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I. Introduction

In 2011, Azam et al. [1] introduced the notion of complex valued metric space which is a
generalization of the classical metric space and established some fixed point results for mappings satisfying a
rational inequality. Jungck [3] and Vetro [2] introduced the concept of weakly compatible maps. In 2002, Aamri
and Moutawakil [4] introduced the notion of E.A. property. In 2011, Sintunavarat and Kumam [8] introduced
the notion of CLR property. In 2013, Verma and Pathak [5] defined the ‘max’ function for partial order relation
<. A complex number z € C is an ordered pair of real numbers, whose first coordinate is called Re(z) and
second coordinate is called Im(z).

II.  Preliminaries
Definition 2.1.[7] Let X be a nonempty set. Suppose that the mapping d : X X X — C satisfies
(1)0=d(x,y) forallx,y € Xand d(x,y) = 0ifandonlyifx = y;
(2)d(x,y) = d(y,x) forall x,y € X;
3)d(x,y) 2d(x,z)+d(z, y) for all x, y, z € X.
Then d is called a complex valued metric on X and (X, d) is called a complex valued metric space.
Example 2.2. [7] Let X = C. Define the mapping d : X x X —C by d(z,,2,) = 2i|z; — z,| for all z;,z,€ X.
Then (X, d) is a complex valued metric space.
Definition 2.3. [7] Let (X, d) be a complex valued metric space and {x,} be a sequence in X.
(1) If for every c € C with 0 < c, there exists N € N such that d (x,, x) < ¢ for all n > N then {x,} is said to be
convergent to X € X, and we denote this by x, — xasn — o orlim,_, X, = X.
(2) If for every ¢ € C with 0 < ¢, there exists N € N such that d(x,,x,+m) < cforalln >N, wherem € N,
then {x,} is said to be Cauchy sequence.
(3) If every Cauchy sequence in X is convergent, then (X, d) is said to be a complete complex valued metric
space.
Lemma 2.4. [7] Let (X, d) be a complex valued metric space and {x,} be a sequence in X. Then {x,}
converges to x if and only if |[d(x,,x)| = 0asn — oo.
Lemma 2.5. [7] Let (X, d) be a complex valued metric space and {x,} be a sequence in X. Then {x,} is a
Cauchy sequence if and only if |d(x,, X,4m)| = 0asn — oo, wherem € N.
Definition 2.6. [7] Let f and g be two self-mappings of a metric space (X, d). Then a pair (f, g) is said to be
weakly compatible if they commute at coincidence points.
Definition 2.7. [7] Let fand g be two self-mappings of a metric space (X, d). Then a pair (f, g) is said to satisfy
E.A. property if there exists a sequence {x,} in X such that lim,_,, fx, = lim,_ gx, = tfor somet € X
Definition 2.8. [7] Let fand g be two self-mappings of a metric space (X, d). Then a pair (f, g) is said to satisfy
CLR; property if there exists a sequence {x,} in X such that lim_,, fx, = lim,_, gx, = fx for some x € X.
Example 2.9. [7] Let X = C. Define the mappingd : X X X - Cbyd(z 1,z 2) =2i|z 1-z 2| for all z;,z, €
X. Then (X, d) is a complex valued metric space. Define Sand T: X — X by Sz = z + iand Tz = 2z for all
z € X, respectively. Consider a sequence {z,} ={i — %} (n € N)in X. Then lim,_,, Sz, = lim,_, (z, +1) =
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2i and lim,_, Tz, = lim,_, 2z, = 2i where 2i € X. Thus, S and T satisfy E.A. property. Also, we have
lim,_, Sz, = lim,_,,, Tz, = 2i = Si. where 2i € X. Thus, Sand T satisfy CLRg property.

Definition 2.10. [7] Define the ‘max’ function for the partial order relation < by

(1) max {z;,z,} = z, ifand only ifz; < z,.

(2) If zy X max{z,,23}, thenz, S z, orz; < z;.

(3) max {z,,2,} =z, ifand only ifz; <z, or |z;]| < [z,].

Using above Definition, we have the following lemma.

Lemma 2.11. [7] Let z4,%Z,,%Z3 ..... € C and the partial order relation < is defined on C. Then following
Statements are easy to prove.

(1) Ifz; 2 max {z,,7z3}, thenz; < 7, if z3 S z,;

(i) If z; © max {z,, 23,24}, then z; = z, if max{z3,z,} < 7,;

(i) If z; 2 max {z,, 3,74, Zs }, then z; < z, if max {z3,74,25} < z,, and so on.

III. Main Result
Theorem 3.1 : Let A, B, D, M, S and T be six self mappings of a complex valued metric space (X, d) satisfying:
1. S(X) € BD(X) and T(X) ¢ AM(X)
2. For each x, y € X, there exists «, 3, Y and 1 are non negative real number with o +  +y 4+ 1 < 1, such that

dSx. Ty) < «|d(BDY, Ty) 1 + d(AMx, Sx)
SxTy) 3 a YY) 1Y d(AMx, BDy)

+ B[max{d(AMzx, By), d(AMx, Sx), d(BDy, Ty)}]

d(Ty,BDy)d(AMx, Sx)
d(Ty, AMx) + d(Sx, BDy) + d(Ty, Sx)

+y [d(Ty, Sx)] +n

3. The pair (AM, S) and (BD, T) are weakly compatible.
4. Suppose that One of A(X), B(X), S(X) and T(X) is complete subspace of X.
5. The pair (AM, S) and (BD, T) are commute.
Then A, B, D, M, S and T have a unique common fixed point.
Proof: Let x, € X . Since S(X) € BD(X) and T(X) € AM(X), define for each n > 0, the sequence {y, } in X by
Yon+1 = SX2n = BDXpnyq and yonip = TXgnyq = AMXgn 4
Case I : Suppose that y,, = y5,41 for some n. Then by (2), we have y,,,» = Vo,41, and so, ¥, = y,, for
every m > 2n. Thus, the sequence {y,} is a Cauchy sequence. The same conclusion holds if ¥,,,1 = ¥4, for
some n.
Case II : Assume that y,, # v, for all n. Putting x = x,, andy = x,,_; in (2), we have
1+ d(AMx,,,Sx,,)
d(Sxyp, TXon-1) S @ [d(BDxZn—l:TxZn—l) 1+ d(Aszn,Bszn_l)]
+[?[max{d(AMx2n,BDx2,(1_1), d(AMxZn,Sx)Zn), d(BDx3p—1, Txpp—1)}] +
d(Txy,_1, BDxy,_1)d(AMxy,,5%5,)

Y [d(TxZn—listn)] + n < - . .

d(Tx2n—1, AMx3,) + d(Sx2n, BDX3p 1) + d(TX2n 1, S%X2,)

A(Y2n+1:Yan)

1+ d(YanYan+1)
3 0 [A0an1, yan) g

] + Blmax{d(yan, Y2n-1), AW2ns Yon+1), AWan—1,Y2n )} +

1+d¥an Yoan-1)
dWan Yan-1)dV2n Yan+1)

Y [d(yan,y )]+n[ ]
an Zanl dYVan Y2n) + AWY2n415 Y2n-1) + AWans Yon+1)
AY2n+1:Y2n) 3 adYon Yan+1) + BAWon, Yons1) + ¥AY2m Van+1) + 14 V20, Yans1)
Thus, we have |d(V,, YVons)| < (@ + B + 7 + MIAdY2n, Y2n+)l
Which is a contradiction to (a +  +y + 1) < 1. Conversely we have
AW2n+1,Y2n) S AWans Yan-1)
Thus, we have d(¥3p41,Y20) 3 (@ + B+ v + M)AV Van-1)
On putting x = x,,_, andy = x,,_; in (2), we have
1+ d(AMxy,_5, 5% _3)
A(Sxn—2,TX2n-1) S [d(BDxZn—l'TxZn—l) 1+ d(AMXZniz,BDxZn_l)]
+ﬁ[max{d(AMx2n—2'BDx(Zn—l): d(AMxZn—Z)lstn—Z): d(BDx3,-1, Txyp-1)}] +
d(Tx2p—1, BDx3p_1)A(AMX2p, 5, SX3p, )
[d(Txy,_1,8%5,_5)] +
4 anlretan-2 7 d(Tx2n—1,AMXy_3) + d(SXpn_3, BDXp, 1) + d(TX2n_1, SX20—2)
1+dWan-2,Y2n-1)
d 1L < [d 1L ]
V2n-1,Y2n) S @ |d(Y2n-1,Y2n) 1+ dWan2 Yont)

+B[max{d(yz2n-2,Y2n-1) AWVan-2,Yan-1) AWan—1,Y2:)3 + ¥ [dY20s Y2n-1)]
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n [ d(yZn'YZn—l)d(YZn—ZtYZn—l)

d(yZn'yZn—Z) + d(YZn—lt YZn—l) + d(YZntYZn—l)
Ad(Yan—1,Y20) S @d(YVan_1,Y20) + BAYV2n-1,Y2n) + ¥dY2n-1,Y20) + 1d V201, Y2n)
(1 - a)d(yZn—llyZn) < (,B +y+ n)d(yZn—l' yZn)
+y+
Thus, we have |d(y2n—1' yZn)l < (%) |d(y2n—1' yZn)l

Which is a contradiction to (8 +y + 1) < 1. Then we have

Bt+y+n
4o Vo)l < () |02, V20)
BHy+n

Define k = max [(a +B+y+n), (—)] conversely, it can be concluded that

1—a
d(yn'yn+1) 5 kd(yn—lﬂyn)
AWV, Vi) S k2AdVn_2,Yn-1) Do < k™d(yg, y1)
Now for all m > n, we have
d(ym'yn) 3 d(yn'yn+1) + d(yn+1'yn+2) +oee d(ym—ltym)
d(ymﬂyn) 3 knd(yo'yl) + k"Hd()’o')ﬁ) +-+ km_ld(yOJyl)

n
|G 3] < T 1400, 3]
Hence, we obtain lim,,_,.|d(y,,, v,)| = 0, hence {y, } is a Cauchy sequence.
Case III : Suppose that AM(X) is complete then the sequence {y,,} is contained in AM(X) and has a limit in
AM(X), say u, that is lim,,_,,, ¥,, = u. Since u € AM(X), there exists v € X such that AMv = wu.
Now, we shall prove Sv = u. Let Sv # u. From (2) puttingx = vandy = x,,_4, we have
1+ d(AMv, Sv)
d(Sv,Txy,_1) S« [d(BDxZn_l,TxZn_l) 1T d(AM, Bszn_l)]
+B[max’fd(AM17, BDxZn_l), d(AMU, 57.7), d(BD.xZn_l, szn—l)}] + Y [d(sz,l_l, SU)] +
d(Txy,_1,BDxy,_1)d(AMv,Sv) 21

(T xy,_1, AMV) + d(Sv, BDx3, 1) + d(T X3, 3, SV) (21

1+ d(u,Sv)

1+dw,y,-1)

Therefore we have,

Sa + ,B[max{d(u, yZn—l)' d(uv 517), d(yZn—lﬂ yZn)}] + y[d(YZn'Sv)]

d(yZn—l,yZn) d(Sv,u)
d(Yzn,w) + d(SV, Yon-1) + d(V2n,SV)

d(yZn—l,yZn)

+n [
As the sequence {y,,_;} is convergent to u, therefore
Tlll_fg AW, yon-1) = }l% d(Y2n,Y2n-1) = 0
Thus letting n—o0, we have

d(u,u) 1+d@w, Sv)] + Blmax{d(u,u), d(u, Sv), d(u,uw)}] + y[d(u,Sv)]

1+d(u,uw)
d(u,u) d(Sv,u)
n [d(u, u) + d(Sv,u) + d(u,Sv)

S a

< pd(u, Sv) + yd(u, Sv)
d(Sv,u) S (B +y)d(u,Sv)

That is, l[d(Sv,w)| < (B +y)ld(Sv,uw)l
Which is a contradiction to (8 +y) < 1. Hence u = Sv = AMv. Now, since S(X) € BD(X), Su = u €
BD(X). There exists w € X such that BDw = u. By using the same argument as above, one can easily verify
that Tw = u = BDw, that is, w is the coincidence point of the pair (BD, T).
The same result hold if we assume that BD(X) is complete.
Now if T(X) is complete, then by (2.1), u € T(X) € AM(X). Similarly, if S(X) is complete , then u € S(X)
c BD(X).
Now, since the pair (AM, S) and (BD, T) are weakly compatible, so u = Sv = AMv = Tw = BDw and
hence they commute at their coincidence point that is, AMu = AM(Sv) = S(AMv) = Suand BDu =
BD(Tw) = T(BDw) = Tu.
Now, we claim that Tu = u. Let Tu # u. From(2), we have

1+ d(AMv, Sv)

1+ d(AMv, BDu)

V[d(Tu.SV)]+-n[

d(Sv,Tu) X a|d(BDu,Tu)

] + B[max{d(AMv, BDu), d(AMv, Sv),d(BDu, Tu)}] +

d(Tu, BDu)d(AMv, Sv)
d(Tu, AMv) + d(Sv, BDu) + d(Tu, Sv)
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40w, Tw) % a|d(Tu, Tu) o) | | e, Tw), dCu,w), d(Tu, Tl +y [d(Tw )]
u,Tu) S a u, Tu 1T AT Blmax{d(u,Tw), d(u, u), d(Tu, Tu y u,u
d(Tu, Tu)d (u, u)
+ [d(Tu, u) +d(u, Tu) + d(Tu,u)
Thus, du,Tu) 2 fd,Tu) +yd(u,Tu)
That is, [d(w, Tu)| < (B +p)ld(u, Tw)|

Which is a contradiction to (f +y) < 1. Therefore Tu = u. Since BDu = Tu, which implies that BDu =
u. Similarly we can prove that Su = u. Sinceu = Su , which implies that AMu = u = Su.

Now to prove Mu = u, using (2), putting x = Muandy = u, we have

1+ d(AM(Muw), S(Mu))]

1 + d(AM(Mu), BDu)

+B[max{d(AM (M), BDw), d(AM(Mw), S(Mw)), d(BDu, Tw}| + v [d(Tw, S(Mu) ) |
d(Tu, BDu) d(AM(Mu), S(Mu))

n [d(Tu,AM(Mu)) + d(S(Muw), BDu) + d(Tu, S(Mw))

d(S(Mu), Tu) S a [d(BDu, Tu)

1+ d(Mu, Mu)

<
dMuu) 3 a 1+ d(Mu,u)

d(u,u)

] + Blmax{d(Mu, w), d(Mu, Mu),d(u,uw)}] + y [d(u, Mu)]

d(u,u) d(Mu, Mu)
d(u, Mu) + d(Mu, u) + d(u, Mu)

|
d(Mu,u) 2 pd(Mu,u) + yd(Mu,u)

That is, [d(u, Mw)| < (B + y)ld(u, Mu)|

Which is a contradiction to (f +y) < 1. Therefore Mu = u. Since AMu = u which implies that Au = u.
Now, to prove Du = u, using(2), putting x = u,y = Du, we have

1+ d(AMu, S
d(Su,T(Dw)) 2 a [d(BD(Du);T(Du)) 1+ ;&Al\(/lu ;D(lg)u))

+B[max{d(AMu, BD(Dw)), d(AMu, Su), d(BD(Du), T(Dw))}] + y [d(T (Dw), Su)]

d(T(Du), BD(Du)) d(AMu, Su)
1 [d(T(Du),AMu) T d(Su, BD(Dw)) + d(T(Dw), Sw)
d(u,Du) 2 a|d(Du, Du)% + B[max{d(u, Du), d(u,u), d(Du, Du)}] + y [d(Du, u)]

d(Du, Du) d(u,u)
o [d(Du, u) + d(u, Du) + d(Du, u)

d(Du,u) 2 Bd(Du,u) + yd(Du, u)
That is, |[d(u, Duw)| < (B + y)|d(u, Du)|
Which is a contradiction to (f +y) < 1. Therefore Du = u. Since BDu = u which implies that Bu = u.
Thus combining all the above result, we have Au = Bu = Du = Mu = Su = Tu = u. Hence u is a common
fixed point of A, B, D, M, Sand T.
Uniqueness: Let z (z # u) be an another common fixed point of A, B, D, M, S and T. Then from (2), we have
d(u,z) =d(Su,Tz) S a|d(BDz,Tz) 1+ d(AMu, Su)

T T "1+ d(AMu, BDz)

+B[max{d(AMu, BDz),d(AMu, Su),d(BDz,Tz)}] + y [d(Tz, Su)]

d(Tz,BDz)d(AMu, Su)

n [d(Tz,AMu) + d(Su,BDz) + d(Tz,Su)

] + Blmax{d(u,z),d(u,u),d(z, 2)}] + yld(z,u)]

d(z,z)d(u,u)
n [d(z,u) +d(u,z) +d(z,u)

1+ d(u,uw)

d(u,z) Sa [d(Z,Z)Hd—(uZ)

d(u,z) 3 pd(u,z) + yd(u, z)

That is, [du,2)| < (B + p)ld(u,z)|

Which is a contradiction to (f +y) < 1. Therefore z= u. Hence u is a unique common fixed point of A, B,
D,M,SandT.

Corollary : Let A, B, S and T be self mappings of a complex valued metric space (X, d) satisfying:

1.S(X) cBX)and T(X) c A(X)

2. For each x, y € X, there exists a, B, y and n are non negative real numbers with « + f + ¥ +n < 1, such that
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1+ d(A4x,Sx)

. 1+ d(Ax, 5x)
d(Sx,Ty) 3 a|d(By,Ty) 1+ d(Ax, By)

+ Blmax{d(Ax, By),d(Ax, Sx),d(By, Ty)}]
d(Ty, By)d(Ax, Sx)

d(Ty,Ax) + d(Sx,By) + d(Ty, Sx)

+y [d(Ty, Sx)] + 1

3. The pair (A, S) and (B, T) are weakly compatible.
4. One of A(X), B(X), S(X) and T(X) is complete.
Then A, B, S and T have a unique common fixed point.
Fixed Point Theorem For Weakly Compatible Mappings With E.A. Property
Theorem 3.2 : Let A, B, D, M, S and T be self mappings of a complex valued metric space (X, d) satisfying:
1.S(X) cBD(X) and T(X) € AM(X)
2. For each x, y € X, there exists a, B, y and n are non negative real numbers with a +  + y +n < 1, such that
d(5%,Ty) 3 @ |d(BDy, Ty) —T-L(AMx, 5)
YIS YY) d(aMx, BDy)
Blmaxi{d (AMx, BDy), d(AMx, Sx), d(BDy,Ty) } | + v [d(Ty, Sx) | +
d(Ty,BDy)d(AMx, Sx)
n d(Ty, AMx) + d(Sx, BDy) + d(Ty, Sx)

3. The pair (AM, S) and (BD, T) are weakly compatible.
4. The pair (AM, S) and (BD, T) satisfy the E.A. property.
5. One of the AM(X), BD(X), S(X) and T(X) is closed subspace of X.
6. The pair (AM, S) and (BD, T) are commute.
Then A, B, D, M, S and T have a unique common fixed point.
Proof: Suppose that(AM, S) satisfies the E.A. property. Then there exists a sequence {x,} in X such that
AMx, = Sx, = z for some z € X. Since S(X) € BD(X), there exists a sequence {y, } in X such that Sx,, =
BDy, = z. Hence lim, _,,, BDy, = z.
We shall show that lim,,_,, Ty, = z. Let lim,,_,, Ty, = t # z. From (2), putting x = x,, and y = y,, we have
d(Sx.. Ty.) < «|dBDy, . Ty.) 1+ d(AMx,,Sx,)
T DY) = & Yo DY) d(AMx,, BDy,)
+Blmax{d(AMx,, BDy, ), d(AMx,,Sx,),d(BDy,, Ty,)}] +y[d(Ty,,Sx,)]
d(Ty,, BDy,)d(AMx,,Sx,)

ATy, aMx,) + d(Sx,, BDy,) + d(Ty,, Sx.)

Letting n—oo, we have

d(z,t) S ald(z t)iig—g'g

] + B[max{d(z,z),d(z,z),d(z t)}] + y[d(t, 2)]

d(t,z)d(z, z)
a2 + d(z 2) + d(t,2)

+

d(z,t) S a[d(zt) ]+ Bld(zt)] +v[d(t,z)]
That is, [d(z, )| < (@ + B +y)ld(z, 1)l
Which is a contradiction to (a +  + y) < 1. Therefore t = z, thatis lim,,_, Ty, = z.
Suppose that BD(X) is a closed spaces of X. Then there exists u € X such that z = BDu. Subsequently, we
have
limTy, = lim Sx, = lim AMx,, = limBDy, = z= BDu
n-o n-—-oo n—-o n-ow
Now, we prove that Tu = z. From (2), putting x = x,, and y = u, we have
1+ d(AMx,,Sx,)
1+ d(AMx,,BDu)
+B[max{d(AMx,,BDu),d(AMx,,,Sx,),d(BDu, Tu)}] +y[d(Tu, Sx,)]
d(Tu, BDu)d(AMx,,Sx,)

B d(Tu, AMx,) + d(Sx,, BDu) + d(Tu, Sx,,)

d(BDu, Tu)

d(Sx,,Tu) S a

Letting n—oo, we have

A2 T 1+d(z,2)

< - s
d(zTw) S a 1+d(z,2)

] + Blmax{d(z,z),d(z,z),d(z, Tu)}]

d(Tu, z)d(z, z)
d(Tu,z) + d(z,z) + d(Tu, z)

+y[d(Tu,z)] +n [

d(z,Tu) S a[d(z,Tu) ]+ B[d(z, Tw)] +y[d(Tu,z) ]
That is, ld(z, Tw| < (a+ B + y)|d(z, Tu)|
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Which is a contradiction to (a + B +y) < 1. Therefore Tu = z = BDu. Now, since T(X) € AM(X), Tu =
z € AM(X). There exists w € X such that AMw = z. By using the same argument as above, one can easily
verify that Sw = z = AMw. Now, since the pair (BD, T) and (AM, S) are weakly compatible, then they
commute at their coincidence point that is,

AMz = AM(Sw) = S(AMw) = Szand BDz = BD(Tu) = T(BDu) = Tz.

Now, we claimthat Tz = z. Let Tz # z. From(2), puttingx = wandy = z, we have

1+ d(AMw, Sw)

1+ d(AMw,BDz)

d(Sw,Tz) S a [d(BDZ, Tz) ] + B[max{d(AMw, BDz),d(AMw, Sw), d(BDz,Tz)}]

d(Tz BDz)d(AMw, Sw)
v [d(Tz 5wl +71 [d(Tz,AMW) T+ d(Sw,BD2) + d(Tz,5w),
d(z,Tz) 2 a|d(Tz Tz) %} + Blmax{d(z,Tz),d(z, z),d(Tz,Tz)}] + y [d(Tz, z)]
d(Tz,Tz)d(z, 2)
0 [d(TZ, z)+d(z,Tz) + d(Tzz)
Thus, d(z,Tz) 2 Bd(z,Tz)+yd(z,Tz)
That is, ld(z, T2)| < (B +y)ld(z, T2)|

Which is a contradiction to (§ +y) < 1. Therefore Tz = z. Since BDz = Tz, which implies that BDz = z.
Again using (2), putting x = y = z, then similarly we can prove that Sz = z. Since z = Sz, which implies
that AMz = z = Sz. Now to prove Mz = z, using (2) puttingx = Mzandy = z, we have
1+ d(AM(Mz),S(Mz))
1+ d(AM(Mz),BDz) ]
+B[max{d(AM(Mz), BDz),d(AM(Mz),S(Mz)),d(BDz,T2)}| + v [d(Tz S(Mz))] +
d(Tz,BDz) d(AM(Mz),S(Mz))
Ta(Tz AM(M2)) + d(S(Mz), BDZ) + d(Tz, S(M2z))

d(S(Mz),Tz) S «a [d(BDZ, Tz)

1+ d(Mz,Mz)

< s
dMz,2) 3 a 1+d(Mz z)

d(z,z) + Bmax{d(Mz, z),d(Mz,Mz),d(z,2)}| + y [d(z, Mz)]

d(z,z) d(Mz, Mz)
d(z,Mz) + d(Mz,z) + d(z,Mz)

+n [
d(Mz,z) S Bd(Mz,z) + yd(Mz, z)
That is, ld(z,Mz)| < (B +vy)|d(z, Mz)|
Which is a contradiction to (f +y) < 1. Therefore Mz = z. Since AMz = z which implies that Az = z.
Now, to prove Dz = z, using(2), putting x = z,y = Dz, we have

1+ d(AMz,Sz)
d(Sz,T(Dz)) 2 a|d(BD(Dz),T(D
(82, T(D2) a[ (BD(D2), T(D2)) 1+ d(AMz, BD(DZ))]
+B[max{d(AMz, BD(Dz)),d(AMz,Sz),d(BD(Dz),T(Dz))}] + y [d(T(Dz), Sz)]
N d(T(Dz),BD(Dz)) d(AMz,5z)

4T (Dz), AM2) + d(Sz, BD(D2)) + d(T (Dz), 5z)

1+d(z2)

< P
d(z D7) S a 1+ d(z,Dz)

d(Dz,Dz) + Blmax{d(z,Dz),d(z,z),d(Dz,Dz)}] + y [d(Dz, z)]

d(Dz,Dz) d(z,z)
d(Dz,z) + d(z,Dz) + d(Dz,z)

+7 [
d(Dz,z) S Bd(Dz,z) +yd(Dz, z)
That is, ld(z,Dz)| < (B +y)|d(z,Dz)|
Which is a contradiction to (f +y) < 1. Therefore Dz = z. Since BDz = z which implies that Bz = z.
Hence u is a common fixed point of A, B, D, M, S and T.

Uniqueness: From theorem 3.1, we can easily prove the uniqueness of the theorem. Hence A, B, D, M, S and T
have a unique common fixed point in X.

Fixed Point Theorem For Weakly Compatible Mapping With CLR Property
Theorem 3.3 : Let A, B, D, M, S and T be six self mappings of a complex valued metric space (X, d)
satisfying:
1.For each x, y € X, there exists a, 3, y and n are non negative real number with &« + f + y + 1 < 1, such that
1+ d(AMx, Sx)

<
d(Sx,Ty) 3 a|d(BDy,Ty) 1+ d(AMx, BDy)

+ B[max{d(AMx, BDy),d(AMx, Sx),d(BDy, Ty)}]
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d(Ty,BDy)d(AMx, Sx)
d(Ty, AMx) + d(Sx, BDy) + d(Ty, Sx)

+y [d(Ty, Sx)] + 1

2. The pair (AM, S) and (BD, T) are weakly compatible.

3. S(X) € BD(X) and the pair (AM, S) satisfying CLRyv property.

4. T(X) € AM(X) and the pair (BD, T) satisfy the CLRpp property.

6. The pair (AM, S) and (BD, T) are commute.

Then A, B, D, M, S and T have a unique common fixed point.

Proof: Without loss of generality, assume that S(X) < BD(X) and the the pair (AM, S) satisfying CLRym
property. Then there exists a sequence {x, } in X such that lim,_,.,, AMx, = lim,_,, Sx,, = AMx for some x € X.
Since S(X) < BD(X), there exists a sequence {y, } in X such that Sx,, = BDy,. Hence lim,,_,., BDy, = AMx.
We shall show that lim,,_, Ty, = AMx. Let lim,,_, Ty, = z # AMx. From (1), putting x = x,, and y = y,,
we have

d(Sx,, Ty,) S «a

d(BDy,,Ty,)

1+ d(AMx,,Sx,)
1+ d(AMx,, BDy,)
+B[max{d(AMx,,BDy,), d(AMx,,Sx,), d(BDy,, Ty,)}] + y[d(Ty,, Sx,)]

d(Ty,,BDy,)d(AMx,,Sx,)

+n [d(Tyn,AMxn) T d(Sx,, BDy,) + d(Ty,, 5%

Letting n—o0, we have
1+ d(AMx, AMx)

1+ d(AMx, z)

d(AMx,z) 2 a|d(AMx, z)

] + Blmax{d(AMx, AMx),d(AMx, AMx), d(AMx, z)}]

d(z, AMx)d(AMx, z)
d(z, AMx) + d(AMx, AMx) + d(z, AMx)

+yld(z, AMx)] +n [

d(AMx,z) < a[d(AMx,z) ]+ B[d(AMx, z)] + y[d(z, AMx) ]
Thatis, |d(AMx,z)| < (a+ B +7y)|d(AMx,z)|
Which is a contradiction to (¢ + § +y) < 1. Therefore AMx = z, that is lim,,_,,, Ty, = AMx. Subsequently,
we have
,é%Ty” = i%an = 7lli_rLchMxn = }lijzloBDyn =z = AMx

Now, we shall show that Sx = z. From (1), putting y = y,, we have
d(Sx. Ty.) < a |dBDy, . Ty.) 1+ d(AMx, Sx)
%) =@ Yurt )T d(AMx, BDy,)
+B[max{d(AMx, BDy,), d(AMx,Sx), d(BDy,, Ty,)}] +y[d(Ty,,Sx)]
N d(Ty,,BDy,)d(AMx, Sx)
" d(Ty,, AMx) + d(Sx, BDy,) + d(Ty,,Sx)

Letting n—oo, we have

d(Sx,z) S a [d(z, 2) 1+ d(z, Sx)

m] + Blmax{d(z, z),d(z,5x),d(z,z)}] + yld(z, Sx)] +

[ d(z,z)d(Sx, z)
n

d(z,z) + d(Sx, z) + d(z,Sx)
d(Sx,z) 3 B[d(Sx,z)] +y[d(z Sx) ]
Thatis, |d(Sx,z)| < (B +y)ld(Sx,2)|
Which is a contradiction to (§ +y) < 1. Therefore Sx = z = AMx. Now, since the pair (AM, S) is weakly
compatible, then they commute at their coincidence point that is,AMz = AM(Sx) = S(AMx) = Sz. Also
since S(X) € BD(X) there exists y € X such that z = Sx = BDy. Now, we claim that Ty = z. From(1),
putting x = Xx,, we have

d(Sx,, Ty) S a

1+ d(AMx,, Sx,
d(BDy,Ty) (AMx,, Sx )]

1+ d(AMx,,BDy)

+B[max{d(AMx,,BDy),d(AMx,,Sx,),d(BDy, Ty)}] + y[d(Ty, Sx,)]
d(Ty,BDy)d(AMx,,Sx,) ]
)

n [d(Ty,AMxn) + d(Sx,,BDy) + d(Ty, Sx,

Letting n—oo, we have

A Ty) 1+d(zz2)

< P
dzTy) 3 a 1+d(zz2)

] + Blmax{d(z,2),d(z,2),d(z, Ty)}] + y[d(Ty, z)]

d(Ty,z)d(z, z)
o [d(Ty, z) +d(z,z) +d(Ty, z)]
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d(z,Ty) 3 ad(z,Ty) + p[d(z,Ty)] +y[d(Ty,z) ]

That is, ld(z, Ty)| < (a + B+ )|d(z, Ty)|

Which is a contradiction to (@ + f +y) < 1. Therefore Ty = z = BDy. Now, since pair (BD, T) is weakly
compatible, then they commute at their coincidence point that is BDz = BD(Ty) = T(BDy) = Tz.

Now we prove that Sz = Tz, from(1), puttingx = y = z, we have

1+ d(AMzSz)

<
d(5z,Tz) S a 1+ d(AMz, BDz)

d(BDz,Tz)

] + Blmax{d(AMz, BDz),d(AMz,Sz),d(BDz,Tz)}|

d(Tz,BDz)d(AMz, Sz)
d(Tz,AMz) + d(Sz,BDz) + d(Tz,Sz) |

+y [d(Tz,Sz) ]+ 1 [

1+d(Sz,5z)

- 11abz,52)
d(5z,Tz) S a 1+d(Sz,Tz)

d(Tz,Tz)

] + Blmax{d(Sz,Tz),d(Sz, Sz),d(Tz, Tz)}] + y [d(Tz, Sz)]

d(Tz,Tz)d(Sz,Sz)
d(Tz,Sz) + d(Sz,Tz) + d(Tz, 5z)|

|
d(Sz,Tz) 2 B[d(Sz,Tz)] +y[d(Sz,Tz) ]
That is, |d(Sz,Tz)| < (B + y)|d(Sz,Tz)|
Which is a contradiction to (8 + y) < 1. Therefore Sz = Tz thatis AMz = Sz = Tz = BDz.
Now, we prove that z = Tz. From (1), put y =z, we have

1+ d(AMx, $x) ] + Blmax{d(AMx, BDz),d(AMx, Sx),d(BDz, Tz)}]

1+ d(AMx, BD7)
d(Tz,BDz)d(AMx, Sx)
d(Tz AMx) + d(Sx,BDz) + d(Tz Sx)

d(Sx,Tz) 2 a|d(BDz,Tz)

+y [d(Tz, 5x) |+ 1 [

1+ d(z2)

< M
d(zT2) 3 a 1+d(z T2)

d(Tz Tz)

] + B[max{d(z, Tz),d(z, z), d(Tz Tz)}] + vy [d(Tzz)]

d(Tz Tz)d(z, z)
n [d(Tz, z) + d(z,Tz) + d(Tzz)|

Thus, d(z,Tz) 2 Bd(z Tz) + vd(z Tz)

That is, [d(z, T2)| < (B + v)|d(z, Tz)|

Which is a contradiction to (f+vy) < 1. Therefore Tz = Sz = AMz = BDz = z. similarly by above
theorem we can prove that Mz = Az =z =Dz = Bz.

Uniqueness : From theorem 3.1, we can easily prove the uniqueness of the theorem. Hence A, B, D, M, Sand T
have a unique common fixed point in X.

IV.  Conclusion
In this paper, we have presented common fixed point theorems in complex valued metric spaces
through concept of weak compatibility, E.A. property and CLR property.
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