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Abstract: The n -path graph )(GPGn  of a graph G  is a graph having the same vertex set as G  and 2 

vertices u  and v  in )(GPGn  are adjacent if and only if there exist a path of length n  between u  and v  in 

G . In this paper we find n -path graph of some standard graphs. Bounds are given for the degree of a vertex in 

)(GPGn . We further characterise graphs G  with GGPG =)(2 , GGPG =)(2  and nKGPG =)(2  

Keyword: n -path , distance, diameter.  AMS subject classification: 05C76   

 

I. Introduction 

 By a graph ),(= EVG  we mean a finite, undirected connected graph without loops and multiple 

edges. Terms not defined here are used in the sense of Harary[2, ]. 

Research in graph theory is developing in diverse aspects. One among these is the study of graphs 

derived from graphs. In this paper we define a new graph called n -path graph for any connected graph G . It is 

defined as a graph having the same vertex set as G  and 2 vertices u  and v  are adjacent in )(GPGn  if and 

only if there exist a path of length n  between u  and v  in G . 

The open neighbourhood )(vN  of a vertex v  in a graph G  is the set of all vertices adjacent to v  in G . 

 

II. Main Results 

Definition 2.1  The n -path graph )(GPGn  of a graph G  is a graph having the same vertex set as G  

and 2 vertices u  and v  in )(GPGn  are adjacent if and only if there exist a path of length n  between u  and 

v  in G .  

  

Example 2.2 A graph G  and its )(GPGn  are given in figure.  

Theorem 2.3    

    1.  11,2 =)( KKKPG nn  .  

    2.  11,2 =)(   nmnm KKBPG .  

    3.  nmnm KKKPG =)( ,2 .  

    4.  If G  is a spider )( 1,nKS  then nn KKGPG 1,2 =)(  .  

    5.  If G  is a wounded spider with r  wounded edges then nrn KKGPG 1,2 =)( .  

    6.  If G  is a Wheel nW  then 12 =)( nKGPG .  

    7.  nn KKPG =)(2 .  

  

Proof.   

    1.  Let ),(=)( 211, VVKV n , where }{= 01 vV , },,,{= 212 nvvvV  . All the vertices of 2V  are connected 

to each other by a path of length 2. So all the n  vertices in 2V  are adjacent to each other in )(2 GPG . Also 0v  

is not adjacent to any other vertex in )(2 GPG . Hence 11,2 =)( KKKPG nn  .  

    2.  Let the vertices of ),( nmB  be 21,vv , )(11 miv i  , )(12 njv j  , where 21,vv  are 2 centers and 

iv1 , jv2  are pendent vertices. Let },,,,{= 2222111 nvvvvS  , },,,,{= 1121122 mvvvvS   be a partition of 
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)(GV . No vertex of 1S  is connected by a path of length 2 to a vertex of 2S . Therefore >< 1S  and >< 2S  

are 2 components in )(2 GPG . Also any 2 vertices in 1S (resp. 2S ) are connected by a path of length 2 in 

)(2 GPG . Hence 
11,2 =)(   nmnm KKBPG .  

    3.  Let VUKV nm =)( ,
, where },,,{=},,,,{= 2121 nm vvvVuuuU  . As above , we get 

nmnm KKKPG =)( ,2
.  

    4.  Let the vertices of 
nK1,

 be },,,,{ 210 nvvvv   where 0v  is the center. Let G  be the spider obtained by 

subdividing 
nK1,

 and iu  be the new vertex obtained by subdividing )(10 nivv i  . Let 

},,,,{= 2101 nvvvvS   and },,,{= 212 nuuuS   be a partition of the vertex set. No vertex of 1S  is 

connected by a path of length 2 to a vertex of 2S . So >< 1S  and >< 2S  are 2 components in )(2 GPG . 

Also any 2 vertices of 2S  are connected to each other by a path of length 2. So in )(2 GPG , nKS >=< 2 . 

Also all the vertices nvvv ,,, 21   are connected to 0v  by a path of length 2 and they are not connected to 

themselves by a path of length 2. So 
nKS 1,1 >=< . Hence 

nn KKGPG 1,2 =)(  .  

    5.  Let the vertices of 
nK1,

 be },,,{ 10 nvvv   where 0v  is the center. Let G  be the wounded spider 

obtained by subdividing rn  edges. Let iu  be the new vertex obtained by subdividing )(10 rnivv i  . 

By an argument similar to the above, we get 
nrn KKGPG 1,2 =)( .  

    6.  Let the vertices of the wheel nW  be },,,,{ 21 nvvvv  , where v  is the center of the wheel. Every vertex 

is connected by a path of length 2 to all the other vertices. Hence 12 =)( nn KWPG .  

    7.  Let the vertices of nK  be },,,{ 21 nvvv  . It is obvious that nn KKPG =)(2 .  

  Theorem 2.4  Let nP  be a path on n  vertices. 
21

2 =)( nnn PPPPG  , where 









2
=,= 121

n
nnnn  and 










2
=2

n
n .  

  

Proof. Let nP  be nvvv 21 . Let 








2
=1

n
n , 









2
=2

n
n . Let },,{= 311 vvS , },,{= 422 vvS . No vertex 

of 1S  is adjacent to a vertex of 2S  in )(2 nPPG . So >< 1S  and >< 2S  are two components of )(2 nPPG . 

Also 11 |=| nS  and 22 |=| nS . It is easy to observe that 
1

1 >=< nPS  and 
2

2 >=< nPS . Hence 

21
2 =)( nnn PPPPG  .  

 Now we extend this to any positive integer r . 

 

Theorem 2.5 Let nP  be a path of n  vertices. 
r

nnnnr PPPPPG  
21

=)( , where 

nnnn r =21    and 1= 






 

r

in
ni . )(1 ri     

  

Proof. Let },,,{= 2 ir
i

kiririi vvvvS   , 






 

r

in
ki = , ri 1 . By the definition of )( nr PPG , iv  and 

ir
i

kv   are the 2 vertices which are adjacent to one  vertex and all other vertices are adjacent to 2 vertices. 

Therefore each >< iS  is a path of length ik . Also for any i  and j  ),(1 rji  , no vertex of iS  is 
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adjacent to a vertex of 
jS . Therefore >< iS ’s are disconnected components of )( nr PPG . Hence 

k
nnnnr PPPPPG  

21
=)( .  

  

Lemma 2.6 Let nC  be a cycle of length n . Then )(=)( nrnnr CPGCPG  .  

  

Proof. If there is a path of length r  in the clockwise direction then there is a path of length rn  in the anti 

clockwise direction. So )(=)( nrnnr CPGCPG  .  

  

Theorem 2.7  Let nC  be a cycle of length n . Then 

q

nnr qCCPG =)( , where ),(= nrgcdq .  

  

Proof. Let },{1,2,3,=)( nCV n   and ),(= nrgcdq . Let us partition )( nCV  into r  subsets as follows. 

Assume that the vertices of sSi  are listed in the increasing order of their indices. 

)} (,,0,1,2,=,,1,2,=/{= rmodkn
r

kn
skiirsSi 


  , 

1},0,1,2,=,,2,1,=/{= 



r

kn
srkkjjrsS j  . By the choice of iS  any 2 vertices in each 

iS ’s are at a distance mr , 1,2,=m . Therefore each >< iS  is connected in )( nr CPG . 

Case:1 nr |  

Now ) 0( rmodn   and so 0.=k  

Claim >< jS ’s are r  components in ).( nr CPG  

Suppose 2 vertices im Sv   and jn Sv   are connected in )(2 nCPG . 

 |)()(|=|)(=|),( 2121 jimmrjrmirmvvd nm  multiple of r  (since rji < ), which is a 

contradiction. >< jS ’s are r  components in )( nr CPG  and each >< jS  has 
r

n
 vertices. Therefore 

l

r

nnr CnrgcdrCCPG ),(==)( . 

If 
2

=
n

r , then 2=)( rPCPG nr . 

Case:2 nr |  

Claim 1: Last vertex of iS  and first vertex of tS  are adjacent where 









rkriifrkri

rkriifkri
t

> 

 ,
= .  

Let u  be the vertex which is at a distance r  in the clockwise direction from the last vertex of is . Therefore 

ikrnirknni
r

kn
ru 


==1)(= . Hence the claim. 

Claim 2: If iS  and jS  lies in the same component in )( nr CPG  then ij   is a multiple of q . 

Suppose iS  and jS  lies in the same component in )( nr CPG . Then by claim 1, ij   is a multiple of kr  , 

which is a multiple of q . Hence ij   is a multiple of q . 

If 1=q , then by claim 2, all the iS ’s are connected and hence nnr CCPG =)( . 

Suppose 1>q . 
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Claim 3: No two of 
qSSS ,,, 21   lie in the same component. 

If iS  and 
jS  , )<(1 qji   lies in the same component, then ij   is a multiple of q , which is a 

contradiction. 

Hence by claims 2 and 3, )( nr CPG  has q  components and each has equal number of iS ’s. Therefore 

q

nnr qCCPG =)( .  

Theorem 2.8 Let G  be any graph and let )(GVv . Then 1))(())((
)(

2 


 udegvGGdeg G

vNu

P
. Further 

equality holds for any vertex v  iff v  does not lie in a 44 , KC  or eK 4 . 

 

 Proof. By the definition of )(2 GPG , v  is adjacent to all the vertices which are connected to it by a path of 

length 2. In other words all the vertices of )}(}/{)({ vNuvuN   are adjacent to v  in )(2 GPG . Therefore 

1)(
)(

)(
2




 udegvdeg G

vNu

GPG
. 

If v  does not lie in a 4C , then 


=}){)((
)(

vuN
vNu

. Therefore 1)(=
)(

)(
2




 udegvdeg G

vNu

GPG
. 

Conversely, let )(GVv  with 1)(=
)(

)(
2




 udegvdeg G

vNu

GPG
. Let )(vdegG  be denoted by v . 

Claim v  does not lie in a 4C . 

If not, suppose v  lies in a 4C . Let },,,{=)( 21
v

uuuvN   and )}(1,,,{=)( 21 v
i

u
i iwwwuN   . 

The cycle 4C  containing v  is either of the form vuuvu kji
 or of the form vuwvu tsr . In both the cases 

1)(<)(
)(

)(
2




 udegvdeg G

vNu

GPG
, which is a contradiction. Therefore v  does not lie in a 4C .  

  

Corollary 2.9 If G  is a r -regular graph, then for every ),(GVv  1)(
)(

2

 rrvdeg
GPG

.  

Theorem 2.10 Let G  be any graph. Let )(GVv  and ).}(1=),()/({= niivudGVuSi   Then 

.||)(|| 21
)(

n
G

n
PG

n SSSvdegS     

  

Proof. The set nS  contains all the vertices which are at a distance n  from v . So there is a path of length n  

between them. Therefore ||)()( nG
n

PG Svdeg  . Every vertex u  adjacent to v  in )(GPGn  should lie in at 

least one )(1 njS j  . Hence ||)( 21
)(

n
G

n
PG

SSSvdeg   .  

 

Corollary 2.11 If G  is a tree, then |=|)()( nG
n

PG Svdeg .  

 Proof. For a tree, there is only one path between any 2 vertices. Hence for every iSu , there is only one path 

of length n  between u  and v . 

So |=|
)(

n
G

n
PG

Svdeg .  

  

Lemma 2.12  Let T  be a tree. For )(, TVvu  , ),( vudT  is even if and only if vu  &  are connected by a 

path in )(2 TPG .  

  

Proof. Assume nvudT 2=),( . Let vuuuuu nn =,= 12221   be the path connecting vu  & . By the 
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definition of 2-path graph, 31  & uu  are adjacent in )(2 TPG . Let the edge be 1e . Likewise we have 

253 = euu , 275 = euu ,...,

2

11212 =  nnn euu . Therefore there is a path of length
2

1n
between vu  &  in 

)(2 TPG . 

Conversely assume vu  &  are connected by a path of length l  in )(2 TPG . Let vwwwu l =,= 121   be 

the path connecting vu  &  in )(2 TPG . By the definition of 2-path graph, as 21, ww are adjacent in 

)(2 TPG , there is a path of length 2 between 21  & ww  in T . Let the path be 211 ,, www  . Since T  is a tree, 

this path is the unique path between 21  & ww  in T . by similar argument we get the path between vu  &  in T  

namely 132211 ,,,,  lll wwwwwwww   which is of length l2 . Hence the proof.  

 

Theorem 2.13 For any connected tree T . )(2 TPG  is disconnected with 2 components. But the converse is 

not true.  

  

Proof.  

   Let T  be a connected tree. Let u  be a pendant vertex &  v  is the support. Let the vertex set 

}{)(=1 uTVV   is partition as follows 
21

1 = SSV  , 
12

2

1

1

1 = lSSSS    and 

22

2

2

1

2 = mSSSS    and },12=),(/{= 1

1

11

iiriri lrivudVvS   

}1,12=),(/{= 1

1

22

jjtjtj mtjvudVvS  . 

Claim:1 
1S  is connected in )(2 TPG . 

Let 
1111  & jjtiis SvSv  . Since T  is connected there exists a path 

1

21

1 =,,,= jimis vuuuv   in T . 
1

1 iSu  , 

2

1

2

12   ii SSu , since no two vertices of 
1

iS  are adjacent. i.e,
2

2 Su  , 
1

3 Su   etc. ie) 
1Sul   if l  is odd. 

Here 
11 = Suv mjt  . Therefore m  is odd. Therefore length of path is even. By lemma 2.12, 

11  & jtis vv  are 

connected in )(2 TPG . ie) 
1s  is connected in )(2 TPG . Similarly 

2s  is connected in )(2 TPG . 

Claim:2 
1s  and 

2s  are disconnected in )(2 TPG . Let 
2211  & jjtiis SvSv  . Let 

2

21

1 =,,,= jtnis vwwwv   be the path between 
21  & jtis vv  in T . 

1

1

1

12

1

1

1 =   iiiis SSwSwv . i.e., 

1

3

2

2 , SwSw   so on. Since 
22= Svw jtm   implies m  is even. ie) ),( 21

jtis vvd  is odd. By lemma 

21  & jtis vv  are not connected in )(2 TPG . ie) 
1s  and 

2s  are disconnected in )(2 TPG . Hence )(2 TPG  

is disconnected with 2 components. Converse is not true.  

 

Example 2.14 )( 62 CPG  has 2 components.  

Theorem 2.15 For any graph G , GGPG =)(2  if and only if G  is a star.  

Proof. Suppose GGPG =)(2 . If 2 vertices. u  and v  are adjacent in G  then they are not adjacent in G  and 

vice versa. Since GGPG =)(2 , any 2 adjacent vertices u  and v  in G  are not connected by a path of length 

2. ie., G  is 3K -free. Also for any two non-adjacent vertices u  and v in G  , there is a path of length 2 

between u  and v  so that distance between u  and v  is 2.Thus 2)( Gdiam . Hence nKG 1, . Converse is 

obvious.  
  

Theorem 2.16 For any simple graph G , )(2 GPG  can never be a path.  

 Proof. If not there exist a graph G  with pPGPG )(2 . By theorem2.7, G  does not contain nC  as a 
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subgraph. Therefore G  is a tree. By theorem 2.3, G  does not contain 
nK1,

 3)( n  as a subgraph. Therefore 

G  is a path. By theorem 2.4, )(2 GPG  is disconnected which is a contradiction.  

  

Theorem 2.17 If G  is an Eulerian graph which does not contain 44 , KC  or eK 4  as an induced subgraph, 

then )(2 GPG  is also Eulerian.  

  

Proof. G  is Eulerian and so udegG  is even )(GVu . Since G  is 4C -free, by Theorem 2.8, 

1))((=
)(

)(
2




 vdegudeg
uNv

GPG
. Since |)(| uN  is even and 1))(( vdeg  is odd, udeg GPG )(

2
 is even. 

Hence )(2 GPG  is Eulerian. But the converse is not true.  

  

Example 2.18 )(2 GPG  is Eulerian but G  is an Eulerian graph which contains 4K  as an induced subgraph.  

Theorem 2.19 If 
''' GG ,  are 2 graphs such that GG  , then )()( 22 GPGGPG  . But the converse is 

not true.  

  

Proof. Let   be an isomorphism of G  onto G  . 

Then )(),( GEvu   iff )"())(),(( GEvu   

))((),( 2 GPGEvu   

  There is a path of length 2 between u  and v  in G . 

  There is a path of length 2 between )(u  and )(v  in G  . 

))(())(),(( 2 GPGEvu   . 

Therefore )()( 22 GPGGPG  . 

Converse is not true. 

   

 Consider G  and G   given above. we observe that GG ® , but )()( 22 GPGGPG  .  

 

Theorem 2.20 Let G  be a connected graph. GGPG =)(2  iff 12  nCG  or pK .  

Proof. Assume GGPG =)(2 . 

By theorem 2.12, G  is not a tree. 

Also G  contains no pendent edge. 

If G  is a unicyclic graph, then by theorem 2.7 12  nCG . 

If 12 nCG®  we prove that pKG   by induction on p . 

If 4=p , then the only graph with GGPG =)(2  is 4K . 

Assume that if G  is a graph with n  vertices with GGPG =)(2  then nKG  . 

Let G  be a graph with 1n  vertices and GGPG =)(2 . Let )(GVu . Let }{= uGG  . 

By induction hypothesis pKG  . 

claim: In G , u  is adjacent to all the n  vertices of G . 

If not, u  is not adjacent to )(GVv  . Since G  is connected, u  is adjacent to )(GVv   and v  is 

adjacent to uv  and v  are adjacent in )(2 GPG  which is contradiction to GGPG =)(2 . 

Therefore u  is adjacent to all the vertices of G . 

Therefore 1)(  nKG . 

Converse is obvious.  
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Theorem 2.21 If G  is a connected graph that contains a spanning subgraph isomorphic to 321, orGGG  given 

below, then nKGPG =)(2 . But converse is not true.  

    

Proof. Let 321, orGGGG  . It is clear any two vertices in 321 ,, GGG  are connected by a path of length 2. 

Therefore 1=)(
2

pudeg GPG  

Therefore nKGPG =)(2 . 

Converse is not true.   

   

 Here nKGPG =)(2  but 321, orGGGG® .  
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