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Abstract: Let 𝑓: 𝑉(𝐺) → 𝑁  be a labeling of the vertices of a graph 𝐺  by positive integers. Define 𝑆 𝑣 =
 𝑓(𝑢)𝑢∈𝑁(𝑣) , as the sum of neighborhood of vertex 𝑣, where 𝑁(𝑣) denotes the open neighborhood of 𝑣 ∈ 𝑉. A 

labeling 𝑓  is lucky if 𝑆(𝑢) ≠ 𝑆(𝑣) for every pair of adjacent vertices 𝑢 and 𝑣. The lucky number of a graph 𝐺, 

denoted by  𝜂(𝐺) , is the least positive integer  𝑘  such that 𝐺 has a lucky labeling with  {1,2, … , 𝑘}  as the set of 

labels. A Lucky labeling is proper lucky labeling if the labeling 𝑓 is proper as well as lucky, i.e. if  𝑢 and 𝑣 are 

adjacent in 𝐺 then  𝑓(𝑢) ≠ 𝑓(𝑣)and 𝑆(𝑢) ≠ 𝑆(𝑣). The Proper Lucky number of 𝐺  is denoted by 𝜂𝑝(𝐺), is the 

least positive integer 𝑘 such that 𝐺 has a  proper lucky labeling with{1,2, … , 𝑘} as the set of labels. In this paper 

we compute the lucky number 𝜂(𝐺) and proper lucky number 𝜂𝑝(𝐺) for Bloom Graph. 

Keywords:  Lucky labeling, Proper Lucky labeling, Bloom Graph. 

 

I. Introduction 

In Graph Theory vertex coloring is one of the most studied subjects. Vertex coloring is assigning the 

labels to the vertices, which are subject to certain constraints. Graph labeling was introduced by Rosa in 1967[1, 

2]. It was further developed by Graham and Sloane in 1980[3]. The proper labeling was initiated by Karonski, 

Luezak and Thomason [4]
. 
Proper vertex coloring or proper labeling is coloring the vertices of a graph such that 

no adjacent vertices have the same color or label. Proper labeling of graph has great significance and 

applications in recent times [4,5,6]. It is applied in the research area of computer science especially in 

networking, clustering, image segmentation etc. it is also used in the field of astronomy, circuit designing, data 

base management, data mining, image processing, cryptography, software testing, information security. Also in 

the area of coding theory, x-ray crystallography, radar and missile guidance [7]. Designing of codes for radar 

and missile guidance is similar to labeling of  complete graph in such a way that all edges are colored distinctly 

and the color of vertices determine the time positions at which signals are transmitted. In communication 

networks the labeling is used to detect the breakage of link between any two centers of broadcastings.  

Lucky labeling is coloring the vertices arbitrarily such that the sum of labels of all adjacent vertices of a 

vertex is not equal to the sum of labels of all adjacent vertices of any vertex which is adjacent to it. Lucky 

labeling of graphs were studied in recent times by A. Ahai et al[8] and S. Akbari et al[9]. Lucky labeling is 

applied in real life situations such as transportation network, where pair wise connections are given some 

numerical values. And each weight could represent the stations or city with certain expenses or costs etc. They 

are also applicable in computational biology to model protein structures.  

Proper Lucky labeling [10] is coloring the vertices such that the coloring is proper as well as lucky. The least 

positive integer 𝑘 for which a graph 𝐺 has a lucky labeling from the set {1,2, … , 𝑘} is called the proper lucky 

number of 𝐺, denoted by 𝜂𝑝(𝐺). The clique number 𝜔(𝐺), defined as the size of a largest clique in G, is a lower 

bound for 𝜒(𝐺),(i.e.)𝜔 𝐺 ≤  𝜒(𝐺) [11]. 

In this paper we study lucky labeling, proper lucky labeling and compute the lucky number and proper lucky 

number for Bloom graph [12].          
 

II. Lucky Labeling And Proper Lucky Labeling 
Definition 2.1[5] 

Let 𝑓: 𝑉(𝐺) → ℕ  be a labeling of the vertices of a graph G by positive integers. Let 𝑆(𝑣)    denote the 

sum of labels of the neighbors of the vertex 𝑣in 𝐺. If 𝑣 is an isolated vertex of 𝐺  we put 𝑆 𝑣 = 0. A labeling 𝑓  

is lucky if 𝑆(𝑢) ≠ 𝑆(𝑣) for every pair of adjacent vertices 𝑢and 𝑣. The lucky number of a graph 𝐺, denoted by  

𝜂(𝐺) , is the least positive integer  𝑘  such that 𝐺 has a lucky labeling with  {1,2, … , 𝑘}  as the set of labels. 

In this connection we mention the conjecture that  ɳ 𝐺 ≤  𝜒(𝐺),  for every graph 𝐺 [5]. 

Definition 2.2[10] 

A Lucky labeling is proper lucky labeling if the labeling 𝑓 is proper as well as lucky, i.e. if𝑢 and 𝑣 are 

adjacent in 𝐺 then 𝑓(𝑢) ≠ 𝑓(𝑣)and 𝑆(𝑢) ≠ 𝑆(𝑣). The Proper Lucky number of 𝐺  is denoted by 𝜂𝑝(𝐺), is the 

least positive integer 𝑘 such that 𝐺 has a  proper lucky labeling with{1,2, … , 𝑘} as the set of labels.  

Theorem 2.1[10]:For any connected graph 𝐺, ɳ 𝐺 ≤  ɳ𝑝(𝐺). 

Theorem 2.2[10]: For any connected graph 𝐺, let 𝜔 be its clique number, then 𝜔(𝐺) ≤  ɳ𝑝(𝐺).  □ 
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III. Bloom graph 
Definition 3.1 

The bloom graph  𝐵𝑚,𝑛 , 𝑚, 𝑛 > 2 is defined as follows: 

𝑉 (𝐵𝑚,𝑛 =   𝑥, 𝑦 : 0 ≤ 𝑚 − 1,0 ≤ 𝑦 ≤ 𝑛 − 1  two distinct vertices (𝑥1 , 𝑦1)  and(𝑥1, 𝑦2)   being adjacent if and 

only if 

(i) 𝑥2 = 𝑥1 + 1  and  𝑦1 = 𝑦2 

(ii) 𝑥1 = 𝑥2 = 0 and 𝑦1 ≡ 𝑦1(𝑚𝑜𝑑𝑛) 

(iii) 𝑥1 = 𝑥2 = 0 and 𝑦1 + 1 ≡ 𝑦2(𝑚𝑜𝑑 𝑛) 

(iv) 𝑥2 = 𝑥1 + 1 and 𝑦1 + 1 ≡ 𝑦2(𝑚𝑜𝑑𝑛)               

The first condition describes the vertical edges, the second and third condition describes the horizontal 

edges in the top most and the lower most rows respectively. Condition four describes the slant edges. Bloom 

graph has   𝑚𝑛 vertices and  2𝑚𝑛 edges. Bloom graph is planar, tripartite and 4-regular. Grid and cylinder are 

planar but not regular. Whereas, torus is regular but not planar. Bloom graph is both planar and regular. The 

Hamiltonicity of bloom graph 𝐵𝑚,𝑛  is studied in [12]. A topological structure of interconnection network should 

be Communication friendly. An algorithm for routing messages between any two nodes of the bloom graph 𝐵𝑚,𝑛  

is presented in [13]. Bloom graph 𝐵𝑚,𝑚   is compared with cylinder 𝑃𝑚 𝑋 𝐶𝑚which shows that bloom graph 𝐵𝑚,𝑚  

can achieve high performance with smaller average distance, higher network throughout, with more effective 

network cost and higher packing density than cylinder 𝑃𝑚 𝑋 𝐶𝑚 .  
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Fig. 3.1 Bloom Graph B6,6  
 

IV. Lucky Labeling For Bloom Graph 
Theorem 4.1. 

The 𝑚 × 𝑛 dimensional bloom graph 𝐵𝑚,𝑛  admits lucky labeling and 𝜂 𝐵𝑚,𝑛 = 2, where 𝑚 > 5and𝑛 > 3. 

Proof: 

Since bloom graph 𝐵𝑚,𝑛  is 4-regular𝜂 𝐵𝑚,𝑛 ≠ 1. 

Case 1:When 𝑛 is even.  

Label the vertices in first row as 1 and 2 alternately, without loss of generality  0,0  is assigned1,  0,1  is 

assigned 2 and so on. Similarly label the 𝑚𝑡ℎ  row as 1 and 2 alternately, without loss of generality 𝑚 − 1,0  is 

assigned 1,  𝑚 − 1,1  is assigned 2 and so on. Label the vertices in 𝑘𝑡ℎ  row as 1 when 𝑘 is odd and as 2 when 𝑘 

is even, 2 ≤ 𝑘 ≤ 𝑚 − 1. 

Subcase (i): When 𝑚 is even. 

The vertices in the first row will have the neighbourhood sum as 8 and 6 alternately i.e. 𝑠 0,0 = 8 , 

𝑠 0,1 = 6, and so on. All the vertices in the second row attains the neighbourhood sum as 5 i.e. 𝑠 1, 𝑗 =
5, 0 ≤ 𝑗 ≤ 𝑛 − 1.  All the vertices in the 𝑘𝑡ℎ  row attains the neighbourhood sum as 8  when 𝑘  is odd i.e. 

𝑠 2𝑖, 𝑗 = 8 when 1 ≤ 𝑖 ≤
𝑚−4

2
 𝑎𝑛𝑑 0 ≤ 𝑗 ≤ 𝑛 − 1. All the vertices in the 𝑘𝑡ℎ  row attains the neighbourhood 

sum as 4 when 𝑘 is even i.e. 𝑠 2𝑖 + 1, 𝑗 = 4 when 1 ≤ 𝑖 ≤
𝑚−4

2
 𝑎𝑛𝑑 0 ≤ 𝑗 ≤ 𝑛 − 1.  All the vertices in the 

 𝑚 − 1 𝑡ℎ row attains the neighbourhood sum as 7 i.e. 𝑠 𝑚 − 2, 𝑗 = 7, 0 ≤ 𝑗 ≤ 𝑛 − 1. All the vertices in the 

𝑚𝑡ℎ  row will have the neighbourhood sum as 6 and 4alternately i.e. 𝑠 𝑚 − 1,0 = 6 , 𝑠 𝑚 − 1,1 = 4, and so 

on. It is evident that no two adjacent vertices have equal neighbourhood sum. (For illustration, see Figure 4.1). 



Lucky Labeling and Proper Lucky Labeling for Bloom Graph 

DOI: 10.9790/5728-1302025259                                         www.iosrjournals.org                                     54 | Page 

1(8)

2(5)

2(6)

2(5)

1(8) 1(8)

2(4) 2(4)

1(7) 1(7)

1(6) 2(4)

1(8)

2(5)

2(6)

2(5)

1(8) 1(8)

2(4) 2(4)

1(7) 1(7)

1(6) 2(4)

1(8)

2(5)

2(6)

2(5)

1(8) 1(8)

2(4) 2(4)

1(7) 1(7)

1(6) 2(4)

Fig. 4.1 Lucky Labeling of  B6,6  
 

Subcase (ii): When 𝑚 is odd.  

The vertices in the first row will have the neighbourhood sum as 8 and 6alternately i.e. 𝑠 0,0 = 8 , 

𝑠 0,1 = 6, and so on. All the vertices in the second row attains the neighbourhood sum as 5 i.e. 𝑠 1, 𝑗 =
5, 0 ≤ 𝑗 ≤ 𝑛 − 1.  All the vertices in the 𝑘𝑡ℎ  row attains the neighbourhood sum as 8  when 𝑘  is odd i.e. 

𝑠 2𝑖, 𝑗 = 8 when 1 ≤ 𝑖 ≤
𝑚−4

2
 𝑎𝑛𝑑 0 ≤ 𝑗 ≤ 𝑛 − 1. All the vertices in the 𝑘𝑡ℎ  row attains the neighbourhood 

sum as 4 when 𝑘 is even i.e. 𝑠 2𝑖 + 1, 𝑗 = 4 when 1 ≤ 𝑖 ≤
𝑚−4

2
 𝑎𝑛𝑑 0 ≤ 𝑗 ≤ 𝑛 − 1.  All the vertices in the 

 𝑚 − 1 𝑡ℎ row attains the neighbourhood sum as 5 i.e. 𝑠 𝑚 − 2, 𝑗 = 5, 0 ≤ 𝑗 ≤ 𝑛 − 1. All the vertices in the 

𝑚𝑡ℎ  row will have the neighbourhood sum as 8 and 6 alternately i.e. 𝑠 𝑚 − 1,0 = 8 , 𝑠 𝑚 − 1,1 = 6, and so 

on. It is evident that no two adjacent vertices have equal neighbourhood sum. (For illustration, see Figure 4.2). 
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Fig. 4.2 Lucky Labeling of B7,6  
 

Case 2: When 𝑛 is odd and 𝑚 is odd. 

Label the vertices in first row as 1 and 2 alternately, i.e. 0,0  is assigned 1,  0,1  is assigned 2 and so 

on. In the second row, label the first three vertices as 2 and the rest as 1 i.e.  1,0 → 2,  1,1 → 2,  1,2 → 2 and 

 1, 𝑗 → 1 where 3 ≤ 𝑗 ≤ 𝑛 − 1. In the  𝑚 − 1 𝑡ℎ  row, label the last three vertices as 2 and the rest as 1 i.e. 
 𝑚 − 2, 𝑗 → 1 where 0 ≤ 𝑗 ≤ 𝑛 − 4 and 𝑚 − 2, 𝑛 − 3 → 2,  𝑚 − 2, 𝑛 − 2 → 2,  𝑚 − 2, 𝑛 − 1 → 2 . Label 

the 𝑚𝑡ℎ  row as 1 and 2 alternately, i.e. 𝑚 − 1,0  is assigned 1,  𝑚 − 1,1  is assigned 2 and so on. For the 

remaining vertices, label the vertices in 𝑘𝑡ℎ  row as 1 when 𝑘 is odd and as 2 when 𝑘 is even, 3 ≤ 𝑘 ≤ 𝑚 − 2.It 

is evident that no two adjacent vertices have equal neighbourhood sum.(For illustration, see Figure 4.3). 
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Case 3: When𝑛 is odd and 𝑚 is even. 

Label the vertices in first row as 1 and 2 alternately, i.e. 0,0  is assigned 1,  0,1  is assigned 2 and so 

on. In the second row, label the first three vertices as 2 and the rest as 1 i.e.  1,0 → 2,  1,1 → 2,  1,2 → 2 and 

 1, 𝑗 → 1 where 3 ≤ 𝑗 ≤ 𝑛 − 1. In the  𝑚 − 1 𝑡ℎ  row, label the last three vertices as 1 and the rest as 2 i.e. 

 𝑚 − 2, 𝑗 → 2 where 0 ≤ 𝑗 ≤ 𝑛 − 4 and 𝑚 − 2, 𝑛 − 3 → 1,  𝑚 − 2, 𝑛 − 2 → 1,  𝑚 − 2, 𝑛 − 1 → 1 . Label 

the 𝑚𝑡ℎ  row as 2 and 1 alternately, i.e. 𝑚 − 1,0  is assigned 2,  𝑚 − 1,1  is assigned 1 and so on. For the 

remaining vertices, label the vertices in 𝑘𝑡ℎ  row as 1 when 𝑘 is odd and as 2 when 𝑘 is even, 3 ≤ 𝑘 ≤ 𝑚 − 2.It 

is evident that no two adjacent vertices have equal neighbourhood sum.(For illustration, see Figure 4.4). 
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Fig. 4.4 Lucky Labeling of B8,7  
Hence 𝐵𝑚,𝑛  admits lucky labeling with  𝜂 𝐵𝑚,𝑛 = 2.        

 

V. Proper Lucky Labeling For Bloom Graph 
Theorem 5.1. 

The 𝑚 × 𝑛 dimensional bloom graph 𝐵𝑚,𝑛  admits Proper lucky labelingand𝜂𝑝 𝐵𝑚,𝑛 = 3,where 𝑚, 𝑛 ≥ 3. 

Proof: 

Case 1: When 𝑛  and 𝑚 both are even.  

Label the vertices in first row as 1 and 2 alternately, without loss of generality 0,0  is assigned 1, 

 0,1  is assigned 2 and so on. Similarly label the 𝑚𝑡ℎ  row as 2 and 3 alternately, without loss of generality 𝑚 −
1,0 is assigned 2, 𝑚−1,1 is assigned 3 and so on. Label the vertices in 𝑘𝑡ℎ row as 1 when 𝑘 is odd and as 3 

when 𝑘 is even, 2 ≤ 𝑘 ≤ 𝑚 − 1.We notice that the vertices in the first row will have the neighbourhood sum as 

10 and 8 alternately i.e. 𝑠 0,0 = 10 , 𝑠 0,1 = 8, and so on. All the vertices in the second row attains the 

neighbourhood sum as 5  i.e. 𝑠 1, 𝑗 = 5, 0 ≤ 𝑗 ≤ 𝑛 − 1.  All the vertices in the 𝑘𝑡ℎ  row attains the 

neighbourhood sum as 12  when 𝑘  is odd i.e. 𝑠 2𝑖, 𝑗 = 12 when 1 ≤ 𝑖 ≤
𝑚−4

2
 𝑎𝑛𝑑 0 ≤ 𝑗 ≤ 𝑛 − 1.  All the 

vertices in the 𝑘𝑡ℎ  row attains the neighbourhood sum as 4 when 𝑘 is even i.e. 𝑠 2𝑖 + 1, 𝑗 = 4 when 1 ≤ 𝑖 ≤
𝑚−4

2
 𝑎𝑛𝑑 0 ≤ 𝑗 ≤ 𝑛 − 1.  All the vertices in the  𝑚 − 1 𝑡ℎ row attain the neighbourhood sum as 11 i.e. 𝑠 𝑚 −

2,𝑗=11, 0≤𝑗≤𝑛−1. All the vertices in the 𝑚𝑡ℎ row will have the neighbourhood sum as 8 and 6alternately i.e. 

𝑠 𝑚 − 1,0 = 8  , 𝑠 𝑚 − 1,1 = 6 , and so on. It is evident that no two adjacent vertices have equal 

neighbourhood sum. (For illustration, see Figure 5.1). 
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Fig. 5.1 Proper Lucky Labeling of B8,6  
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Case 2: When  𝑛 is even and 𝑚 is odd.  

Label the vertices in first row as 1 and 2 alternately, without loss of generality 0,0  is assigned 1, 

 0,1  is assigned 2 and so on. Similarly label the 𝑚𝑡ℎ  row as 1 and 2 alternately, without loss of generality 𝑚 −
1,0 is assigned 1, 𝑚−1,1 is assigned 2 and so on. Label the vertices in 𝑘𝑡ℎ row as 1 when 𝑘 is odd and as 3 

when 𝑘 is even, 2 ≤ 𝑘 ≤ 𝑚 − 1. It is evident that no two adjacent vertices have equal neighbourhood sum. (For 

illustration, see Figure 5.2). 
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Fig.5.2      Proper Lucky   Labeling of B7,8  
 

Case 3:When 𝑛 is odd and 𝑚 is odd. 

Subcase (i): when 𝑚 𝑚𝑜𝑑 3 ≡ 0 

Label the vertices in first row as 1  and 2  alternately and the 𝑛𝑡ℎ  column as 3  without loss of 

generality 0,0  is assigned 1,  0,1  is assigned 2 and so on and (0, 𝑛) is assigned 3.  Similarly label the 𝑚𝑡ℎ  

row the first column as 3 and remaining columns as 1and  2 alternately. Without loss of generality 𝑚 − 1,0  is 

assigned 3,  𝑚 − 1,1  is assigned 1  and (𝑚 − 1,2)  is assigned 2  and so on.Label the vertices in (3𝑘 − 1)𝑡ℎ  

row as follows: The first column is assigned as 2  and the last column is assigned as   1 and the rest of the 

columns as 3,  1 ≤ 𝑘 ≤ 𝑚 − 2.Label the vertices in (3𝑘)𝑡ℎ  row as follows: The first column is assigned as 3 

and the last column is assigned as   2 and the rest of the columns as 1, 1 ≤ 𝑘 ≤ 𝑚 − 2.Label the vertices in 

(3𝑘 + 1)𝑡ℎ  row as follows: The first column is assigned as 1 and the last column is assigned as   3 and the rest 

of the columns as2, 1 ≤ 𝑘 ≤ 𝑚 − 2. It is evident that no two adjacent vertices have equal neighbourhood 

sum.(For illustration, see Figure 5.3). 
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Fig 5.3 Proper Lucky Labeling of B9,7  
 

Subcase (ii): when 𝑚 𝑚𝑜𝑑  3 ≡ 1 

Label the vertices in first row as 1  and 2  alternately and the 
thn column as 3 without loss of 

generality 0,0  is assigned 1,  0,1  is assigned 2 and so on and (0, 𝑛)  is assigned 3.  Similarly label the 𝑚𝑡ℎ  

row the first column as 1and remaining columns as 2  and  3 alternately. without loss of generality 𝑚 − 1,0  is 

assigned 1,  𝑚 − 1,1  is assigned 2  and (𝑚 − 1,2)  is assigned 3  and so on. Label the vertices in (3𝑘 − 1)𝑡ℎ  

row as follows: The first column is assigned as 2  and the last column is assigned as   1 and the rest of the 

columns as 3,  1 ≤ 𝑘 ≤ 𝑚 − 2.Label the vertices in (3𝑘)𝑡ℎ  row as follows: The first column is assigned as 3 
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and the last column is assigned as   2 and the rest of the columns as1   1 ≤ 𝑘 ≤ 𝑚 − 2.Label the vertices in 

(3𝑘 + 1)𝑡ℎ  row as follows: The first column is assigned as 1 and the last column is assigned as  3 and the rest of 

the columns as 2,1 ≤ 𝑘 ≤ 𝑚 − 2.It is evident that no two adjacent vertices have equal neighbourhood sum. (For 

illustration, see Figure 5.4). 
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Fig. 5.4 Proper Lucky  Labeling of B7,7  
 

Subcase (iii): when  𝑚 𝑚𝑜𝑑 3 ≡ 2 

Label the vertices in first row as 1  and 2  alternately and the 𝑛𝑡ℎ column as 3 without loss of 

generality 0,0  is assigned 1 ,  0,1  is assigned 2  and so on and (0, 𝑛)   is assigned 3. Similarly label the 

(𝑚 − 1)𝑡ℎ  row the first column as 2second column as 3 and remaining columns as 1and  2 alternately.without 

loss of generality 𝑚 − 1,0  is assigned 2,  𝑚 − 1,1  is assigned 3 and rest of the column is assigned as1and 2 

alternately. (𝑚 − 2)𝑡ℎ row is assigned as follows the first column as1  second column as 2 and the rest of the 

columns as 3.(𝑚 − 2)𝑡ℎ row is assigned as follows the first column as1 second column as 2 and the rest of the 

columns as 3.Label the vertices in (3𝑘 − 1)𝑡ℎ  row as follows: The first column is assigned as 2  and the last 

column is assigned as   1 and the rest of the columns as 3,  1 ≤ 𝑘 ≤ 𝑚 − 3.Label the vertices in (3𝑘)𝑡ℎ  row as 

follows: The first column is assigned as 3 and the last column is assigned as  2 and the rest of the columns as1, 

1 ≤ 𝑘 ≤ 𝑚 − 3.Label the vertices in (3𝑘 + 1)𝑡ℎ  row as follows: The first column is assigned as 1 and the last 

column is assigned as  3 and the rest of the columns as2,  1 ≤ 𝑘 ≤ 𝑚 − 3.It is evident that no two adjacent 

vertices have equal neighbourhood sum. (For illustration, see Figure 5.5). 
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Fig. 5.5  Proper Lucky Labeling of B11,7  
 

Case 4:When 𝑛 is odd and 𝑚 is even. 

Subcase (i): when  𝑚 𝑚𝑜𝑑 3 ≡ 0 

Label the vertices in first row as 1  and 2  alternately and the  𝑛𝑡ℎ column as  3 without loss of 

generality 0,0  is assigned 1,  0,1  is assigned 2 and so on and (0, 𝑛) is assigned 6.  Similarly label the 𝑚𝑡ℎ  

row the first column as 3 and remaining columns as 1 and  2 alternately. without loss of generality 𝑚 − 1,0  is 

assigned 3,  𝑚 − 1,1  is assigned 1  and (𝑚 − 1,2)  is assigned 2  and so on. Label the vertices in (3𝑘 − 1)𝑡ℎ  
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row as follows: The first column is assigned as2 and the last column is assigned as   1 and the rest of the 

columns as 3,  1 ≤ 𝑘 ≤ 𝑚 − 2.Label the vertices in (3𝑘)𝑡ℎ  row as follows: The first column is assigned as 3  

and the last column is assigned as   2 and the rest of the columns as1   1 ≤ 𝑘 ≤ 𝑚 − 2.Label the vertices in 

(3𝑘 + 1)𝑡ℎ  row as follows: The first column is assigned as  1 and the last column is assigned as   3 and the rest 

of the columns as 2, 1 ≤ 𝑘 ≤ 𝑚 − 2.It is evident that no two adjacent vertices have equal neighbourhood sum. 

(For illustration, see Figure 5.6). 
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Fig. 5.6 Proper Lucky Labeling of B6,7  
 

Subcase (ii): when   𝑚 𝑚𝑜𝑑 3 ≡ 1 

Label the vertices in first row as 1  and 2  alternately and the  𝑛𝑡ℎ   column as 3 without loss of 

generality 0,0  is assigned 1,  0,1  is assigned 2 and so on and (0, 𝑛  is assigned  3.  Similarly label the 𝑚𝑡ℎ  

row the first column as 1 and remaining columns as 2and 3 alternately.without loss of generality 𝑚 − 1,0  is 

assigned 1,  𝑚 − 1,1  is assigned 2  and  (𝑚 − 1,2) is assigned 3 and so on. Label the vertices in (3𝑘 − 1)𝑡ℎ  

row as follows: The first column is assigned as 2 and the last column is assigned as   1 and the rest of the 

columns as 3,  1 ≤ 𝑘 ≤ 𝑚 − 2.Label the vertices in (3𝑘)𝑡ℎ  row as follows: The first column is assigned as3 and 

the last column is assigned as   2 and the rest of the columns as 1, 1 ≤ 𝑘 ≤ 𝑚 − 2.Label the vertices in (3𝑘 +
1)𝑡ℎ row as follows: The first column is assigned as 1 and the last column is assigned as  3 and the rest of the 

columns as2,1 ≤ 𝑘 ≤ 𝑚 − 2.It is evident that no two adjacent vertices have equal neighbourhood sum. (For 

illustration, see Figure 5.7). 
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Fig. 5.7 Proper Lucky Labeling of B10,7  
 

Subcase (iii): when 𝑚 𝑚𝑜𝑑 3 ≡ 2 

Label the vertices in first row as 1  and 2  alternately and the 𝑛𝑡ℎ column as 3 without loss of 

generality 0,0  is assigned 1,  0,1  is assigned 2 and so on and (0, 𝑛) is assigned 3. Similarly label the (𝑚 −
1)𝑡ℎ  row the first column as 2 second  column as 3 and remaining columns as 1and  2 alternately. without loss 

of generality 𝑚 − 1,0  is assigned 2,  𝑚 − 1,1  is assigned 3 and rest of the column is assigned as  1 and 2 

alternately. (𝑚 − 2)𝑡ℎ row is assigned as follows the first column as 1 second column as 2 and the rest of the 

columns as 3.Label the vertices in (3𝑘 − 1)𝑡ℎ  row as follows: The first column is assigned as  2 and the last 
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column is assigned as   1 and the rest of the columns as 3,  1 ≤ 𝑘 ≤ 𝑚 − 3.Label the vertices in (3𝑘)𝑡ℎ  row as 

follows: The first column is assigned as 3 and the last column is assigned as  2 and the rest of the columns as 1, 

1 ≤ 𝑘 ≤ 𝑚 − 3.Label the vertices in (3𝑘 + 1)𝑡ℎ  row as follows: The first column is assigned as 1 and the last 

column is assigned as  3 and the rest of the columns as2.1 ≤ 𝑘 ≤ 𝑚 − 3.It is evident that no two adjacent 

vertices have equal neighborhood sum.(For illustration, see Figure 5.8). 
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Fig.5.8 Proper Lucky Labeling of B8,7  
 

Hence bloom graph 𝐵𝑚,𝑛  admits Proper lucky labeling, 𝜂𝑝 𝐵𝑚,𝑛 = 3.      

 

VI. Conclusion 
In this paper we computed lucky number and proper lucky number for Bloom Graph. Further investigations are 

open to find proper lucky number for other interconnected networks.      
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