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Abstract:In this paper, evolution equations with two or more spatial variables, which may describe

pseudospherical planes in higher dimensions, are considered. Necessary and sufficient conditions for equations
aku ak'y

of typeu,, = w(u,ux, ...... sk Uy e o 'W'ut)

to describe a 3-dimensionalpseudospherical plane of R>are given . Such equations are characterized.
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I. Introduction
It has been observed that exactly solvable nonlinear differential equations with two independent
variables are obtained as compatibility conditions for linear systems. Moreover, obtaining a spectral linear
problem associated with a nonlinear equation[14-16] has been useful in order to solve the initial value problem
by the inverse scattering method, [1]. In [2,13] the notion of a differential equation which describe
pseudospherical surfaces (surfaces with constant negative Gaussian curvature inR>) was given . Studies are made
in this direction concerning non linear evolution equations of type

o*u\
U, = \y<u, Uy, Uy, oo ’ﬁ) in[2,11]
ofu)
u, = w(u, Uy, Uy, oo ’ﬁ) in [1,10]
And U = w(u,uy,, Uy, u,) in [8].

Then, we [6,7] generalized these studies to evolution equations with three independent variables which are
related to pseudospherical planes (P.S.P) in R® (3-dim planes of R® with constant negative sectional curvature )
where equations of types

L ak'y
Uy =1p(u,ux,uxx,........,ﬁ s Uy, Uy vee e ,ay—k)(l)
and
aku ak'y
ut:w(u,ux,uxx,........,ﬁ,uy,uyy, ......... ,W) (2)

Avre studied . Here we provide a similar study for another class of evolution equations with two spatial variables

plus the time variable which have the from
aku ak'y
Uy =P (u,ux, e R R Vo ,ut) ?3)

I1. Basic notations and Preliminaries
A differential equation E-for a real function u(x , y, t) describes a 3-dimensional pseudospherical plane
in R>(simply P.S.P.) if it is the necessary and sufficient condition for the existence of differentiable functions
fuir1 < a<6andl <i < 3, depending on u and its derivatives, such that the 1-forms
Wq :faldx + fazdy + faBdt
satisfy the structure equations of a 3-plane of constant sectional curvature —1 in R® i.e. equations (4).
dwy = w4 A w, + ws A w3

d(l)z = —Wy /\(1)1 +(1)6/\(1)3 |
d(U3 = —Ws /\(1)1_(1)6/\(1)2 } (4)
d(l)4 = wq /\(1)2 |

d(US = W1 /\(1)3
d(l)é = Wy /\(1)3 )
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where we have written
W4 = W12 Ws = W13, and
Wg = WozWith W = —wy ,L,j =123, w; =0
We shall define such 3-dimensional P.S.P to be a two-parameters 3-dimensional P.S.P f;,=f;,;= ¢ and
fon = fapy=&, with ¢ and & constant parameters.
To study equation (3).we first write

oku
Zg = U, Z1 = Uy, Zy = Upyy eee v ,Z]T ﬁ B
oFu
Zy = U, Zyr = Uypyy e ve e ene e Zg ayF and p=u
Thus equation (3) becomes
= W(Zy, Z1) oo Zis 210y oe oees Zjgt D) (5
In Particular, we shall conS|der equatlon (5) with the followmg assumptions
Zl,t = 7y Fa 0
Zpy = Ziy =0 (6)
Zyp, = pfor 1s<i<k ,1<i'<k’

where the comma denotes partial differentiation with respect to the shown variable. Now consider the

following ideal I of forms on the space of variables x, vy, t, zy, Z1, «.. v oo\ Z, Z11) Z21y ven oo ) Zje, D
Oy =dzgAdt -z dyAdt,  0<i'<k —1|

2, =dpAdt+dz Ndx }(7)
2, =dpAdt+dzyAdy .
N, =dpndx ANdy —yPdx Ady Adt |
N =dzygANdx ANdy —pdx ANdy Adt J
Note that assumptions (6) mean that u has no (xy) terms. Now, if we apply Cartan-Kahler theory, for
equation (5) and using the notation above we can obtain the following result which relates solutions of the
differential equation (3) with integral manifolds of the ideal I formed by the forms in (7).

Lemma 2.1

Let p, = W(Zg, Z1y o os Ziy Z10s ven one ,Z; ,p),be a differential equation which describe an (¢, ¢) 3-dirnensional
P.S.P with the associated 1-forms @, = f,1dx + f,, dy + fzdt,a=1,2,...,6 where f,, and 1) are real
differentiable (C*) functions defined on an open connected subset U < R¥**¥*1 with no explicit dependence on
x,y and t. Then

fi1z = fize, = Porz = foze, = fo1,0, = f52,2, = for,2, = foo,,, =0Vi#E 1
fll,zkr = f13,zkr = f21,zkr = f23,zkr = ]c33,sz = f43,zkr =
f51,zkr = f53,zkr = f61,zkr = ]%3,sz =0
f33,zkr71 = ﬁB,szl =0
12,Zk - 13,Zk - 22,Zk - 23,Zk - 33,Zk - 43,Zk -
fi2,z, = 3.2 = fo2.y, = f23.0, = P332, = 132, =
52,z — J53,z;, — J62,z), — J63,z)p
f2z = fo3zy = forz, = fo3z = 0
f‘33,2k,1 = f;l-3,Zk,1 = 0 } (8)
f13,p = fz3,p = f33,p = f43,p = f53,p = f63,p =0
f33,p = f43,p =0, f33,21 = f43,21 =0
f33,z1r = f43,zlr =0, fl3,p = f11,21 = le,er
fz3,p = fz1,z1 = fzz,zlw f53,p = f51,21 = fsz,zlr
f63,p = f61,21 = fez,zlr
flap + fop+ fhp tfhp i, + fap +fay +féap #0
In U, and

k'—1

z l+1f11z +Z Zis1fio,z = oz = $fo1 +$fs1 +{f52

i=1

©)
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k-1

~Vfirp = Pfira + ) Zefisg = s~ fifa + fafa —fs (10)
k-1 =0
—Yhap —Phogs T Z Zi'+1f13,zl_r =&fo3 — fazfor + foaf33 —§fs3 (11
k'-1 = k-1
- Z Zi’+1f21,zl_r + Z Zip1fr2,, = §f11 = Sz + $fe1 — fe2 (12)
i'=1 1 i=0
—Yfp —Phig T+ Z Zip1f3,2, = [11fa3 = Cfiz + ferfsz = $fe3 (13)
=
—Yfa2p — Pzt Z Zi’+1f23,zl.v = fi2faz = $fiz + feaf3z = {fe3 (14)
i'=1
B | Fisfio-fiafis = foofor- for oo (15)
Z Ziy1f332, = firfss — fisfs1 + farfes — fasfar (16)
Z Zisfasz, = fafss — fisfoa + farfes — fasfez 17)
Ffa-fafa = 0 )
Z Zi+1ﬁl3,zi = fiifazs — fisfa (19)
k'i—zzo
Z Zi'+1f43,zir = fiafos = fisf2 (20)
iv:li'—1 k-1
- Z Zi'+1f51,zir + Z Ziyifszz, = §H1— Che (21)
—Yfs1p = Pfsiz + Z Ziy1fs3,z, = fi1fzs — Chis (22)
=
~Vfsap = Phoazo + ) Ztsiforn, = fuafn = Efi (23)
= k-1 k-1
- Z Zi'+1f61,zl.r + Z Zis1fo2,2, = foafao — faafan (24)
i'=1 1 =0
—Yferp — Ple1z T+ Z Zis1fe3,, = foafsz —$fas (25)
k’—ifo
—Wfe2p — Pf62,z0 T Z Zi'+1fG3,Zir = foofs3 — $fos (26)
with the assumptions (6). -
Proof:
In the space of variables (x,y,t,z, 2y, L Zy, 21,0, Z, ) We consider the ideal I generated by

Q;, Q;, O, ©, Q2 -andQ defined by equations (7) with ¥ given by equation(53) then

Q=0=0,=0,=0Q, =

Q = 0, when restricted to each integral manifold of E.

Hence, for zy, zy, ..., Z, Z¢') oon o , Zy, 0 Satisfying (5), we have

dz; Ndt = z;dx Adt,

dzy Adt = zpdy AdE,
dpAdt =
dp Adt =

i
l'l
—dz; ANdx

—dzy Ady

01,.....k—1
01,.....k'—-1
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dpAdx Ady = Pdx ANdy Adt
dzgNdx Ady = pdx Ady Adt

Where from assumptions (6) we have
dz; Ndx ANdy = z;,dx Ady Adt
dz; Adx Adt =0

dzzNdyANdt =z, dx ANdy Adt

dzp ANdx Ndy =0
dzp ANdx ANdt = =z dxANdy Adt 27)

dzy AdyAdt =0
dpANdx ANdy =p.dx ANdy Adt

dpAdy Adt =0

dpAdx Adt =0

And also we have
2y =27, =0
Zpy = Zjy = 0
2y, = pfor 1sisk ,1<i'sk’ [ (28
fll,zi Ele,zi EfZl,zL-EfZZ,zi EfSl,ziEfSZ,ziEfél,zi EféZ,ziEO Vi # 1 ( )
fll,zkvz_fl&zkrEf-Zl,zkr5f23,zkr5f33,zkr5f43,zkrEfSl,zkrEfS3,zkv5f61,zkv5f63,zkv50
le,zk Ef13,zk EfZZ,zk Ef23,zk 5f33,zk 5f43,zk Efsz,zk Ef53,zk Ef62,zk 5f63,zk5
At the beginning by using assumptions (6) and (8) we have
The 1-forms o, satisfy the structure equations (4) therefore

quzdz /\dx+Zf112 dz, Adx+f11pdpAdx+Zf122dz Ady+2f122 dz; Ndy + fizpdp A dy

i=0 11 i=0 i'=1

+ fi ZdZ-/\dt+ fi ZdZ-'/\dt+f dp Adt

; 13 z 13, 13,

=({f22—¢fan +ffs1 {fs)dx Ady + ({fa3 — fasfa1 + fs1f33 — {fs3)dx Adt
+ (§f23 — fasfaz + fsafsz — §fs3)dy Adt Q)

From the above equation(*)we can obtain the following equations by simple calculations and by using equations
@7)

k-1

—Yfi2p — Pl t+ Z Zi'+1f13,zir =&fos — fazfoz + fs2f33 —&fs3
k—1

—Yfip —Phig, + Z Ziy1fi3,2, = Cfaz — fazfor + fs1fas — (fs3

k'—1

Z l+1f112 +Z Zipy1fi2,z, = Cfa2 —§fo1 +$f51 + {fsy

In S|m|Iar way by usmg assumptlons (6) and (8) we have the 1-forms o, satisfy the structure equations (4) then

meidzi Adx + mei,dz,., Adx + fo pdp Adx + mei dz A dy
i=0

+Zf222 dz; /\dy+f22pdp/\dy+2f232dz /\dt+Zf23Z dz; Adt+ fys pdp A dt

= (_(f12 +ff11 +&fe1 —{fe2)dx Ady +( ff13 + fasf11 +f61f33 {fe3)dx Adt
+ (=¢f13 + fasf12 + feafss — Efe3)dy Adt ()

From the above equation(x)we can obtain the following equations by simple calculations and by using
equations (27)

k'—
—Yfa2p —Dfaz2z + Z Zi’+1f23,zl.r = fizfas = $fiz + feaf33 — {fe3
i'=1

DOI: 10.9790/5728-11262838 www.iosrjournals.org 31| Page



Pseudospherical 3- Planes In R> and Evolution Equations Of Type

k-1
—Yhip —Phag +Z Ziv1fo3z, = f11faz —Chis + feifzs — fes

k'—1

_Z l+1f21z + Z Ziyifoz, = §f11 = Sfz + $fer — ez

In similar way by using assumptlons(G) and(8) we have the 1-forms w,satisfy the structure equations (4) then

medz /\dx+Zf312 dz, Adx+f31,,dp/\dx+zjgzzdz Ady

l 1

+Zf322 dZ Ady+ﬁ2pdpAdy+Zf33de /\dt+2f33z dZ /\dt+f33pdp/\dt

i=0
=(—fs1frz + f52f11 fe1faz + feaf21)dx Ady + (—fsyf13 + f53f12 f62f23 + fa2fe3)dy Adt
+ (=fs1f1s + fsaf11 — fe1fos — feafor)dx A dt ()
From the above equation(**)we can obtain the following equations by simple calculations and by using
equations (27)
k'=2

Z Zi'+1f33,zir = fiafsz — fisfs2 + faafo3 — fasfer
i'=1
1z, = f31,zir =fa2, = f32,zir = Owherefs; = ,f3 =¢

k—2

Zzi+1f33,zi = firfsz — fisfs1 + farfes — fasfer

iz = f31,zir =fa2, = f32,zl.r = Owherefs; = ,f3, =¢

firfs2=fizfs1 = faafe1—farfer
iz = f31,zir =fa2, = f32,zl.r = Owherefs; = ,f3, =¢
Similarly by using assumptions(6) and(8) we have the 1-forms o, satisfy the structure equations (4) then
k k' k

> Fuadz ndx + Z for 2oz A dx + fog pdp A dx + Z fiz.0,d7i A dy
i=0

+Zf422 dz; Ady+f42pdpAdy+Zf432dz Adt+2f43z dz; Ndt + fys ,dp Adt

= (firf22 — lefZl)dx ANdy + (f12f23 — f13f22)dy Adt + (fllf23 f13f21)dx Adt ()
From the above equation(-)we can obtain the following equations by simple calculations and by using equations
@7)

farz = ﬁll,zir = fazz = f42,zir = Owherefy; =7, fi, =& we have
k'=2

Z Zi’+1f43,zir = fizfos — fisfa2

i=1
farz = ﬁll,zir = fazz = f42,zir = Owherefy; =, fi; = ¢ then we have
k=2

Zzi+1f43,zi = firfes — fisfa
i=0

farz = f41,zir = fazz = f42,zir = Owherefy; =, fi; = ¢ then we have
fiifaz-fizafar = 0

Similarly by using assumptions (6) and (8) we have the 1 -forms w, satisfy the structure equations (4) then

Zf51zdz Adx+Zf512 dz; /\dx+f51pdp/\dx+2f522dz Ady

l 1

+Zf522 dz; Ady+f52pdpAdy+Zf53Z dz; /\dt+Zf53Z dz; Ndt + fs3,,dp Adt
= (fufsz — f12f31)dX/\dY+(f12f33 f13f32)dy/\dt+(f11f33 f13f31)dx/\dt @)
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From the above equation(--)we can obtain the following equations by simple calculations and by using equations
@7)

~Vfizp — Pszay + Z Zosfina, = fiofis — Efia
i
—Yfs1p —Pfsiz T Zzi+1f53,zi = fufzzs —$fis

k-1

_Z l+1f512 + Z Zip1fs2,z, = $fi1 — Ch2

Flnally by using assumptlons (6) and (8) we have the 1 forms o, satisfy the structure equations (4) then

Zfﬂzdz /\dx+Zf6lz dZ Adx+f61pdpAdx+ZE22dZ /\dy

l 1

+Zf622 dZ Ady+f62pdp/\dy+2f63zdz Adt+2f63z dZ /\dt+f63pdp/\dt
=1 i=0

= (fo1f32 — f22f31)dx ANdy + (f22f33 — fasfz2)dy Adt + (fo1 faz — f23f31)dx Adt )

From the above equation(--)we can obtain the following equations by simple calculations and by using equations
@7)

—Yfe2p —Plozzy T z 1+1f632 f22f33 — §fa3
e
—Yfer1p —Plorz + Zzi+1f63,zi = fo1fz3 — {fa3

k'—1

Z z+1f61z + Z Ziv1forz = forfso = faafz1 @

To justify the last equation of (8) we observe that if firp fizps fo1,00 22,0 f51,00 f52,p0 fo1,p» @a0df52 , Vanish
simulataneously, it follows that equation (5) can not be the necessary and sufficient condition for the forms w, to

satisfy the structure equations of a 3-dim. p.s.p. Therefore, this condition is added, and that completes the proof
of the lemma.

I11. Characterization of this type of equations:
Now, by the lemma (2.1), necessary conditions for an equation of the type
. _ _ Py = }P(Zo'zp coves Ziy 21ty voe e  Zy D) -
To describe a 3-dim.P.S.P, is that the functions f,; satisfy (8) to (26). Therefore we shall assume these conditions
in order to characterize all such equations. We consider quantities L; # 0, L, # 0, L; # 0 andL;, # 0 where

Ll,p = f11f51,p _f51fll,p ’ LZ,p = f21f61,p_f61f21,p
Ll,zi = f51,zif11 _fll,zif51 ’ Ll,pzi = fSl,pfll,zi _fll,pfSl,zi { (29)
Lz,zi = f61,zif21 - fZl,zL-fGl ’ LZ,pzi = f61,prl,zi _f21,pf6l,zi
. 51 =f521 - fis ’ S, = fa —fA
Also, we consider the following
L p = f12f52,p _f52le,p ’ LZ,p = f22f62,p _fGZfZZ,p
Ll,zi = fsz,zif12 _f12,zif52 ’ Ll,pzi = fSZ,ple,Zi _f12,pf52,zi > (30)
L,Z,zi = fez,zifzz _fzz,zifez ’ L,Z,pzl- = f62,pf22,zi _fZZ,pf62,Zi
S1 =fszz _f122 ’ Sﬁ = fezz _fzzz

Now we state the following theorem

Theorem 3.1
Let f;, 1 <a<6 , 1<i < 3,be differentiable functions of p, zy, zy, ... ... Zis Zyy oee e z,,» such that quations (8)
holdand f3; = fy1 = ¢ , f3, = fa, = &are parameters. Suppose L, p, L; ,, , L, pandL, , as given before are non
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zero.Then theequation p, = Y(zy, Z1, -, Z, Z1) -
with associated 1-formsw, = f,;dx + f,,dy + f,zdtIf and only if the function i is given by

.., Zy , p)describes a two-parameters 3-dimensional P.S.P

k-2 k-2
1
= Tin)? |:Zj+1 <L1,P Z f332, = ) B3z Zisilips,, T Ly, L1,21> + PLy, Lip
Lp i=0 i=0
k-2 k-2 L k-2
—Lip Z f33,2,2,2i41 — L1z, L1 + Z f33.2,Ziv1L1ps, + E{SLP Z f33,2,Zi41 + S1(QLy 4,
=0 i=0 i=0
- f33L1,P)l
" k-2 )
+ ﬂ [Zj+1 <L2,P Z f33,, — Z f332, Ziv1lops,,, + LZ,ZL-LZ,21> + PLy, Lap
2P i=0 i=0
k-2 ) L k-2
—Lyp Z f33,2,2,2i41 — Loz Loy + Z f33,2,Zi+1L2,pz, + E{SZ,P Z f33,2,Zi41 + 52(CLy 5,
=0 i=0 i=0
- f33L2,P)l
1 k'-2 k'—2
+ o) Ziyq | Lip Z fa3.2, — Z f33.2, 2 '+1L,1,Pzir+1 + Li,zi«Li,zlv + PLy Ly p
LP i'=1 i=1
k'—2 k'—2 1 k'=2
~Lip ) fraan i — b Vi + ) frag Zivibis, 456500 D fran 2 + 51 (€L,
i'=1 i'=1 i'=1
~ fa3L1p)
1 k=2 k=2
e[| Lae ) sy = D o Zraibiey,, + Laa L |+ PLisgLas
2P i=1 i=1
k-2 k=2 1 )
- L,Z,P Z f33,zirzirzi +1 L,Z,ZirL,221 + Z f;ﬂ3,zirzi'+1L,2,Pzir + Efsé,P Z f33,zl.rzi'+1 + 52’ (fLVZ,zl
i'=1 i=1 i'=1
— faslop) |+ fsr.p fasfor = {f23) + for,p (Cfiz — fit faz) + fozp (fas for — $f23)
+ fo2,p€fis — fi2fa3) (31,) ,
Where 1<j<k—-1 , 1<j<k -1
Moreover
1 k-2 :
fis=7— [fu,p fsa Ziv + Fu1(Ligy + Logy) = fos (fins forp = forfirg) = fos (o frap = firforp) | (32)
;'p | :
Fir == \Forw D Fosinzon + Fon (Lo, + L) = fos (s forp = fia forp) = fis s Fon = Fnfr )| 33)
Zp - =0 :
fir =T \Forw D Frsn 7ier + for (s + L) = fis (s iy = for forp) = s s farp = for fir )| (39)
i’p N :
fos = 1 |forw 2 Joso 2 + for (L + Lag) = fis (for, fovp = forforp) = fos Gins forp = for fin p) | (35)
Pl i=0 ]
It is noted that by similar construction, one may obtain
k'-2 ]
1 , ,
fiz = R fizp Z f33,zirzi'+1 + fi2 (L1,21 + LZ,zl) — fa3 (lelféZ,p - féZle,p) — fo3(Fazs frzp — f12f22,) | (36)
Lp i=1
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k'=2 ]

1 : :

fs3 = r fs2,p Z f33,zir Ziyq t+fo2 (L1,21 + LZ,zl) — fa3 (f52!f62,p - f62f52,p) — fos(F2z, fszp — fs2f22) | B7)
P i=1
L k'=2 ]

fir =7 \Fiaw ) iy ms + oWy + L) = fus Uz foz — Foafozn) — s Chafony — fozsfiz)| (38)
Zp i=1
1 = k,_z 3

fir =7 \foaw ) Fraa, 71 + fiaWiy + L) = fis Uz oz — Fonfoz) = fis Chas iz — fifiz)| 39)
Zp i'=1

Proof

Suppose the equation P, = 1 describes a 3-dim. P.S.P. Then it follows from the lemma that equations (9) —
(26) are satisfied. Now, consider egns. (16), (17) and their derivatives with respect to p, it follows from (8) that
k-2

fi1fss — fisfs1 + farfes — fazfer = Zf33,zizi+1 (40)
i=0

—fiipfss + fsipfiz — faipfes + forpfazs = Lisy + Loy,
' \

)
|
fizfos — fisfs2 + oo foz — fazfer = Z f33,zirzi'+1 $ (41)
i'=1

L= |
~fizpfss + fs2pfis = faapfes + foapfos = Ligy + Lé,zlj
Using notations (29), (30) and from (40) one gets fs3, fs3, fs3 and fs;as given by(32) — (35).
Also, by the same way, (41) gives, the formulas (36) — (39) for these functions.
Thus we have the following result:
Now, consider the derivative with respect to z ., of eqns (10), (13), (22), and (25) as well as the derivative with
respect to z; -, of egns (11), (14), (23), and (26) . Then it follows from (8) that

Yy fip + fizg = 0)

! |

Yy fizp + Sz, =0 ¥

42
Yy Ssip t fozn =0 (42)
Yy Jorp t Jesz = 0)
And
_¢zjr+1f12,P + fl3,z].r =
(43)

Y, fs2pt+ f53.. =
j+1 J
_lpzerfGZ,P + f63,z].r =
Therefore (42), and (43) give Vs i1zia1 = Oand ¢z.r+1z.r+1 = 0 . Thusyis of the form :
] ]
Y =Az, +Bz +C (44)

0y

=V, fopt fo3.. = 0|¥
j+1 J

°l

0)

Where 4 is independent of z ., , B is independent of z;-, ,, while C is independent of both z,, , andz;,,. From
eqns (42), (43), and (44) we get
fSZ,ZifM,P - f13,zl-f51,P =0 , f63,zl-f21,P - fZ3,zif61,P =0 (45)
f53,zif12,P _f13,zif52,P =0 , f63,zl.rf22,P _fZ3,zirf62,P =0 (46)
(fsa,zifn - fl3,zif51) - lsz,lLl,P = 0} 47)
(fea,zifn - fZ3,zif6l) - lsz,lLZ,P =0
(fsa,z.fn - f13,z.f52) — Y, 1L’1,P =0
i i i+ ’ (4’8)
(fea,zifzz - fZ3,zl.rf62) - lpzirHLZ,P =0
Where 1<j<k-1 , 1<j <k -1
Now from equations (44), (47) and (48) one gets:
1 1
A= Ly (fsa,zjfn - f13,z1f51) + E(fe&zjfm - f23,z]»f61) (49)
B = Li f53,z].f12 _f13,z].f52 +L,L f63,z},rf22 _f23,zjrf62 (50)
1,P 2,P
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Hence, by (32) - (35) and (36) (39) we get

k-2
A= (L )2[ 1PZf33zl ZfSSzl Ziy1 L1le+1 +L121 L121l

(L )2|:L2P2f33zl Zf33zl Ziy1 Lapsy,y +L221L221l (51)

B = o )2 1PZf332 Zf33z 1+1L1Pz +L1z L1z
P

i =1

(L P)z Lyp Z f33z Z f33z Zi' 41 LZPZ +L2z lz,zlr (52)

i=1
Now, it follows from (44) - (50) that equations (10) and (22) are equivalent to thefollowing
k—1

CLyp+PLy,, — Z Ziy1 (f53,zif11 - f13,zl-f51) — f3351 + {(fssfs1 — fisf11) f33S1 + fs1 (fas for — {fa3)

i=0
= 0(53)
k-1 L
~Plipsy = ) 71 (sfune = Fissfore) + Sfssfove = fisfins) =5 FisSup + o Giafir = i)
i=0
= 0(54)
Also equations (13) and (25) are equivalent to:
k-1
Clyp +PLy,, — Z 21 (foaz o1 = fs.oifsr) = f3352 + {(feafor — fasfor) 332 + for Cfis — firfus)
i=0
= 0(55)
k-1 1
~Plapsy = ) 7ins s = Fosfore) + S Fisfore = Fisforp) =5 fisSon + foroGfis = firfis)
i=0
= 0(56)
Similarly, egns (11) and (23) are equivalent to the following :
k-1
CLyp + PLy 0 — Z Z 11 (f53,zi'f12 _f13,zi/f52) — fa3S1 + E(fsafss — fisfi) a3 St + foo (faz foz — €f23)
i=1
=0(57)
k' -1 1
_PL,LPZO - Z Zi'y1 (f53,zi'f12,P - f13,zl.'f52,P) + f(fsz,Pfs3 - f13f12,P) - §f3351,P + foo,p(fasfoz — $f23)
i=1
= 0(58)
Also, equations (14) and (26) are equivalent to:
k' -1
CLyp + PLy,, — Z Zi 41 (]%3,zir]C22 _f23,zl.'f62) ~ f3352 + E(fesfor — fr2 f23) f33S2 + fo2 Efiz — fizfuz)
i =1
= 0(59)
k' -1 1
—PLyp,y — Z Z' 41 (f63,zi' fozp — f23,zl.'fGZ,P) +&(fos forp — frsfozp) — 5f335é,13 + foo,p §fis — fi2fa3)
i =1
= 0(60)
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Therefore, using (32) — (35) and (36) — (39) in ((55) — (60), we get :

k=2 k=2
C= (L )2 PLlZOLlP L1PZf33zzl Ziy1 lel L121 +Zf33 VZj L+1Ll Pz
Lp i=0 i=0

k—2
1
+ 3 {S1p Z f33,2,2i41 + $1(CL1 2 — f33 L1,P)l
=0

1 k—2 k-2
(L )2 PLZZOLZP LZPZf33zzl Ziy1 LZzl L221 +Zf33 VZj l+1L2 Pz
2p i=0 i=0

. _
+ 5 {S2p Z f33,2,2i01 + $2((Laz — fa3 Lz,P)l

k' =2
1 , , ,
(L )2 PL z0L1P L1P Z f33z ‘2 - Ll,zi’ Ly, + Z f33,zl.' Zi'+1L1,le.r

1P

i =1 i =1

k' -2
1_, . ,
+ 5551,10 Z f33,zi' Zi' 41+ $1(ELy s, — f33Llip)

i =1

(LZP)Z PLZZOLZP LZP Z f33z 'z Zi' 41 LZZ L221 Z f33z i +1L2PZ

i =1 i =1

k' -2
1_, , , ,
+5552,P Z f33,zi' Zi 11+ S3(ELy s, — fazlop) |+ fsr,p (fasfor — (fas)

=1
+ fo1,0(Cfiz — firfaz) + fszp (fasfor — §f23)
+ fo2,0Cfiz — fi2fa3) (61)

Thus, form (44),(51),(52), and (61) we obtain ¥ as given by (31) in the theorem. Conversely, given functions
fi1, f51, o1, fo1r iz s, [ @Nd fo, OF D, 24, 24, ... ... Ziy Zq' s e een z, and the functions fi3, fs3, fo3, fe3 and P as
given by (32) — (35), or(36) — (39) and (31), then straightforward computations show that the equation P, = ¢
describes two-parameters 3-dimensional p.s.p with associated 1-forms w, = f,1dx + f,,dy + f,3dt ,1 < a <
6 which satisfy equations (4). This completes the proof of the theorem.

As a matter of fact, this model of evolution equations with more than two spatial variables, which we are
considering here, fits many equations of physical interest namely the higher dimension sine-Gordon equations,
[3,12]

IV. Conclusion
In this paper, we extended the notion of P.S.P to higher dimensions i.e. 3-dim plane of constant
sectional curvature-1 imbedded in R® and we studied the change in the results and properties.
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