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Abstract
For a positive real number p , the p -Somber index of a graph G , introducted by Réti et al, is defined as
1
SOp@ = ) (@d@P +d@),
UveE(G)

where d(u) denotes the degree of the vertex w in G . In this paper, for p = 1, we determine the first three
largest p -Sombor indices among unicyclic graphs and characterize the corresponding extremal graphs.
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I. Introduction

In a graph G , its vertex set and edge set are represented as V(G) and E (G) respectively. The quantity
of vertices and edges in G is named as the order and the size correspondingly. We adopt n and m to stand for the
order and size of G respectively. Regarding a vertex u € V(G) , the degree of u , which is denoted by d;(u) ,
refers to the amount of edges that are incident to vertex u in G . The maximum degree of G , marked as A ,
equals max{d;(u):u € V(G)}. When d;(u) = 1, u is referred to as a pendant vertex, and the sole edge linked
to this pendant vertex v is called a pendant edge. The notation N, (u) represents the set of neighbors of vertex u

The Sombor index was originally proposed based on geometric principles. Although it has been
extensively studied in terms of mathematical properties and chemical applications [1-5]. In the past few decades,
in order to predict some important physicochemical and biological properties of compounds, hundreds of
molecular structures have been introduced and studied by scholars in the fields of mathematics and chemistry.
Under given constraints, finding the upper and lower bounds of topological indices for various types of graphs
has become one of the hot issues that many researchers focus on. Since its introduction at the end of 2020, the
Sombor index has quickly become a research hotspot in mathematical chemistry, network science, materials
science and other fields. In the field of graph theory, a lot of research is devoted to exploring the Sombor index
and its extremal properties in different types of graphs, see [6-16].

Gutman et al. [17] studied the problem of obtaining the maximum (or minimum) Sombor index value
in trees and graphs with a specified order of  n. Sun et al. [18] characterized the extremal graphs with the
maximum and minimum Sombor index values based on the chromatic number yG . Wang et al. [19] determined
the extrema of the p -Sombor index for trees. Zhou et al. [20], using matching number as a relevant parameter,
obtained the extremal trees and unicyclic graphs with the maximum and minimum Sombor index values. Zhou
et al. [21] explored the extrema of the Sombor index given the maximum degree in the same class of graphs.
Das et al. [17] established bounds for the Sombor index of trees based on order, the number of pendant vertices,
and so on. Liu et al. [22] determined the minimal Sombor index of tricyclic and tetracyclic graphs. Das et al.
[23] provided an upper bound for the Sombor index of connected graphs with a specified independence number.
Liu et al. [24] derived various bounds for the reduced Sombor index by considering different graph
characteristics and parameters. They also calculated the expectation related to the reduced Sombor index in
random polyphenyl chains, as well as the bounds of radius and energy of the reduced Sombor index. In addition,
their work included determining the ranking of the minimal values for trees, chemical unicyclic graphs,
chemical bicyclic graphs, and chemical tricyclic graphs. Moreover, they explored the application of the reduced
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Sombor index in analyzing octane isomers. Inspired by the references [20,25 — 27] , we continue to study the
extremal problems of the p -Sombor index of unicyclic graphs.

Next we introduce certain notations and terminologies. The set U,, , represents all unicyclic graphs that
consist of at least five vertices. Subsequently, U,, , represents the subset of unicyclic graphs characterized by a
fixed girth k(3 < n < k) and a specific number of n vertices. Interestingly, the set U,, can be constructed as the
amalgamation of U,, . sets for varying girth values, a succinct depiction being U, =U}_; U, . . Furthermore, C,
denotes the cycle on n vertices, it can be inferred that U, ,, = C,,. U,, ; denotes the graph with n vertices, girth
k(3 <k <n), and a path of length n — k attached to it. Uy " represents the graph with n vertices, girth
k(3 <k <n), and n — Kk pendant edges attached to a vertex of the cycle C, . In a similar manner, U, ,_,
denotes the distinctive unicyclic graph with a girth n — 1 and n vertices is concluded that U, ;,_y = Uy 54 -

1I. Preface

In this section, we will introduce some propositions that are frequently used in subsequent chapters.

1
Lemma 2.1. Let the function f(x,y) = (x? + yP)? , wherep > 1,x = 1,y > 1. The function f(x,y) is
strictly increasing with respect to x, y . The function f; is the first partial derivative of f (x, y) with respect to x ,
then the function f is strictly increasing with respect to x and strictly decreasing with respectto y .

e 1p
Proof: f, = %(xp +yP) P pxP L =xP 1 (xP 4+ yP) P >0.

1-p 1- 1-2p
o= (p— DXP2(P +yP) P+ xP L pap1(xP 4 yP) 7

ip 1-2p
= (- DX+ Y P+ (1= PP REP +yP) P

1-p 1-2p

Since (p — DxP2(xP +yP) » > (p— Dx?P 2(xP +yP) v

1-p 1-2p
(xP+yP) p >xP(xP+yP) P

1> xP(x? +yP)" L.
Given xP + y? > x? , therefore f,,, > 0.

1-2p

1-— p 1-2p
! (P +yP) P pyP Tt = A —pxP TP P +yP) P <O

fxy = xP
Thus, the proof is complete.

1 1
Lemma2.2. Let the function ¢(x,y,2z) = ((x +y — 2)P + zP)P — (xP + zP)p , wherex > 1,y > 1,z =
1,p = 1, the function ¢ (x, y, z) is strictly decreasing with respect to z .

Proof:

1 1-p 1 1-p

¢, =2_9((x+y—2)” +2P) P pzP! _E(xp +2P) P pzP~!
1-p 1-p

=@ty )P — P | <0

Thus, the proof is complete.

1 1
Lemma2.3. Let the function g(x,y) = (2P + xP)? — (y? + xP)? , where x > 1,y = 2,p = 1. Then the
function g(x,y) is increasing with respect to x .
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Proof:

1 ip 1 ip
9x = 5(2” +xP) P pxP7! —E(y” +xP) P pxP?

1-p 1i-p
= xP71 ((2p+x”) P —(yP+xP) P )2 0.

Thus, the proof is complete.

Lemma2.4. Let the function h(x,y) = (x + y — 1)P —xP ,wherex = 1,y = 1,p = 1, the function
h(x,y) is increasing with respect to x .

Proof:
hy=plx+y—1DP 1 —pxP 1 =p((x+y—- 1P 1 —xP1)>0.

Thus, the proof is complete.

Figure 1: Graphs G, G’

Lemma2.5. Let a graph G containing an induced path p = v, v, ...V, ds(v1) 22 =2ds(v.) =2 2.6G' =
G—{vwwe Ny \ (V1) + (mwwe N,y \ {v-1} . The process of transforming G into G’ is called a
path upgrade transformation. We have S(G) < S(G') .

Proof: For convenience, let d;(v;) = x,dg(v,) =y .
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Casel.x > 2.
1 1 1 1
S@-5@E) =@ +P+ @y > (PrB@P+ Y (P +d@)
WENGW)\{v2} WENG W)\ (v —1}

P27 — (2P + (x+y— 1)P)P — > (@+y-1P+d2w))

WENG(v1)UNG (i) \{v2,vp—1}
1 1 1 1
<@P+xPP+ (2P +yP)p — (1P +2P)P — (2P + (x + y — 1)P)P

=f32)-fA2) -[fx+y—-12) - f(x,2)] = f£i(C,2) = £(Cp, 2).

Since1<C <y<x<C,<x+y—1,1(C,2)—f(C;,2) <0.5(G) <SG .

Case2.k=2.
1 1 1
SO -5 = +yp+ > (2 +dl @) Y (@)
weNg(v)\{v2} wGNG(Vz)\{Uﬂl
1 =
— (17 + (x+y — 1)P)P — > (+y =17 + i)

L wENG(VﬂUNf(Uz)\{Ul:Uz}
< (@xP+yP)p— (1P + (x + y — 1)P)P.
By lemma 2.4, we have (x + y — 1)? + 17 —x? —y? > 0.5(G) — S(G') < 0,5(G) < S(G") .
Thus, the proof is complete.

Figure 2: Graphs G, G’

Lemma2.6. Let G be a graph consisting of a cycle of length g and some pendant edges, where
{Ug) o) U1, Uy U1, s ug} is the set of vertices on the cycle of length g , and d7(uy) = A.G' =G —
{wew: @ € Ng(w) \ {1, Wies 1} + {ww: 0 € Ng(we) \ {tte—1, U1} - We have S(G) < S(G") .

Proof: For convenience, let d(u,) =x = 3,d;(u,) =y =22,x>y.

Case 1. When k = 2, then ;. = Uy, U1 = Usz .

DOI: 10.9790/0661-2706025164 www.iosrjournals.org 54 | Page



Extremal p-Sombor Indices of Unicyclic Graphs

SEHY-5@ = Y [(d@(ug + dg,(w))% — () + dé(w))%]

weNgu)\{uzug}

oy [(d(’;,(ul) - dg,(w))% — () + dg(w))%] + (2 (u) + dz,(uz))%

WENG(u)\{ug,Upt1}

Ju

— (db(u) + dé’(a»)% + (P () + d ,<u3))5 () + dé’(u3>)%

+ (dg,(ul) + dg,(ug))% - (dg(ul) + dg(ug))

= -2 +y-2r+ 1Y — (¥ + 1p)%]

= D[ by =2 41795 = O + 1] 4 (Gt y 207 + 2997 — (P 4y
Haty—2r e, (ug))% (7 4+ da(, )+ (22 + a2 — (o7 + a2
> ((x+y—2)P + 1p)p — (P + 1v)p +(2v + d”,(u3))1 (y» + dg(ug))%

(G4 y = 2P 4200 — (P + 977,

Let the function I(x,y) = (x + y — 2)? — xP ,since I, = p[(x + y — 2)?~! — xP~1] > 0, the function
[(x, y) is monotonically increasing with respect to x . So (x +y—2P —xP>yP -27, (x+y— 2)p + 2P >

xP +y? . Wehave ((x +y — 2)? + 21’)1J > (xP + yp)l’ By lemma 2.3, we know (2" + dp (u3))

1

(7 + a2’ > @+ 279 — o7 + 29,

S = S@) > ((x +y = 207 + 170 — (P + 1P)p + (20 + 2000 — (y? + 2°)p
=f+y-2D-feD-[fOr2D-fC2D] =£f(C, 1)~ £(C2).

Bylemma2.landx+y—2>C; >x>=y>C, >2,wehave S(G") > S(G) .

1

Case 2. When k > 2, then d;(u,) = - = dg(ux—1) = 2, by lemma 2.3 we have (2’7 + dg,(u,ﬁl))g -

1

0P + ) > @+ 2705 — (v + 2700,
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SEY-5@ = Y (a2 (u) + dg,(w))% S GACHE d@(w))%]

weNgu)\{uzug}

+ d®?,(uy) + d?,(w) %— db(u,) + db(w) %
D, CH @) = ( )

WENG (i) \{Uie—1,Uic+1}
+ (a2 ) + dg,(ug)% — (P ) + dé(uz))% + (d? (uy) + dz,(ug))%
— (dZu) + dg(ug))% + (a2, () + dg,(uk_l))% — (P + dg(u,c_l))%
+ (P, () + dz,(um))% — (d?(wo) +df (um))%
= -2ty -2 + 1797 - G+ 177
&= D4y =27 + 170 — O+ 10| 4 (Gx by~ 2 4 200 — (P + 200
+ ((x +y—2)P+ dz,(ug))% - (xp + dg(ug))% + (2P + 2?’)% - (P + 21’)%
+(2v + dZI(um))% —(y+ dZ(um))%
S (Gt y = 207+ 1708 — (2P + 1708 + ((x +y — 207 + 2000 — (& + 2700 + (20 + 27)p
(P + 200D + (2P + 200D — (P + 2P
= fO+y-2D) - f& D - [f3,2) — FRD]+flx +y—22) = f(x,2)
—[f(,2) = F22)] = £ul€0, 1) = £e(€2,2) + £e(€5,2) = £u(C1r 2)
> £2(€1,2) = £u(€22) + £(€3,2) — (€4, 2).

Sincex+y—2>C,>x=2y>C,>2,x+y—2>C;>x=>y>C,>2.then f,(Cy,2) —
f:(€2,2) + fi(C3,2) — f,(Cy, 2) > 0.5(G") > S(G).

Thus, the proof is complete.

Gy

Figure 3: Graphs G4, G,

Lemma 2.7. Let G be a graph consisting of a cycle of length 3 and some pendant edges, where u;, u,, us
are the vertices of the cycle of length 3. Suppose dr(u;) = A, where dr(u;) > max{d;(u,),dr(us)}. Letv
be a pendant vertex. G; = G + {u, v}, G, = G + {u,v}, then S(G,) > S(G,) .

Proof: For convenience, let d(u,) = x,dr(u;) = y,dr(u3) = z, where x > y,x > z, since (x + 1)P —
xP is monotonically increasing with respect to x , then (x + 1)? + y? —xP — (y + 1)? > 0,(x + 1)P + y? >
xP+(y+1P.
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1 1
SGU-SG= ) (@) @) ~ (&, ), @) /

WENG (i \fuz,u3 }

) /ﬂié’l () + 3, (@) P = (@2, () + 42, @) / (@ )+ d @)

WENG (U \{fuq,uz}

— (48, (up) + a2, (v))% + (4B, () + B, (uz))% — (42, () + a2, (uz)f
+ (4B, () + B, (uj — (42, () + B, (us))% + (4B, () + B, (uj
— (43, ur) + db, Gity) f
= G-2)f+ 1P+ I 1p)%/+ o-2[o7+ P — (5 + 1P + 1P)%/
KA+ 1=+ 1P+ 120+ (G 1P +yP P — 6P+ (y+ 1P
+ ((x+1)F +z?’)%— (xP +zP)%+ (6% +zp)%— (v +1F +zP}%
>G-2Dff a+1LD-fEx V- (fo+10)-f(,1)]
+ffa+1,2)~fez) - (FO+1L2)~f3,2)]
= 6/~ Dlfe (€1, 1)~ fu(Cor ]+ £ (€5, 2) ~ fo(C42) > 0.

Thus, the proof is complete.

Lemma 2.8. Let G be a unicyclic graph with girth 3, and the vertices on the cycle are denoted as uy, u,, us
- Suppose dr(u;) =A = 2,dr(uy) =2 2,dr(ug) 22.1fG' =G — {uzw: w € Ng(uz) \ {ul,u3}} +
{uyw: w € Ng(uy) \ {ug, uz}}, then S(G") > S(G) .

Proof: For convenience, let d;(uy) = x,dg(uy) = y,dg(u3) =z, dg(w) = dgr(w) = 1.

1 1
S@rsGr ) ad, (w};_(dg(uzﬁdg(w)f/

WENG(up)\ {fu1,u3}

v ) /zg,(ul) a2 @ — (@) + @) /+ () + a2 )

WENG (ug )\ {uz,uzt

~ (@ @)+ db (uz)]% + (@) ) + dg,(ug)}l’ ~ (@ )+ (ugf

+ (42 (uz) + dg,(uj — (48 (up) + (ug))%

= G-Vfary 20+ B -7+ ]

b a2y 2Pt -t P 4 Gty 2P 2R

—(xp+y?’)% +((x+y—2)?’+zp)%—(xp+z1’)%+(2p+zp)%

- P +zp)%2 ((x+y—2)p+zp)%— (xp+zp)%+ (2P +zp)%— (yp+zp)%

=fc+y—-22)-fG.z2)—[f(,z) - fR22)] = fx(C1,2) = f(C5,2) > 0.
Thus, the proof is complete.

Lemma 2.9. Let G be a unicyclic graph with girth 3, and the vertices on the cycle are denoted as uy, u,, us
. Assume that d;(u;) = A > 2,d;(uy;) = dg(uz) = 2. In the tree connected to u, , there exists a vertex v,
such that d;(v) = 3, Let v; and v, be two neighbors of v, and there is a path P = vv, ...v;u . IfG' = G —
{vw: w € Nz (v) \ {vl,vz}} + {uyw:w € Ny(v) \ {vy, v,}. thenS(G") > S(G)} .
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Proof: For convenience, let d;(uy) = x,d¢(v) = y,dg(vy) =z 2 1,dg(w) =dg(w) =w =1 . Case 1.
when u,v € G ,thenv, =u.

NEGOENOE Z [(dg,(ul) + a2, () ) - (dhw) + dg(w))z]
WENG(W)\{v2,v1}

oy [(dg,(ul) +d2 (@) )’ — (dbu) + dg(w))i] + (a2 uy) + a2 () )P

wENG(u)\{uz,uzv}
1 1

— (P uy) + dRu) )P + (% () + % (u) P — (B (uy) + dB(us) )

+ (dP, uy) + d% @) P = (P uy) + dZ@) VP + (a2 () + a8, (v) )
1

o CAORTHCH

=5 -2 +y -2+~ o7 + Y]

[y

+(x—3) [((x Fy— 2P+ wPY — (P + wp)%] F G4y -2 + 20
P+ 20) £ (4 y =20 + 200 — (xP + 20
+((x+y—-2)P+ 2?’)% - (xP + yp)% + (2P + zp)% - P+ zl’)%

S (Ge4y—2)P + 20)0 — (P + 20)7 — [(yv 2Py — (2P + zp)%]

S ((t+y—2)P + 270 — (x? + 27)7 — [(yv 1Py — (2P + m%]

S ((+y—2)P + 270 — (x? + 27)7 — [(yv Loy — (2P + m%] .

Ifx =y, then

S(6) = S6) > ((x +y = 207 4200 — (P + 2095 — |7 + 2907 — (2 4 1700 = £(€1,2) ~ fu(C2,2)

Since1<C<y<x<C<x+y-—2,thenS(G") > S(G).

Ify > x , then

S6") = S(6) > ((x +y — 2P + 270 — (xP +20)p — |7+ ) — (27 + 12’)%]
= Gty — 2P+ 2 — (P + 20 |G+ 20)p — (29 + 11’)%]
= (€1, 2) = £:(C3, 2).
Since1<C<x<y<C <x+y—2,thenS(G") > S(G) .

Case 2. When u,v € G , then at this time d; (v,) = - =dg(v;) = 2.
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NEOENGOE Z [(dg,(ul) + dg,(w))% - (dg(v) + dg(w))%]

WeNg(W)\{va,v1} L

+ > [(dg,(ul) +d2 (@) )’ — (dbu) + dg(w))i] + (a2 uy) + a2 (u) )P

WENGu\{uzuzv;}
— (P + dRun) P+ (@B () + B () P — (dB(wy) + dBus) )
+ (d? (uy) + dZ,(vi))E — (aPu) + dg(v,.))i + (a2, (@) + % (v,) )P
— (aPw) + d”(vz)) +(a?, (v) + dp,(vl)) — (aP@) + dBw) )P
—5-D|+y-27+ wp)v -0+ wpﬁv]
+(x—3) [((x =20+ wP) — (P + wp)P] £G4y =200 + 20
(P + 27 Hery -2+ 225 — (xP + 20Y0
1 1
+ ((x+y—2)P +2P)p — (xP + zp)p + (2P + zp)P — (yP + zP)p
(20 +27)P — (P + 279
>((x+y-— Z)P + 2P)P — (xp +2P)P + (2P +1P)p — (yP + 1P)P + ((x +y — 2)P + 2P)P
(xP 4+ 20) — (2P + zp)p ~GP+ 2v)v
>((x+y—-2)P+ 2”)?7 —(xP + 27’)1’ - (2P + ZP)P - P+ 21’)1’

Similarly, if x > y , then
1 1 1 1
S(G)=5G) > ((x+y—2)P +2P)p — (xP + 2P)P — [(}’p +2P)p — (2P + 2”)”] = £,(C1, 2) — £,(Cy, 2).
Since2<C<y<x<C <x+y—2,thenS(G") > S(G) .
Ify = x, then
1 1 1 1
S(G") = S(G) > ((x +y — 2)P + 2P — (yP + 2P)P — [(xv + 2P — (2P + zv)v] = £.(Cy, 2) — £u(C,, 2).

Since2<C<x<y<C <x+y—2,thenS(G") > S(G) .

Thus, the proof is complete.

III.  Main Results
3.1 Graphs with the Top Three p -Sombor Indices among Unicyclic Graphs

The graph Uy " is called a unicyclic graph, It contains n vertices and has a girth of k , where 3 <k < n.
As can be seen in Figure 4, this graph is constructed by connecting some pendant edges to a cycle C, The
number of pendant edges isn — k .

Theorem 3.1.1 For G € U,, . , with 3 < k < n, the following inequality holds for graph G

SOp(G) <(n—-3)((n—1? + 11’)% +2((n—1)? + 2”)% + (2P + 2”)%.
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n—3

n—k

n,3

n—3 n—k
U un,k
Figure 4: Graphs UN33, Un X

The equality holds if and only if G = Uj3> .

Proof: Assume that G is the graph with the maximum p -Sombor index among unicyclic graphs. Since G is
a unicyclic graph, let its cycle be C: = uju,us ... u U, .

Claim 1: Except for the vertices on the cycle of the unicyclic graph G the degree of each remaining vertex
isl.

Proof: Suppose there is at least one vertex v & {uq, Uy, ..., U} , such that d(v) = 2, Let u; be the vertex
on the cycle adjacent to v, Then there exists a graph G’ , where G' = G — {vw: w € No(v) \ {w;}} + {ww :
w € No;(v) \ {w;}}, By Lemma 2.5, we have SOp(G") > SOp(G) , which contradicts the assumption.

Claim 2: The girth of the unicyclic graph G is 3 .

Proof: Assume that the girth of G is greater than 3. Let {u;, u;,1} € {uy, ..., 4, } , Then there exists a graph
G’ ,, where G' = G — {u ;0w € Ng(uiyy) \ {3} + {ww: 0 € Ng(uiy1) \ {w;}} . By Lemma 2.5, we have
SOp(G") > SOp(G) . which contradicts the assumption.

Claim 3: There is only one vertex with degree greater than 2 in the unicyclic graph G .

Proof: At this time, G is composed of a cycle of girth 3 and some pendant edges. We use G (kq, k,, k3) to
represent the number of pendant vertices of vertices uy, u,, Uz on the cycle of G , where k; = max{k,, k;} . By
Lemma 2.7, we have G(kq, k,, k3) < G(ky +1,k, —1,k3) <+ < G(ky + ky,0,k3) < G(ky + ky + 1,0, kg —
1) < ..<G(ky + k, + k3,0,0) . This completes the proof of the claim.

By Claims 1,2 and 3, we obtain that U3 is the graph with the maximum p -Sombor index among
unicyclic graphs.

By Theorem 3.1.1, we know that the graph U3 is the graph with the maximum p -Sombor index among
unicyclic graphs. In this case, we continue to find the graph with the second largest p-Sombor index among
unicyclic graphs.

o n—4

Cy

U U, Us

Figure 5: Graphs U4, U,, Us

DOI: 10.9790/0661-2706025164 www.iosrjournals.org 60 | Page



Extremal p-Sombor Indices of Unicyclic Graphs

Lemma 3.1.1 Considering that G € {U,, U,, U3} , the following inequalities hold for these graphs:

1 1 1 1 1
Sop(G) <(m—4)((n—=2)P +1P)p + (n—2)P + 2P)P + ((n — 2)P + 3P)P 4 (3P + 1P)P + (2P + 3P)p.
The equality holds if and only if G = U, .

Proof:

SOp (U )=(n—4)((n—2 ) +1? )£+ ((h—2p+2F )£+ ((h—2+3° )]l’-i- (3P+1? )119+ (2P+3° ),% .
SOp(U,)=(n—5) ((n—2)/’+1”)1%+3 ((n—2)”+2”)1%+(2”+1”)%-*-(2”4-2")1% .
SOp(Us)=(n—4)((n—2)'+17 )1%+2((n—2)”+2” )1%+2(2” +27 )1%.

SOP(Uy)-SOp(Us)=(n-4) (12 + 1Y+ (-2 2V ((n-2) 4300+ (3 + 19YD + (27 + 30
~ (=) -2 + 19)5 + 3((n - 27 + 22) + @+ 17)s + 2" + 20yp]
= (-2 + Y — ((n— 207 + 205 + (3 + 20y — @ + 209 + (3P +17)p
—@r 2y > (3P +17)P — (20 + 20,

Since xP — (x — 1)P is monotonically increasing with respect to x , then SOp(U,;) — SOp(U3) > 0.

SOp(Us) = SOp(U,) = (n—4)((n —2)" + 1”)P +2((n -2y + 2”)P ! 227 + 2”)1’
—[(n=5)((n - 2)?’ + 1?’)10 +3((n - 2)7’ + 2?’)17 + (21’ + 1?’)17 + (ZP + zp)p]
=((n-2)" + 1”)10 - ((n -2 + zp)p + (27 + 2?’)17 —(2r + 1?’)17
= @ 42000 (1P 42000~ (2P + (= 2P — (17 + (n = 2P)7)

1 1

Note that (27 + xP)? — (17 + xP)? is monotonically decreasing with respect to x , then SOp(U3) >
SOp(U,) . In conclusion, SOp(U;) > SOp(U53) > SOp(U,) . Thus, the proof is complete.

Theorem 3.1.2 Considering that G € U, , and G % UJ3%, when 3 < k < n, the following inequality
holds for the graph G :

1 1 1 1 1
Sop(G) < (m—)((n—=2)P +1P)p + (n—2)P +2P)P + ((n — 2)P +3P)P + (3P + 1P)P + (2P + 3P)p.
The equality holds if and only if G = U, .

Proof: Assume that G is the graph with the second largest p -Sombor index among unicyclic graphs.
Considering that G is a unicyclic graph, let its cycle be C : = u uyus ... U, Uy .

Claim 1: The girth of the unicyclic graph G is less than or equal to 4 .

Proof: Suppose the girth of G is greater than 4 . Then, by Lemma 2.5 and Lemma 2.7, there exists a G',
such that G' is isomorphic to U, U,, U; , We have SOp(G") > SOp(G) , which contradicts the assumption.

Claim 2: When the girth of the unicyclic graph G is 4, U; is the graph with the second largest p -Sombor
index.

Proof: Assume that U; is not the graph with the second largest p -Sombor index when the girth is 4 . If in
the unicyclic graph G, there exists at least one non-pendant vertex other than the vertices on the cycle, then by
Lemma 2.5, there exists a G’ such that SOp(G") > SOp(G) . At this time, G becomes a graph composed of a
cycle of girth 4 and some pendant edges. We use G (kq, k5, k3, k,) to represent the number of pendant vertices of
vertices Uy, Uy, U, Uy in G , and k; = max{k,, k3, k,} . By Lemma 2.6, we have G(ky, ky ks, ky) <
G(ky +ky,0,ks, k) < G(ky + ky +k5,0,0,k,) < G(ky + ky + ks + ky,0,0,0) . Thus, the proof is complete.
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Claim 3: When the girth of graph G is 3 and all vertices except those on the cycle are pendant vertices, U
is the graph with the second largest p -Sombor index.

Proof: Assume that U, is not the graph with the second largest p -Sombor index. At this time, G is
composed of a cycle of girth 3 and some pendant edges. We use G(kq, k, k) to represent the number of
pendant vertices of vertices uy, Uy, U3 in G , and k; = max{k,, k3} . By Lemma 2.7, we have the p -Sombor
index G(kq, ko ks) <Gy +1,ky —1L,ks) <o <Glhky +ky — 1,1, k3) <+ <G(ky +ky + ks —2,1,1) <
G(ky +ky+ k3 —1,1,0) = G(ky + k, + ks — 1,0,1) . Thus, the proof is complete.

Claim 4: When the girth of graph G is 3 and in addition to the vertices on the cycle, there is at least one
vertex that is not a pendant vertex, U, is the graph with the second largest p -Sombor index.

Proof: Assume that U, is not the graph with the second largest p -Sombor index. Then, by Lemma 2.5, 2.8
and 2.9, for any graph G , we have SOp(G) < SOp(U,) .

Through claims 1, 2, 3 and 4, we obtain that there are three cases for the unicyclic graph with the second
largest p -Sombor index, which are the graphs U, U,, Uz . By Lemma 3.1.1, we have SOp(U,) > SOp(U3) >
SOp(U,) . Then, when G = U, the unicyclic graph has the second largest p -Sombor index.

Based on Theorem 3.1.2, we can get that U, is the graph with the second largest p -Sombor index among
unicyclic graphs. Under this assumption, we continue to find the graph with the third largest p -Sombor index
among unicyclic graphs.

n—3 < n—3>3

Uy Us

Figure 6: Graphs U,, U3, U,

Lemma3.1.2 Considering G € {U,, U3, U,}, whenn > 7 , then G satisfies the following inequality:

1 1 1
SOp(G) < (m—4)((n—2)P +1P)P + 2((n — 2)P + 2P)P + 2(2P + 2P)P.
The equality holds if and only if G = U5 .

Proof: By the lemma 3.1.1, we know that SOp(U3) > SOp(U,) .

SOP(Us) — SOP(Uy) = (n = 4)((n — 27 + 1P)$ +2((n-2y + 2y r202r 420
~ (=) =3) + 17)5 + 204 + 17y
(1= 3P + 22PH((n — 3)P + PY(AP + 20)P].

We calculate the minimum value of SOp(U3) — SOp(U,) in the software Lingo, and get that this value is 0
whenn = 7,p = 1. Then SOp(U;3) = SOp(U,) .

In conclusion, among U,, U3z, U,, U3 has the largest p -Sombor index.
Theorem 3.1.3 Considering G € U, . and G 2 U}3% G % U, , when 3 < k <n,n > 7, the following
inequality exists:
1 1 1
SOp(G) < (n—4)((n—2)P +1P)p 4+ 2((n — 2)P + 2P)P 4+ 2(2P + 2P)p,

The equality holds if and only if G = U5 .
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Proof: Assume that G is the graph with the third largest p -Sombor index among unicyclic graphs.
Considering that G is a unicyclic graph, let its cycle be C: = u uyus ... U, U -

Claim 1: The girth of G is less than or equal to 4 .

Proof: Suppose the girth of G is greater than 4. Then, by Lemma 2.5 and Lemma 2.7, there exists a G' such
that G' is isomorphic to U,, U3, U, . We have SOp(G") > SOp(G) , which contradicts the assumption.

Claim 2: When the girth of G is 4, U is the graph with the third largest p -Sombor index.

Proof: Assume that U, is not the graph with the third largest p -Sombor index when the girth is 4 . If in the
unicyclic graph G, there exists at least one non-pendant vertex other than the vertices on the cycle, then by
Lemma 2.5, there exists a G’ such that SOp(G') > SOp(G) . At this time, G becomes a graph composed of a
cycle of girth 4 and some pendant edges. We use G (ky, k5, k3, k) to represent the number of pendant vertices of
vertices Uy, Uy, Uz, Uy in G , and k; = max{k,, k3, k,} . By Lemma 2.6, we have G(kq, ky, ks ky) <
G(ky +ky,0,k3,ky) <G(ky+ky+k3,0,0,k,) <G(ky + ky + k3 + k,4,0,0,0).

Claim 3: When the girth of graph G is 3 and all vertices except those on the cycle are pendant vertices, U,
is the graph with the third largest p -Sombor index.

Proof: Assume that U, is not the graph with the third largest p -Sombor index. At this time, G is composed
of a cycle of girth 3 and some pendant edges. We use G (k4, k,, k3) to represent the number of pendant vertices
of vertices uy, Uy, uz in G , and k; = max{k,, k;} . By Lemma 2.7, we have the p -Sombor index
G(ky kaks) <Glky+ 1Lk, —1Lks) <o <Glhky+ky—1,1,kg) <o <G(hky +ky+ k3 —2,1,1) <

G(ky + ky + ks —2,2,0) = G(ky + ky + k3 — 2,0,2) . Thus, the proof is complete.

Claim 4: When the girth of graph G is 3 and in addition to the vertices on the cycle, there is at least one
vertex that is not a pendant vertex, U, is the graph with the third largest p -Sombor index.

Proof: Suppose U, is not the graph with the third largest p -Sombor. Then, by Lemmas 2.5,2.8 and 2.9, we
have SOp(G) < SOp(U,) , which completes the proof.

Through assertions 1, 2, 3, and 4, we conclude that there are three cases for unicyclic graphs with the
second largest p -Sombor, namely the graphs U,,U; , and U, . By Lemmas 3.1.1 and 3.1.2, we have
SOp(U3z) > SOp(U,),SOp(U3) > SOp(U,) . Therefore, when G = U, , the unicyclic graph attains the third
largest p -Sombor.

3.2 Unicyclic graphs with fixed girth p -Sombor

Theorem 3.2.1 Consider G € U, , when 3 < k < n, the following inequality holds for the graph G:

1 1 1
Sop(G) < (m—K)(n—Kk+2)P +1P)p + 2((n — k + 2)P + 2P)P + (k — 2)(2P + 2P)p.
The equality holds if and only if G = UL " .

Proof: According to Lemma 2.5, the graph G can be transformed into a cycle with girth k by attaching
some pendant vertices. Then, by Lemma 2.6, it follows that ‘U,T;jck is the graph with the fixed girth k that attains
the maximum p -Sombor.

SOp(ULX) =(m—Kk)(n— Kk + 2)P + 11’)% +2((n—x+2)P + zp)% + (k—2)(2P + zp)%
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