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Abstract: The N -path graph PGn (G) of a graph G is a graph having the same vertex set as G and 2
vertices U and V in PG, (G) are adjacent if and only if there exist a path of length N between U and V in

G . In this paper we find N -path graph of some standard graphs. Bounds are given for the degree of a vertex in
PG, (G). We further characterise graphs G with PG,(G) =G , PG,(G) =G and PG, (G) = K,
Keyword: N -path, distance, diameter. AMS subject classification: 05C76

I.  Introduction
By a graph G =(V,E) we mean a finite, undirected connected graph without loops and multiple

edges. Terms not defined here are used in the sense of Harary[2, ].
Research in graph theory is developing in diverse aspects. One among these is the study of graphs

derived from graphs. In this paper we define a new graph called N -path graph for any connected graph G . Itis
defined as a graph having the same vertex set as G and 2 vertices U and V are adjacent in PG (G) if and

only if there exist a path of length N between U and V in G .
The open neighbourhood N (V) of a vertex V inagraph G is the set of all vertices adjacentto V in G .

Il.  Main Results
Definition 2.1 The N -path graph PGn (G) ofagraph G isa graph having the same vertex set as G

and 2 vertices U and V in F’Gn (G) are adjacent if and only if there exist a path of length N between U and
VinG.

Example 2.2 A graph G and its PG, (G) are given in figure.

Theorem 2.3
1. PGZ(Kl,n) =K, UK,.
y PGZ(Bm,n) = Km+1 % Kn+1'

2
3. PG,(K,,) =K, UK,.

4. If G isaspider S(K, ) then PG,(G) = K, UK.
5 UK
6

7

1,n—r n-

. If G isawounded spider with I wounded edges then PG, (G) = K
. 1f G isaWheel W, then PG,(G) =K, ;.
. PG,(K,)=K,.

Proof.

L Let V(K,,)=M,V,), where V, ={v }, V, ={V;,V,,...,V, }. All the vertices of V, are connected
to each other by a path of length 2. So all the N vertices in V, are adjacent to each other in PG, (G). Also V,
is not adjacent to any other vertex in PG, (G). Hence PG, (K, ) = K, UK.

2. Let the vertices of B(m,n) be V;,V,, V;(1<i<m), v, (1< j<n), where V;,V, are 2 centers and

Vi, V,; are pendent vertices. Let S; ={V;,Vy1,Vop,.. s Vot Sy =4V, VigsVip,- .oy Vi b be @ partition of
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V (G). No vertex of S, is connected by a path of length 2 to a vertex of S,. Therefore <S, > and <§, >
are 2 components in PG, (G). Also any 2 vertices in S, (resp. S,) are connected by a path of length 2 in
PG,(G). Hence PG,(B,,,) =K
3. Let V(K,,)=UuwV, where U={u,u,,....u.},V={v,v,,...,v.}. As above , we get
PG, (K, ,) =K, UK.
4. Let the vertices of K, = be {Vy,V,V,,...,V, } where V, isthe center. Let G be the spider obtained by

o Kn+1'

m+1

subdividing K,  ~and U, be the new vertex obtained by subdividing VV;(1<i<n). Let
S, ={vy:V;,V,,...,V,} and S, ={u;,u,,...,u,} be a partition of the vertex set. No vertex of S, is
connected by a path of length 2 to a vertex of S,. So <S; > and <S, > are 2 components in PG, (G).
Also any 2 vertices of S, are connected to each other by a path of length 2. So in PG, (G), <S, >=K,.

Also all the vertices V,,V,,...,V, are connected to V, by a path of length 2 and they are not connected to
themselves by a path of length 2. So < S, >= K . Hence PG,(G) = K UK, .

5. Let the vertices of K, be {Vy,Vy,...,V,} where V, is the center. Let G be the wounded spider

obtained by subdividing N—T edges. Let U, be the new vertex obtained by subdividing V,V;(1<i<n-r).

By an argument similar to the above, we get PG,(G) =K, UK.
6. Let the vertices of the wheel W, be {V,V;,V,,...,V, }, where V is the center of the wheel. Every vertex
is connected by a path of length 2 to all the other vertices. Hence PG,(W,) = K, ,;.

7. Let the vertices of K, be {V,V,,...,V,}. Itis obvious that PG, (K,) =K, .

n
Theorem 2.4 Let P, be a path on N vertices. PG,(P,) = P, WP, . where n, +n, =n,n, = [E—‘ and

-

n n
Proof. Let P, be V,V,...V, . Let N, = [E—l n, = {EJ Let S, ={v;,vs,...}, S, ={Vv,,Vv,,..}. No vertex
of S, is adjacent to a vertex of S, in PG,(P,).So <S5, > and <SS, > are two components of PG, (P,).
Also |S;|=n, and |S,|=n,. It is easy to observe that <, >= |3'n1 and <S,>= Pnz. Hence
PG,(P,) = P, VP,

Now we extend this to any positive integer I .

n

Theorem 2.5 Let P, be a path of N vertices. F’Gr(lz’n)=|:’nlu|:’nz U...UPR, . where

n—i .
n+Nn,+...4+N, =N and N :L—J+1.(1£|Sr)
r

n—i ,
Proof. Let S; ={V;,V,,;,V,,., ...,Vkim}, k. = [TJ 1<i<r. By the definition of PG,(P,), V; and

V.., are the 2 vertices which are adjacent to one vertex and all other vertices are adjacent to 2 vertices.
I

Therefore each <'S; > is a path of length K;. Also for any i and j (1<i, j<r), no vertex of S, is
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adjacent to a vertex of S;. Therefore <S; >’s are disconnected components of PG, (P,). Hence
PG, (P,) = P, VR, V. UR,

Lemma 2.6 Let C, be a cycle of length n. Then PG, (C,) = PG, (C,).

Proof. If there is a path of length I in the clockwise direction then there is a path of length N—1T in the anti
clockwise direction. So PG, (C,) = PG, _, (C,).

Theorem 2.7 Let C, be acycle of length N. Then PG, (C,) =qC,, , where g = gcd(r,n).
q

Proof. Let V(C,) ={1,2,3,...,n} and q =gcd(r,n). Let us partition V (C) into r subsets as follows.

Assume that the vertices of S,S are listed in the increasing order of their indices.

S, ={rs+i/i=1.2,....k,s=012,.... =K n=k(mod r)}.
r

S; ={rs+ jlj=k+1,k+2,...,r,s= 0,1,2,...,n;rk—1}. By the choice of S; any 2 vertices in each
S,’sareatadistance Mr, m=1,2,.... Therefore each < S, > is connected in PG, (C,).

Case:l r|n

Now n=0(mod r) andso k =0.

Claim <S; >’sare I' components in PG, (C,).

Suppose 2 vertices V,, € S; and v, € S; are connected in PG, (C,).

d(v,,v,) =lrm +i—(rm, + j) = r(m,—m,) +(i— j) |# multiple of r (since i—j <r), which is a

n
contradiction. <S; >’s are I' components in PG (C) and each <S; > has — vertices. Therefore
r

PG, (C,)=rC, =gcd(r,n)C,.

|fr:EJMnPGACJ=rg.

Case:2 r[n

Claim 1: Last vertex of S; and first vertex of S, are adjacent where
| i+r=k, ifi+r—k<r

_{i+r—k—r ifi+r—k>r

Let U be the vertex which is at a distance I' in the clockwise direction from the last vertex of S;. Therefore
n—k , , . _
u=r(——+1)+i—n=n—-Kk+r+i—n=r—Kk+i. Hence the claim.
r

Claim 2: If S; and S; lies in the same componentin PG, (C) then j—i isamultiple of q .

Suppose S; and S lies in the same component in PG, (C,) . Then by claim 1, j—1i isa multiple of r -k,
which is a multiple of g . Hence j—1i isamultiple of .

If q =1, then by claim 2, all the S, ’s are connected and hence PG, (C,) =C, .

Suppose  >1.
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Claim 3: Notwo of S, S,,..., Sq lie in the same component.

If S; and S; , (1<i<j<q) lies in the same component, then j—i is a multiple of @, which is a
contradiction.
Hence by claims 2 and 3, PG, (C,) has g components and each has equal number of S, ’s. Therefore
PG, (C,)=0aC,.

q
Theorem 2.8 Let G be any graph and let v €V (G) . Then deg,G, (G)(V) < Z (degg (u)—1) . Further

ueN(v)

equality holds for any vertex V iff V does notlieina C,, K, or K, —¢€.

Proof. By the definition of PG, (G), V is adjacent to all the vertices which are connected to it by a path of
length 2. In other words all the vertices of {N (u) —{v}/u € N(v)} are adjacent to V in PG,(G). Therefore

degpe, o)V < > (deggu—1).

ueN(v)
If V does not lie in a C,, then (r\?( )(N(u) —{v}) =. Therefore degPGZ(G)V: Z (deggu-1).
uelity ueN(v)
Conversely, let v eV (G) with deg pc, )V = Z (degsu—1). Let degg (V) be denoted by 0, .

ueN(v)
Claim V doesnot lieina C,.
If not, suppose V liesina C,. Let N(V) :{ul,uz,...,ugv} and N(u,) ={W1,W2,...,W5u }1<i<o,).
i

The cycle C, containing V is either of the form vuu;u, v or of the form VU WU,V In both the cases

deg PG, (G) (v) < Z (degsu —1), which is a contradiction. Therefore V does not lieina C,.
ueN(v)

Corollary 2.9 If G isa I -regular graph, then for every v eV (G), deg oG (G)V <r(r-1).
2

Theorem 2.10 Let G be any graph. Let veV(G) and S, ={ueV(G)/d(u,v) =i}(1<i<n). Then

S, lxdeg, . <IsUs.U--Us. I

Proof. The set Sn contains all the vertices which are at a distance N from V. So there is a path of length N

between them. Therefore deg PG, (0) (V) 2| S, |. Every vertex U adjacent to V in PG, (G) should lie in at
least one S;(1< j<n).Hence deg . () V) < 81U52U~~-U5n |.

Corollary 2.11 If G isatree, then deQpg () (V) =[S, |.

Proof. For a tree, there is only one path between any 2 vertices. Hence for every U € Si , there is only one path
of length N between U and V.
So deg PGn(G)v =S, |.

Lemma 2.12 Let T beatree. For u,veV (T), d;(u,V) iseven if and only if U &V are connected by a
path in PG, (T).

Proof. Assume d;(U,v)=2n. Let U=U,U,...U, U, , =V be the path connecting U&V. By the
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definition of 2-path graph, U, &U, are adjacent in PG, (T). Let the edge be €. Likewise we have

Usls = €,, Usl; = €;,..., Uy yUppyy =€

PG,(T).

Conversely assume U &V are connected by a path of length | in PG,(T). Let U=W,,W,...W,, =V be

n—

n-1
;. Therefore there is a path of Iengtthetween U&V in

the path connecting U&V in PG, (T). By the definition of 2-path graph, as W,,W,are adjacent in
PG, (T), there is a path of length 2 between W, & W, in T . Let the path be W, W, ,W,. Since T is a tree,
this path is the unique path between W, &W2 in T . by similar argument we get the path between U &V in T
namely W, W, W,, W, , W, ...W, W, W,,; which is of length 2| . Hence the proof.

Theorem 2.13 For any connected tree T . PG, (T) is disconnected with 2 components. But the converse is
not true.

Proof.
Let T be a connected tree. Let U be a pendant vertex & V is the support. Let the vertex set

V,=V(T)—{u} is partition as follows V,=S'US? S'=S!US?uU..US' and
S? =87 USZu...uS? and S/ ={v} eVy/d(u,v;)=2i,1<r<I1}
S?={vi eV/d(u,vj)=2j-11<t<m}.

Claim:1 <Sl> is connected in PG, (T).

Let Vi €S' &V%t € S%. Since T is connected there exists a path Vi, =U,,U,,...,U = V}i inT.u €S,

2
i+1

2

u, €S2, US?,, since no two vertices of S’ are adjacent. i.e,U, € S%, u, € S* etc. ie) u, € S* if | is odd.

Here V} =u, € S*. Therefore M is odd. Therefore length of path is even. By lemma 2.12, VilS &Vh are

connected in PG, (T) . ie) <Sl> is connected in PG, (T) . Similarly <32> is connected in PG, (T).

Claim:2 <Sl> and <Sz> are disconnected in  PG,(T). Let VgeS &VieSi. Let

Vi =W, W,,...,W, =V} be the path between Vii &V in T. vi =w, €S/ =>w, S}, US],. ie,
W, € S*,w, € S* so on. Since W, =V €S? implies M is even. ie) d(Vi,V}) is odd. By lemma
Vi &ngt are not connected in PG, (T) . ie) <sl> and <52> are disconnected in PG, (T) . Hence PG, (T)

is disconnected with 2 components. Converse is not true.

Example 2.14 PG, (C;) has 2 components.

Theorem 2.15 For any graph G, PG, (G) = G ifandonly if G isastar.

Proof. Suppose PG, (G) = G. If 2 vertices. U and V are adjacent in G then they are not adjacent in 6 and
vice versa. Since PG, (G) = 6 any 2 adjacent vertices U and V in G are not connected by a path of length
2. ie, G is K,-free. Also for any two non-adjacent vertices U and Vin G , there is a path of length 2

between U and V so that distance between U and V is 2.Thus diam(G) <2. Hence G = K, . Converse is
obvious.

Theorem 2.16 For any simple graph G, PG, (G) can never be a path.
Proof. If not there exist a graph G with PG,(G)=P,. By theorem2.7, G does not contain C, as a
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subgraph. Therefore G is a tree. By theorem 2.3, G does not contain K, , (n=3) as a subgraph. Therefore

G isapath. By theorem 2.4, PG, (G) is disconnected which is a contradiction.

Theorem 2.17 If G is an Eulerian graph which does not contain C,, K, or K, —€& as an induced subgraph,
then PG, (G) is also Eulerian.

Proof. G is Eulerian and so deggu is evenVueV(G). Since G is C,-free, by Theorem 2.8,
degpez(e)u = Z (deg(v)—1) . Since | N(u) | iseven and (deg(v)—1) is odd, degPGZ(G)u is even.

veN (u)

Hence PG, (G) is Eulerian. But the converse is not true.

Example 2.18 PG, (G) is Eulerian but G is an Eulerian graph which contains K, as an induced subgraph.

Theorem 2.19 If G, G’ are 2 graphs such that G’ =G"’, then PG, (G') = PG, (G"). But the converse is
not true.

Proof. Let ¢ be an isomorphism of G" onto G .

Then (u,v) € E(G') iff (4(u),d(v)) € E(G")

(U,v) e E(PG,(G)

<> There is a path of length 2 between U and V in G’.

<> There is a path of length 2 between @(u) and @(v) in G” .

< (4(u), ¢(v)) € E(PG,(G")).
Therefore PG, (G') = PG,(G").
Converse is not true.

Consider G" and G" given above. we observe that G'® G", but PG, (G') = PG, (G").

Theorem 2.20 Let G be a connected graph. PG,(G) =G iff G=C,,, or K.

Proof. Assume PG,(G)=G.

By theorem 2.12, G isnot a tree.
Also G contains no pendent edge.

If G is a unicyclic graph, then by theorem 2.7 G =C,, ;.

If G®C,, ., we prove that G = K by inductionon p .

If p =4, then the only graph with PG,(G)=G is K, .

Assume that if G is a graph with N vertices with PG, (G) =G then G= K, .

Let G be a graph with n+1 vertices and PG,(G) =G.Let ueV (G) . Let G' =G —{u}.
By induction hypothesis G' = K .
claim: In G, U is adjacent to all the N vertices of G'.

If not, U is not adjacent to VeV (G'). Since G is connected, U is adjacent to V' €V (G’) and V' is

adjacentto V= U and V are adjacentin PG, (G) which is contradiction to PG,(G)=G.

Therefore U is adjacent to all the vertices of G,
Therefore G = K n+1).
Converse is obvious.
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Theorem 2.21 If G is a connected graph that contains a spanning subgraph isomorphic to Gl,GzorGB given
below, then PG, (G) = K, . But converse is not true.

Proof. Let G =G,,G,0rG, . Itis clear any two vertices in G, G,, G, are connected by a path of length 2.
Therefore deg p, U = P—1

Therefore PG, (G) = K, .
Converse is not true.

Here PG,(G) = K, but G®G,,G,orG;.
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