°‘)2 a
[0,0] if (°° af @<
r'm = [, 0.rr 90 1 =[] if rA(“) @), r+(°‘) ()= o
[0,1] if rA(O‘) (i) <o and rz(a) i) >a
[0,0]if r; “ (i),r} @ ()< a
20 = [ @0 1= [ if ¢V ).ci PG)za
[0,1] if ¢;“°(G) <aand ;@ ()=«
[0,0] if ;0 (),cx ()< a

Definition 1.6
The Lower a-cut of an IVFMFRC

A= [ra(@®] [ca()] [a]  is defined as
A(“) = [rA () (1)] [ca () O aij(a)] mxn

Here r, (i) and c,(j) represents the membership values of i"" row and j" column respectively fori=12,...m, j =

1,2,...n.
Here, aj;,i=1,2,...m, j = 1,2...n represents the ij" elements of A.
Ajj(a) = [au @ Aij+ ] = [Aij-( Aij+ (0] 1 Ajj- (@) Ajja(@) 2 &
=[0, ajj( ] ifajj— (< @, Ajjp 2 @
=[0,0]if ajj_(wAjj+ @< @
ra (0 (D) = [ra-@ (D, ra+ @ D] = [ra- (o (D) Ta+@ D] if ra—) (), ras @ (D= @
=[0,ras (D] ifra_(D< e, ray@@ =a
=[0,0] if ra—(oy (1), Ta+ (e (D<
Ca () = [ca—@ () car@ ] = [ca- (e (), cas e D] if ca— () Cas(() = @
=[0,ca+(0 () 1if ca-(@y (D< ocar (D<@
=10,0] ifca— @y (), car (D<@
Example 1.7
Consider the IVFMFRCs as follows
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[0.6,09] [0.7,1] [.2,0.5]
[0.4,0.8][[0.2,0.7] [0.2,0.7] [0.0,0.4]
A = [0.2,0.7] l[O.l,O.S] [0.1,0.6] [0.0,0.2]‘
[0.6,0.7] [[0.3,0.6] [0.4,0.5] [0.1,0.3]
Then by taking o= 0.5, we get
[1,1] [11] [0,1]

[0,1][[0,1] [0,1]  [0,0]
A% = [0,1] l[o,l] [0,1] [0,0]‘
[L1]1][0,1] [0,1]  [0,0]
and
[0.6,0.9] [0.7,1] [0,0.5]
[0,0.8] [[0,0.7] [0,0.7] [0,0]
A, = [0,0.7] |[0,0.5] [0,0.6] [0,0]
[0.6,0.7]][0,0.6] [0,0.5] [0,0]
2. Operator on IVFMFRCs
Definition 2.1

Let A = [ra(D] [ca(D] [aii]mxnand B = [rg(D] [cs ()] [bi]-]mxn be two IVMFRCs, then, AVBis  defined as

AVB=D=[rpM] leoM[dy]
where, rp (i) = ra(i) v re(i) =[ra() vrg(i), ra() vrg ()]
cp()=ca(Q) v e () = [ca(i) Veg () , cA() Veg () ]
and dj =aj V by =[aj Vby,af Vb ]foralli,j.
Theorem 2.2
If A and B are two IVFMFRCs, then (AV B)® = A@® v B(®)
Proof :
Let A = [ra(D)] [ca()] [aii]mxnand B = [rg(D] [cs ()] [bi]-]mxn be two IVMFRCs, then
AVB=D=[rp(i)] [CD(j)][dij]mxn
where, rp (i) = ra () V rg()) =[ra(@) vrg(i), ri() vri(i) ]
cp()=ca(Q) vV cg() = [ca(@) Veg () . cA() Ved ()]
and dj; =a; vV by =[aj Vbj,af Vb ]foralli,j.
Here the order of A and B must be equal.
Let E;; and F;; be the ij" element of (A v B)® and A®v B®
Therefore, Ej; = (A v B)® and Fy; = AV B©®
Case 1:
A>B>a
ie., [ra(d] [ca(i)] [aij]mxnz re(D] [cs ()] [bij]mxnz o
= [ra(D] = [rg(D]=a, [ca()] = [cg()] = a, aj; >bjj> o
Ej=(AvVB)@

= ([FD (1)] [CD(])] [dii]mxn)(a)

= (A @Ifea®lfay], )

= i1 [e5” )] [a5 T mscn

el SO0 R ORI ON [EREMES

= [1,1] [1,1] [1,1]mxn (2.2.1)

F; = A@v B@

= (ra@Irea®fag], ) v(IrsOlesOI[og]_ )
= (201 [0 a5 Tmsen ) v (g O] [e5” 0] b5 Tmxn )
= [0 v g (] [e506) Veg ()] [a”vb{ Tmxn
= [1,1] [1.1] [1,1]mxn (2.2.2)

From (2.2.1) and (2.2.2) ,(AV B)®@ = A(® v B(®)
Case 2:

(@)

A>a>B
[ra(D] [ca(D] [aij]man a = [rg(D] [ca()] [bij]mxn
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ie., Ta(i) > a>rg(i) ,ca() >0 >cg(j) ,aj = a>by;
Let Ej=(AvB)®
= (I @leolag], )
= (ra®lea®ay) )
= el ] [ ()] [a5 Tmn
= {26 v PO [§”6) Ves 0] [als” Vb Tnxn

= (L1 [L0] [1,1]en (223)
Fi]' = A(a)\/ B(OC)
= (ea@Mea®ay],, ) V(I @leatlby,, )

= [0 D1 L5701 a5 Tmsn V 52 @1 [5G 055 Tinscn
= e ) vV rs2 (] €506) veS ()] (a5 Vb Tmxn
= [1v0, 1V0] [1V0, 1V0] [1V0, 1V0]
=[1,1][1,1][1.1] (2.2.4)
From (2.2.3) and (2.2.4), (AVB)@ =A@ v Bl
Case 3:
o>A>B
a>[ra(] [ca()] [a]
E;j = (AvB)®

= (I ONeo @[] )

(a)

= (Ira@Ilea®lfay] )

= [0 01 [ 0] [a Tmscn

= e vV ] [€06) Vel ()] [a Vb Tmxn

= [0,0] [0,0] [0,0]mxn (2.25)

Fij = A(“)\/ B((X)

= [0 v r§P 0] [e52G) Ves () [a{ Vb Tmxn

=[0v0, 0V0] [0V0, 0V0] [0V0, 0VO]

=[0,01[0,0] [0,0] (2.2.6)
From (2.2.5) and (2.2.6) , (AV B)® = A(® v B(®)
In all three cases, (A Vv B)(® = A® v B®)

> [rg()] [cz()] [bij]mxn

mXxn

Definition 2.3

Let Let A = [ra(i)] [ca()] [aj]mxnand B = [r(D] [cg ()] [bjjImxn be two IVMFRCs, then A € B is defined

as A @ B=D=[rp(D)] [cop(DI[dijImxn

where, rp (i) = r,(D@rp(i) =[ra(i) +rg (i) -ra(i) rg (i) 3 () +rg (i) -r(i) rg() ]

cp() = ca(Bcs() = [ ca () +c5 () -ca () cg §) .ca ) +e5 () -ca() ez () ]

dij = a;;@by; = [aj; + bjj - ajjbj , ajj + bjj - ajjbj |
Theorem 2.4

If A and B are two IVFMFRCs, then (A @ B)® > AO@B®
Proof :

Let Gy; and Hy;be the (ij)" element of (A @ B)®@ and A@@B®.
Case 1:

A>B>a
ie., [ra(] [ea(®] [aj]lmxn= [r8(D] [cg (D] [bijlmxn= @
Gij=(A ® B)@

= ([roM] [eo()] [dij]mxn) @

= ([ra() ® rsMIca D & ctDI[a5 D afTmcn) @

=([ra (i) +rg (i)-ra ()rg (i).r2 (i)+rg (i)-r2 ()rg ()] [ea(@)*cp()-
ca (e (),ca()+ei ()-c ()i ()] [ ajj + by - ajbyy , aff +bff - afibi 1)
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= ([ra ) +rg () (L-rx () ) wx () +rg () (1-r£(0) ) 1L cal) +e5G) (1-cxG) ) k) +eiG) ( L-c£G) 1L a5 + by
(1- by), afi +bj (1-af) 1) @
> ([rz (), rf D1[cz (), ¢ D[ag, a5])
> ([ra@, r£ D] @[ca (), ¢t ()] <“>[ aj,af]l W)
= [L2J0L,20[1, U mxn (24.1)
And H;; = A@@B©®

([rA(i)][cAo')][ i ) e(rs®lleslbg] )
= [HPO@rP OO ) ® <) [a§” ® b ] mun
=[r (°°(u)+rB<°‘>(u) 1 i)y )y @ i)+ “")(u) @ yrg ()]
[z @ ()+c5 “()- cA“)(J)cB“")o) c;<°°(1>+cg<°°o) @ @)er @)
[aj + by — ajby,af + bf — afbi ] mxn
= [1+1-1,1+1-1] [1+1 1,1+1-1] [1 +1-11+1—1]pun
= [1,11 [1,1] [L1] muxn (242)
From (2.4.1) and (2.4.2), H;>G;;
(A @ B)W>A@PB@®
Case 2 :
A>a>B
iew [rA(l)] [CA(J)] [alj]mxn— o> [rB(l)] [CB(])] [ 1]m><n
Gj=(A © B)@
= ([rp M1 [ep (] [dijlmxn) @
= ([rz() @ ri®Icz®) & ct(Ila5 2 lnwn)
=(Irx () +r (i)-rz ()rg ()% )+ )-r () ()]
[ ()+c5 ()-ca ()es (). () +ci ()-cX ()i ()L a5 + by - ajbj . af + b - afbi 1)
= ([ra (i) +r5 () (L-rz () ) vk () + () (1-1£G0) T [ ca) +c56) (- cAo) ) k) +e3() (1 i) 11 aj
+bj (1- bj), afy +bj (1-af)1) @
> (Ir @, rE O)lex 0, ez DI af])
> ([ra@, 1] @[ca (), kD] @lag, af1 s
= [1,11[1,2][1, 1] mxn (2.43)
And H;; = AW @B

([rA(i) ea®lfag], ) @ (Irs®lles[by] )
= [rP OO D[’ () B s’ M1 [ D b{T mxn
=[r A(“>(n)+r‘(°‘)(n) rp i)y @), @ )+ i)-rr @ g O]
[cx“G)+e; G)- cA(‘”o)c SO R () e () R ()M 1))
[aj + b — ajby , af +b+—a+b+]m><n
= [1+0-0,1+0-0 ] [1+o-0,1+0-0] [1 + o —0,1+0-0] uxn
= [1,1] [1,1] [L1] (2,44 )
From (2.4.3) and (2.4.4), G;; > H,
(A @ B)W>A@PB@

(@)

Case 3 :
o>A>B

ie., @ >[ra (] [ca®] [2glmen> [ra(@] [c8 ()] Dilmscn
Gy= (A & B)®
= ([rp @] [ep ()] [dijlmxn) @
= (I3 ) @ rED1lca () ® A D7 ,af L)
=([r ()15 ()1 ()r ()& G+ ()4 () ()]
[ ()+ea (0)-ca (e 0).cx () +ei ()-ck )k ()L aj + by - agbi , ajf + b - afbif 1)
-([rA(u) ) (130) 50 i) (13 @)1 [ ex0) res) (i) ) i) +c5G) ( 1-ci0) 1 [
bj (1- by), af + by (1-a})1) @

z([rA<n>.rA(1)][cAo),cAm][al,, ai])™
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> ([ra @), £ D] @ex (), kD] @[az , af]%n
=[0,0] [0,0] [0,0]mxn (2.45)
Hy= A@OPB@®

([rA(l)] fea®llag,,, )" ®(Irs@lies®by] )"

a) (@)
= ([ra@®] cAo) [y ) @(Irs®leslbs]__)
- [HPOBIE MO H @ ()] a5 @ b{]
-[rA(“>(u)+rB<°‘>(u) OO0 O (O ]
[ea“ () +e5()-cx“ G)es @ (.ca ™ () +es  ()-ca“ G)es ()]
[aj + by — ajbyj,af + b — afbf ] mxn
= [ 0+0-0,0+0-0 ] [ 0+0-0,0+0-0 ] [0 4+ 0 — 0,0 + 0 — 0] xn
=[0,0] [0,0] [0,0]1nxn (2.4.6)
From (2.4.5) and (2.4.6) G;=H;
Therefore, (A @ B)@ = A@PHB®
In all the cases,G;; = Hj
ie, (A @ B)® > AWPB®
Definition 2.5
Let A = [ra(D] [ca()] [aijlmxnand B = [rg(D)] [cg()] [bijlmxn b€ two IVMFRCs, then A © B is defined as
A © B =D =[rp(D] [cp(DI[dijImxn
where, rp (1) = [ra() © rg(D] =[ra(i) © rz(i), ra() O rg ()]
co() =[ca() © cg( 1=1cal) © cg(i) , cx (D) © ()]
ay = [a;©Oby]=[a; Oby,af; ©bj
h by = lifaj; > by
where, ai]' e ij = 0 al] bll
Theorem 2.6
If A and B are two IVFMFRCs, then (A © B)(® > A(® g B@®,

Proof :
Let A =[ra(D)] [ca()] [ailmxnand B = [rg(1)] [cg ()] [bijlmxn b€ two IVMFRCs, then A © B is defined as
A © B=D=[rp(] [ecp(DIdij]mxn

where, rp (i) = [ra()) © rs (] = [rx() © ra (i), ri() © rE ()]

cp() = [ca() © cg() 1=[cal) © cg(l) , cA() © cf ()]

aj; =[a;; © by1=[aj; ©bj,a}; ©bf]

where oOb [ lifaj; > by

) ) 0 aj < b

Let K;; and Ly; be the ij" element of A® © B® and (A © B)®@

Here, L = (A © B)@ and K;; = A® © B®

Case 1:
A>B>a

ie-v [rA(i)] [CA(J)] [alj]mxn— [rB(l)] [CB(])] [bu]mxn—
Lj=(A © B)®
= ([rp@] [eo(] [dijlmxn)

= (I © 1O () © i Dlfa; © 23] )

= (A @Ifealfay], )

= i1 [e§” )] [a5” Tmsen
IRRORTRIO) cg“") @.cx @@ 1,25 ]

= (1,11 [1.1] [1,1]mxn (2.6.1)

Kj; = =A@ o B®

([rA(o ea®fay]. ) © (r@lles®1[oy] )

= [0 © 1 D1’ () © ¢ D] [a§” O biT mxn
=161, 161] 161, 161] [161, 161]

(@)
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=1[0,0] [0,0][0,0] (2.6.2)
From (2.6.1) and (2.6.2) Ly > Kj;
(A © B)(W>A® g B
Case 2:
A>a>B
[ra(d] [ca()] [aij]mxﬂz o > [rg(D)] [cg()] [bij]an
ie., Ta(i) > a>1g(i) ,ca() >0 >cg(j) ,aj = a>by;
Ly =(A © B)®
= ([ro(MD] [ep ()] [dijlmxn) @
(2)
= (Ira® © rMIlez() © ck (a5 O af] )

= ([rA(i)][CA(j)][aij]mxn)(a)
= [0 0] [P 0] [a5” T
=[O0 Q0] @ 0).cs @6 1[5, a5 @]
=[1,1] [1.1] [1,1] s (2.6.3)
Kij = A(a) 9 B(a)

= (ra®lea®ag] ) © (rs@leslby] )
=[r{?®) O rf? DI[e’ () © g D] a5 © biT mxn
=[160, 160] [160, 160] [160, 160]
= [11] [1,1][1,1] (2.6.4)
From (2.6.3) and (2.6.4),we get
Lij = Kl]
(A ©B)@W =A@ g B,
Case 3:
a>A>B
o> [ra(D] [ca()] [aij]man [rg (D] [ca ()] [by]
ie., a>ra(l) 2rg(D) s a=ca(f) 2 cg(h) , 0= ajy; 2by
Lj=(A © B)@
= ([rp®] [ep ()] [dijlmxn) @

()
= (Ira® © rsM1lca () © ck([ay ©af] )

= (ra®lea®ay]. )

= [P0 [c§” ()] [a5” Tmscn

=[O, 2 O] 0 ex D 1 ag, 23]
=10,0] [0,0] [0,0] (2.6.5)
Ky = A® o B®

= (ra®lea®lag] ) © (r@ea®ilby], )
= [r{? D) © r{ D[’ () © g ()] [af° © b{] mxn
=[060, 060] [060, 060] [080, 080]
=10,0] [0,0] [0,0] (2.6.6)
From (2.6.5) and (2.6.6),we get L;; = Kj;
In all the cases,

mxn

()

(A ©B)W>A® g B®
In a similar manner, for the lower cut of IVFMFRCs, we can prove the following theorem.
Theorem 2.7
If A and B are two IVFMFRCs, then
i) (AVB) (= A V By
i) (A@B)= Aw DB
i) (A©B) = Aw © By
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Il.  Conculsion
In this paper a-cuts of Interval-Valued Fuzzy matrix with Fuzzy Rows and Columns has been

introduced. We have also given some definitions based on a-cuts with example. Some operator on a-Cuts are
also given. We proved some important theorems of IVFMFRCs using a-cuts.
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