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Abstract: In this paper, we have studied fuzzy subspace, balanced fuzzy set, and absorbing fuzzy set over a
fuzzy vector space. We examine the properties of the balance fuzzy set, and absorbing fuzzy set, and established
some independent results, under the linear mapping from one fuzzy vector space to another fuzzy vector space.
Keywords:Fuzzy vector space, Fuzzy balanced set, Fuzzy absorbing set.

I.  Introduction:
The concept of fuzzy set was introduced by Zadeh [6],and the notion of fuzzy vector space was defined and
established by KATSARAS,A.K. and LIU,D.B [2].Using the definition of fuzzy vector space, balanced fuzzy
set and absorbing fuzzy set, over the fuzzy vector space. We established the result that under the linear
mapping, these balanced fuzzy set, and absorbing fuzzy set, remains the same.

1. Fuzzy Vector Space

Definition 1.1 : Let X be a vector space over K ,where K is the space of real or complex numbers, then the
vector space equipped with addition (+) and scalar multiplication defined over the fuzzy set (on X ) as below is
called a fuzzy vector space.

Addition (+) : Let A .. , A be the fuzzy sets on vector space X, let f : X" — X, such that
L P X)) =X F e + X, ,we define
A+ +A =f (A&, ....... An) , by the extension principle

Hia,...., An)(y): :ue {:uAl(Xi)’ ----- ’ﬂ&(xn)}
y=F (¥ Xn)
Obviously, when sets A, ....... , A, are ordinary sets ,the gradation function used in the sum are taken as
characteristic function of the set.
Scalar multiplication (.) : If « is a scalars and B be a fuzzy set on X and g : X — X ,such that ¢ (X) =axX

;then using extension principle we defineaB as aB=¢ (B) ,where

Hyey (V)= sup fus(0}, if Y = ax holds

'ug(B)(y):O, it ¥7#X for anyX € X
i.ei,5(Y)=5uUp g (x),ifyeX

yaB(y):o, if Y= aX,forany X

THEOREM 1.1 :If E and F are vector spaces over K,f is a linear mapping from E to F and A,B are fuzzy sets
on E,then

f(A+B)=f(A)+f(B)
f (aA):af (A), for all scalars o
iof (aA+,BB)=af (A)+,Bf (B)

Proof: Proof is straight forward.
Definition 1.2:  If Alis a fuzzy set in a vector space E and x € X, we define x +A as x + A = {x} +A.

, Where a, 3, are scalars
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THEOREM 1.2 :If fy- E — E (vector space) such that fx(y) = X +y, then if B is a fuzzy set in E and A is an
ordinary subset of E, the following holds

x+B=f (B)
;ux+B(Z):/uB(Z_X)
A+B=U(x+B)

xeA
Proof : Proof is straight forward.

THEOREM 1.3: If Ay,........ A, are fuzzy sets in vector space E and ay, .........., o, are scalars
L R A, = Aiff (o] CTTT Xn in E, we have
Lp (X e +anxn)2min{yAi(x1), ........ My (xn)}

Proof : Proof is obvious.

2. Fuzzy Subspace
A fuzzy set F in a vector space E is called fuzzy subspace of E if (i) F + F cF (ii)a F CF, for every scalars o.
THEOREM 2.1:If F is a fuzzy set in a vector space E, then the followings are equivalent

(i F is a subspace of E
(i) For all scalars k,m, kF+mF cF

(iii) For all scalars km,and all x,y €E

e (loc+-my) = min{ sz (%), e ()}
Proof : It is obvious
THEOREM 2.2 :If E and F are vector spaces over the same field and f is a linear mapping from E to F and A
is subspace of E. Then f(A) is a subspace of F and if B is a subspace of F. Then f*(B) is a subspace of E.
Proof : Let k, m, be scalars and f is a linear mapping from E to F, then for any fuzzy set A in E

K (A)+mf (A)=f (KA)+ f (mA) = f (KA+mA) < f (A)
As kA + mAc A, since A is a subspace.
~ f(A) is a subspace of F

Also, Hiae) (kx+my) ~ e ( f (kx+my))
g (kx+my) = (kf (%) +mf (y)) , since f is a linear mapping
1 (oY) min g (1()), e (1(9))}

Hia g (kx+my)>min {ﬂrl(s) (x), Hig) (y)}

, as B is a subspace.

-1

i.e ( ) , s a subspace of F

THEOREM 2.3: If A, B, are fuzzy subspace of E and K is a scalars. Then A + B and K A are fuzzy subspaces.
Proof: Proof is obvious.

3. Balanced Fuzzy Set
A fuzzy set A in a vector space E is said to be balanced if o. A C A, for all scalars o with Ix1<1.
THEOREM 3.1: Let A be a fuzzy set in a vector space E. Then the following assertions are equivalent.

(i) A is balanced
(iii) For each a€ [0,1], the ordinary set A, given by
A, ={Xe E:,uA(X)Za}

Proof :(i) = (ii)
Suppose A is balanced i.e o A € A, for all scalars a with [a I <1.

, for all scalars a withTaI<1

, is balanced
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i.e’uA (X) = Hon (X) , for all scalars a with [ a I < 1, taking o x for x
S Ha ((ZX) 2 Hon (aX) = Ha (X) , where 020 ................. ()
e, (ax) = u,(x)

, for all scalars o, with I o I< 1 and x€ E
If a = 0,from (i)

H(@X) 2 p1,5 (X) =t (0X) =SUP 11, (1Y)

yeE

S (ax) 2 p, (X)
Suppose, (ii) = (iii)

I.e,uA(OlX) > ’uA(X), forallawithloa I<landx €E
A, :{Xe E:,uA(X)Za},ae[O,l]

tA, ={tx:xeA,}

, where =10

Let

. XxeA
,WithTtI<1, let @

Since ta(ax) = p, (X) 2 a
txe A

* whenltlI<lIl

~tA A

Now,

,withlTal<1

@ with Tt1<1
=>A“, is balanced
(iii) = (i) Let x€E, and let ”A(%) % where k<1
L2 A ={y:im(y)za}

.—€A
k “, where

_ X X .
NOWkAa_{kX'XEAa},SinceEGAa , k'KeAai,eXEA“ ) kA“CA“, as AO’is balanced i.e
INCIEVALARE

: <

'"ukA(X)_’uA(X),forallscalarskwithIkISl,andeE
’.’kACA, A is balanced.

THEOREM 3.2: Let E, F be vector spaces over k and let f: E — F be a linear mapping. If A is balanced fuzzy
set in E. Then f(A) is balanced fuzzy set in F. Similarly f*(B) is balanced fuzzy set in Whenever B is balanced
fuzzy setin F.

Proof : Let E, F be vector spaces over k and f: E — F be a linear mapping. Suppose A is balanced fuzzy set in
E.

Now a.f(A) =f(aA) c f(A), for all scalars o with TaI<1

i.e o f(A) c f(A)hence f(A) is balanced [+0A c A]

Again suppose B is a balanced fuzzy set in F

~a B c B, for all scalarsawithlal<1

Now, let M= a f*(B), therefore, fiM) = f (o £(B)) = o f (f}(B)) ca B c B

~ M c f(B), hence o f*(B) c f'(B), therefore f*(B), is balanced fuzzy set in E.

THEOREM 3.3: If A, B are balanced fuzzy sets in a vector space E over K. Then A + B is balanced fuzzy set in
E.

Proof : Let A,B are balanced fuzzy sets in E. Therefore o A € A, and o B c B, for all scalars o with I o I< 1,
Now o (A+B)=0aA+aB c A+B, hence A+ B is balanced fuzzy set in E.

THEOREM 3.4 :If {Ai}ia .is a family of balanced fuzzy sets in vector spaces E. Then A = N 4; , is balanced
fuzzy setin E

Proof : Since {A}ie, is a family of balanced fuzzy sets in E

aAic A, for all scalars a with [ a I< 1
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. aXx)= X
that is, Hy ( ) Hy ( ) , for all scalars o with [ o I< 1
Now let, A=N Aj

,uA(y)=i_nf,uA1 (y),forallye E
,uA(aX) inf 2, (ax)

iel

,take y=ax
Ha(aX)= inf 1, (%)=, (x)
SCA=

, for all scalars o with I o I< 1, and X€ E

, Is balanced fuzzy set in E

4. Absorbing Fuzzy Set

— . o . E=uv
Definition : A fuzzy set A in a vector space E is said to be absorbing if k>0
THEOREM 4.1 : For afuzzy subset of A of a vector space E, the following are equivalent.

(i) A is absorbing

(ii) For each x € E, Skli([)) 4 (K0) =1
(iii) For each o with 0< a < 1,the ordinary set A, = {X eElp, (X) = 05} , is absorbing
Proof : (i) =(ii)
Let E= kgok A
o= (X) = ,UK%OK'A(X) ,forall x€E
1

. P = X K
..1—%(@‘?{5“(%'), Now put ¢+~ &

=sup s, (kx) =1

k>0
(i= (iii),

Suppose for each x e E
Stlff”“(tx):l,let A, ={xeE:u,(x)2al <<l

i (v)2a) |

sup u, (tx) =1 1o
Now, .o * A . Hence for every x there is t ,such that

1
ﬂA(t X]_a’ where 0<a <1, Let x=ty, then ,UA(Y)_a

Hence Xe tA“ , for some t > 0,

~A, is absorbing

(iii) = (i)

Suppose for 0 <a <1, A= {X €k "UA(X) za
Then foreachx € E,x et A,, forsome,t>0
Then x=ty, where, pa(y) > a

g (X) =50 0, (X

} , isabsorbing

>0

Hyw (X)= SUDuA( )
,UgotA( ):SUp:uA( )Z

[v0<a<1]
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Hywm (%) :1, tEJotA: E Therefore A is absorbing.

THEOREM 4.2: Let E, F be a vector space over K and f : E — F, be a linear mapping. If A is an absorbing
fuzzy setin F. Then f*(A) is an absorbing fuzzy set in E.
Proof : Suppose A is an absorbing fuzzy setin F. Letx € E

Skl;lg’/uf*l(A) (kX) :S:(li(?'uﬁ\( f (kX)) [___’uf’l(A) (X) - luA( f (X))’

SUP 41+ (KX) =sup 2, (K (x))

vV XeEE]
by extension principle, [ f is linear ]

Sk‘ﬂf Hi(n) (kx) :l, as f(x) € F, and A is absorhing fuzzy set in F
=~ FY(A) is an absorbing fuzzy set in E.
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