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Abstract: In this paper, without assuming the boundedness, monotonicity and differentiability of the activation
functions, we present new conditions ensuring existence, uniqueness, and global asymptotical stability of the
equilibrium point of bidirectional associative memory neural networks with fuzzy logic and time delays. The
results are applicable to both symmetric and nonsymmetric interconnection matrices, and all continuous non-
monotonic neuron activation functions. Since the criterion is independent of the delays and simplifies the
calculation, it is easy to test the conditions of the criterion in practice. An example is given to demonstrate the
feasibility of the criterion.
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I.  Introduction

Bidirectional associative memory (BAM) neural networks known as an extension of the
unidirectional autoassociator of Hopfield [1] was first introduced by Kosto[2]. It is composed of neurons
arranged in two layers. The neurons in one layer are fully interconnected to the neurons in the other layer,
while there are no interconnection among neurons in the same layer. Through iterations of forward and
backward propagation information flows between the two layers, which performs a two-way associative
search for stored bipolar vector pairs and generalize the single-layer auto-associative Hebbian correlation
to a two-layer pattern-matched heteroassociative circuits. Due to the BAM neural networks has been used
in many fields such as pattern recognition, image processing, and automatic control. Therefore, the BAM
neural networks have attracted great attention of many researchers .One can refer to the articles [3-18] for
detailed discussion on these aspects.

When a neural network is employed as an associative memory, the existence of many equilibrium
points is a necessary feature. However, in applications to parallel computation and signal processing
involving solution optimization problems, it is required that there be a well-defined computable solution
for all possible initial states. From a mathematical viewpoint, this means that the network should have a
unique equilibrium point that is globally asymptotically stable. In hardware implementation, time delays
occur due to finite switching speeds of the amplifiers, and the existence of time delays frequently causes
oscillation or instability in neural networks, Thus, the study of globally asymptotical stability of BAM
neural networks with time delays is practically required. In [12-18], some sufficient conditions have been
obtained for globally asymptotic stability of delayed bidirectional associative memory networks.

In this paper, we investigate a kind of delayed BAM neural networks with fuzzy logic which
integrates fuzzy logic into the structure of traditional BAM neural networks with time delays. Unlike
traditional BAM neural networks structures, the kind of BAM neural networks has fuzzy logic between its
template and input besides the operation of sum of product. Studies have been revealed that neural
networks with fuzzy logic has inherent connections to mathematical morphology ,which is a cornerstone
in image processing and pattern recognition[19]. Some results on stability have been derived for fuzzy
neural networks, for example [20-22], but few studies have considered the stability for the BAM neural
networks with fuzzy logic. Our objective is to study the existence of unique equilibrium point and its
global asymptotic stability for delayed BAM neural networks with fuzzy logic. Without assuming the
boundedness, monotonicity and differentiability of activation functions, by using M-matrix theory,
Liapunov functions, we present new conditions ensuring existence, uniqueness, and global asymptotical
stability of the equilibrium point for the class of BAM networks with fuzzy logic and time delays.
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I1. Notation and preliminaries
For convenience, we introduce some notations. x=(x;,---,x,)" € R" denotes a column vector.

| x | denotes the absolute-value vector given by |x|=(|x, |,---,|x, )", x|| denotes a vector norm defined
by [ x[l=(x{ +---+x2)"?. For matrix A=(a)n.,, A" denotes the transpose of A, A™ denotes the

inverse of A, [A]® is defined as [A]° =(AT + A)/2, and | A| denotes absolute-value matrix given by
| Al= (1 e Il All denotes a matrix norm defined by || All= (max{2: 2 is an eigenvalue of ATA}YZ . A

and V denote the fuzzy AND and fuzzy OR operation, respectively.
The dynamical behavior of bidirectional associative memory neural networks with fuzzy logic and time
delays can be described by the following nonlinear differential equations:

l]i('[)=—0liui(t)+Z: i Fi(vit—z3))+ A by Fi(vit—74))

i=1 j=1

+Vcij fj(Vj(t—Tij))-l-li, i::Lz,...'nl (la)
j=1
n n
Vj(t)=—ﬂjVj(t)+zdjigi(Ui(t—O'ji))“‘/\kjigi(Ui(t—Uji))
i=1 i=1
n -
+\/Ijigi(ui(t_o-ji))+‘]j! J:112!“'|m1 (lb)
i=1
where o; >0, ;>0 for i=12,---,n, j=12,---,m denote the passive decay rates; a

d. for

ijr Ui
1=12,---,n, j=12,---,m are the synaptic connection strengths; b+ Kii and Cij o Lji for
1=12,---,n, j=12,---,m are elements of fuzzy feedforward MIN template and fuzzy feedforward
MAX template, respectively; f; for j=1,2,---,mand g; for i =1,2,---,n denote the propagational
signal functions ; I; for i=12,---,n and J; for j=12,..,m are the exogenous inputs. The initial
conditions associated with (1) are of the form
u;(s)=¢,(s), se[-o,0], a:]r_n_ilxaji, i=12,---,n,
]slj_gr:n
V](S):l//] (S), S E[—T,O] y TZLnaX T“, J =1,2,"',m,
Klj_sr:‘n

where it is usually assumed that ¢ €C([-0,0],R) for i=12,---,n and y; eC([-7,0],R) for
j=12,---,m.
Assumption (A) For each i<[Ln], je[Lm], f;:R—>R andg; :R—R are globally Lipschitz with
Lipschitz constant F; >0 , G;>0 , e, |f;(y;)=f;(v;)IKF;ly;-v;| for all y; , v ;
[9i (%) —0; (U) I£G; | x; —u; | forall %, u;.
In the following, we let

U= (UpyenUp) ' V=V, V) Ty @ =diag(ey, -+ an) , B=diag( By, Bn) s A=(85) pm

B= (bij)nxmic = (Cij)nxma D=( ji)mxn K= (kji)mxn1 Lz(lji)mxn V) =(f(v), -y fm(vm))T1

g(u) = (91 (1), 9n Uy)", F =diag(F,,Fy,--, Fy), G=diag(G;, Gy, - Gpy) -

Lemma 1[23]. Let Q be a (n+m)x(n+m) matrix with non-positive off-diagonal elements. Then the

following statements are equivalent:

(i) € is an M-matrix,

(i) The real parts of all eigenvalues of Q) are positive,
(iii) There exists a vector &> 0, such that &TQ >0,

(iv) Q is nonsingular and all elements of Q™ are nonnegative,
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(v) There exists a positive definite (n+m)x(n+m) diagonal matrix Q such that matrix QQ+QQ" is
positive definite.
Lemma 2[19]. Suppose (X, y) € R™™and (u,v) e R™™ are two states of system (1), then

I/\k,.g (xi) = /\k,.g (u; )I<Z|k,. 19i (%)= gi (Uil

i=1

I\/lj.g(X) V',.g(U)I<Z||,. 19 (xi)—gi(ui)l, =12,

i=1

I/\b., (i) - /\b., ,(V)I<Zb., ¢y =il

I\/Cu ](Y) \/Cu J(V)I<Zk:u ”f (X) f(V)I,J 12,

Lemma 3[18]. If H(x)eC° satlsfles the foIIowmg conditions, then H(x) is a homeomorphism of R™™.
(1) H(x) isinjective on R™™

(2) i IH|m [H )| —

I11. Existence and uniqueness of the equilibrium
In the section, we study the existence and uniqueness of the equilibrium point of (1). We firstly
study the nonlinear map associated with (1) as follows:

Hi(u;) = 0!.U.+Z:a.J (Vv )+/\bIJ \Z )+\/cIJ [+, i=12,n,
a )
Hppj (v)) = ﬂjv,+2d,.g(u)+/\k,.g (u)+vl,.g (U)+J;, =12,

i=1
Let H(u,v) = (Hy(uy), Hy(uy), - Hy (Un), Hig (V) Hipao (Vo) Hio (Vi )) - 1t is known that if there
exists a point (u*,v*) such that H(u*,v*)=0, then, the point (u*,v*) is the equilibrium in (1). So in order
to investigated the existence and uniqueness of the equilibrium in (1), we firstly investigate the existence
and uniqueness of the solution for nonlinear equation (2). If map H(u,v) is a homeomorphism on R™™,
then there exists a unique point (u*,v*) such that H(u*,v*)=0, i.e., systems (1) have a unique
equilibrium (u*,v*). Based on the Lemma 3, we get the conditions of the existence and uniqueness of the

equilibrium for system (1) as follows.
Theorem 1 Suppose f , g satisfy Assumption (A), and Q is an M-matrix, then, for every pair of input

(1,J), systems (1) have a unique equilibrium (u*,v*). Q is defined as
{ a —[|A|+|BI+|C|]F}
—[D[+IK[+[L[IG B
Proof. In order to prove that systems (1) have a unique equilibrium point (U*,Vv*), it is only need to prove

that H(u,v) is a homeomorphism on R™™

. In the following, we shall prove that map H(u,v) is a
homeomorphism through two steps.

In the first step, we prove that H(u,v) is an injective on R™™. Suppose, for purposes of contradiction, that
there exist (x,y)e R™™, (u,v)e R™™ with (x,y)#(u,v) such that H(x,y)=H(u,v). From (2), by
Assumption (A) and Lemma 2, we get
I Hi (%) —H;(u;) ]|
IHnj (i) —Hprj (vi) |
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| —a; (X _ui)+zaij[fj(yj)_fj(vj)]+/\bij fi(y;) = Abifi(v;)
j=1

j=1 j=1

m m
+\/Ci Fi(yj)—\/Ci fi(vi)l
j=1 j=1

=B (Y; _Vj)+Zdji[gi(xi)_gi(ui)]+/\kjigi(xi)_/\kjigi(ui)
i=1 i=1

i=1

i 9 () =\ i 95 (u) |
i=1 i=1

B m m m ]
ai | X —u; |_Z|aij I E5Cy )= 0 =T ALy Ty )= A by Fi(vi)l
=t j=1 j=1
m m
I G Fi(y))— fi(vy)l
> j=1 j=1
n n n
Bilyj—V; |_Z|dji I9i (%) =g (Ui [ =1 AKG 95 (%) = A K 9i (U;) |
i=1 i=1 i=1
n n
=\ 1 9i () =\ 15 95 (U;) |
L iz i=1 |
o | % = |_Z|aij I f;Cy5) - fj(Vj)l_Zlbij I f5Cy5) - fj(Vj)l_Zlcij (RACHERID]
> i= =L j=1
Bilyi=vil =2 1 1 6i06) =g (i) | =Y ki 1193 06) = G wr) =15 1195 06) = Gy (W) |
L i=1 i=1 i=1
B m m m
a; | % —U; |—Z| a | Fjlyj—vj I_Z|bij [Filyj—v; |—Z| i [ Fylyj—v;l
> i=t j= i=t

n n n
Bilyj—v; |_Z|dji 1Gi % -y |—Z| Kji 1Gi 1% —Uj |_Z|Iji 1Gi % —ui |
L i=1 i=1 i1

=

m
a; = (ay [+1by [+ c; DF;
L yi—Vvjl

|Xi_ui|:|, 3)

= A dgi 1+ 1k 1+ 115 DGy Bi
L =l

i=12---n,j=12,---,m.
From (3), we get

| H(x y)-H(u v)|>{ o —(|A|+|BI+ICI)FHIX—ul}:QEx—uq
’ L -(DI+IK [+ LG B ly—vi|=y-vi|

X—Uu|
y-vi
Lemma 1, we know that all elements of Q™ are non-negative. Hence, |[X—u|=0, |y—V|=0 i.e., x=u,
y =V, which is a contradiction. So map H(u,v) is injective.

In the second step, we prove that | B |H,v)|[—> . If f(v) and g(u) are bounded, it is easy to

By the supposition that H(x,y)=H(u,v), we obtain QH }so. Since Q is an M-matrix, from

lim
V)|
verify that when |[(u, v)| = o0, ||H(u,v)| -+ . In the following, we will discuss the case that f (v) or
g(u) is unbounded. Let H(u,v) = H(u,v)—H(0,0) .To prove that H(u,v)
is a homeomorphism, it suffices to show that H (u,v) is a homeomorphism. Because of Q is an M-matrix,
from Lemma 1, there exists a positive define diagonal matrix Q =diag(q;,9, -+, 9,,m) , Such that
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[QQI° <—¢E,., <0 (@)
for sufficiently small ¢ >0. E,,, is the identity matrix. By Assumption (A), Lemma 2 and (4), we get

[T vTIQH u,v)
=S uafa +> a0, 0))- f(0)1+/\b., T ,(0)+Vc., )= T 0

i=1 j=1 =1 =1
+ZVan+j{—,5'jVj +Zdji[gi(ui)_gi(o)]
j:l i=1

+/_\lk,.g<u) /\k,.g(o>+vlj.g(u) Yl"'g(o)}
<Zq{—a.u. +u, |[Z|a., RADERT (0)|+|/\b., jvi)— J/m\bu ;)]
+|vc., (vj)- vc., ,(o>|]}+2qn+,{ Bivi®+1v; |[Z|d,. lgi (ui) =i (O)
+|/\1k,.g(u) Ak,.g(0)|+|\/lj.g(u> \/1 15i9; (0 [1}
s;qi{—aiui2+|ui|[_§l)|ai,- ||f,-(v,-)—fj(0)|+zl|bi,- I1f5(v;)-F;(0)]

= =
+i1|ci,- I f,-(v,-)—f,-(0)1}+ilqn+j{—ﬁ,-v,-2+|v,- |[i|d,-i lgi (up) -~ g; ) |

= =
+_§l;|k,-i ||gi(ui)—gi(0)|+g|lji lgi (u)—g; ) 1}

n m m m
<> aifaqutHTup 1D lay [Fy vy [+ by [y vy 1+ ley [y lvy I}
i=1 j=1 j=1 =1

m n n n
D Ao BNV DG Gy Tup 1+ kG 16y g [+ 151G ug 1}
] i=1 i=1 i=1

j=1

ol it O}P l} o { 0 <|A|+|B|+ICI)F}{IUI}
o™ v['] {O P CTRRET ~ O 0 vi
T [T -a (IAl+]|B|+|CDF ||u]

=[lul",|v] ]Q|:(|D|+|K|+|L|)G -B :||:|V|:|

_ul"v[TIQare B H

<—¢(u,v)|’. (5)
Using Schwartz inequality, from (5), we get
el vl <Icllwvl|H v,

elu.v
Ic ||

From the above two steps, according to Lemma 3, we know that for any pair of input (I,J), map H(u,v)

namely,

||H(u v)|| So when |(u, )| — +o0, ||H(u v)||—>+oo i.e., [H(U,v)|— 0.

is a homeomorphism on R™™ . Hence system (1) has a unique equilibrium point.The proof is completed.
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IV. Global asymptotic stability of the equilibrium point
In the section, we study the global asymptotically stability of the equilibrium point of system (1).
Theorem 2 Suppose Assumption (A) holds. If € is an M-matrix, then for any pair of input
(1,J), system (1) has a unique equilibrium point (u*,v*), which is globally asymptotically stable,
independent of the delays.
Proof. Since Q is an M-matrix, from Theorem 1, system (1) has a unique equilibrium point (u*,v*). By

means of coordinate translation x(t) =u(t) —u>, y(t) =v(t) —v™*, system (1) can be written as

X; () = —a; X (t)+Za,J[f (yj(E=z)+v*)— (v, *)]+/\b., (Vi (t=7)+v;™)

j=1

by T (v; )+\/CIJ j(yjt=z5)+v;*)- ch fi(v;*,1=12,---,n, (6a)

J* i= i=

Yj(t)z—ﬂjyj(t)+zdji[gi(Xi(t—Uji)+Ui*)—gi(Ui*)] +/\kjigi(xi(t—0'ji)+ui*)

i=1 i=1

“ AKGi U)X (t—oj) +ui*) =\ 15 9i (Ui*), j=12,---,m. (6D)
i=1 i=1 i=1

System (6) has a unique equilibrium at (x, y)=(0,0). Clearly, (u*,v*) is globally asymptotically stable
for (1) if and only if the trivial solution of (6) is global asymptotically stable.

a -l Al+|Bl+|C[F

Due to Q:{ } being an M-matrix, from Lemma 1, there exist

~[ID|+|K|+|L[G B
& >0 (i=1..,n), 7; >0 (j=1..,m)such that
Ga =y (1 dj Ik [+115 DG; >0, (i=12,.,n), (7a)
j=1
niB;— Y. & (lay blby [+]cg DF; >0, (j=12,.,m). (7b)

i=1

Consider a Liapunov functional V (t) =V (X, y)(t) defined by
n m t
VoNO = &% 1+ Fyay beiby 1+1cy D[ Iy;(9)]ds}
i=1 j=1 i

+Z ni{lyj |+ZGi(|dji [+1kji [+]15 |)I:_U__|Xi($)|d5}- (8)
j=1 i=1 ji

Calculating the upper right derivative D"V of V along the solutions of (6). By using Assumption (A)
and Lemma 2, we get

DV (x, y)(t)=ifi{sgn o~ +iF,- (1 Felby 1+ DAY O1-1y; t-7) D}
=

+JZ}7,-{SQH yj%j +§Gi(|b,-i [+ G 1115 D% O = 1% = 0) DY

=_angn{sgn xi[—aixi(t>+iai,-(f,—(y,-(t—ri,-)+v,-*)—f,-(v,-*))

+ b,JfJ(y (t=73)+V; )= b,J [V *)+v Gy F (Y (t=73) +v;)

Ci (v *)]+ZF(Ia.J 1y [+ 1c DAY @1=1y;t=7z3) D}

j=t
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+Z’7j{39n Yil-8;y; (t)+zdji (9i (X (t—0ji) +ui*)—g; (U;*))
=)

i

+ AKX (t—0 i) +Ui*) = A K Gi (Ui*)+\/ 15 i (X (t =0 ) +u; ™)

i=1 i=1 i=1

_\/Ijigi(ui*)]+zGi(|bji [+ 1k [+ 115 DAXi @) [ =1 xi (t—0 i) D}
i=1

i=1
<Y alean 01+ a1 (y; t—7y)+v; %) - f(v; %))
i=1 j=1

+I AL (Y =7)+v*)= A by () 1N/ C Fi(yjt—75)+Vv;™)
j=1 j=1 j=1

—\/ Cj fj(Vj*)|+sz(|aij H by [ +lc DAY;O1=1y;C—7) D}
. =

> B 1Y O 1+ 1 119 (6 (t= o)+ )= g (U]
= i=L
+HI AKX (t—0 ) +Ui*) = A K9 (US) [+]\/ 15 9i (X (t—07j) + U ™)

i=1 i=1 i=1

_\/Ijigi(ui*)|+zGi(|bji [+ 1K [+ 115 DAxi @)1= 1% (t—o ) D}
=1

i=1

<Y Elman O 1+ (ay [+ 1y [+l cy DIF;(yj E—75) +vy*) = F(v;*)]

i=1 i=1

+ZFj(|aij by [+1ci DAY @1=1yjt—7) D}

=1

+Z’7j{—ﬁj |yj(t)|+Z(|dji [+ 1K [+ D1gi (it =) +ui*) =g (U )]

= =

+gei<|b,-i [+ 111 DO @ 1=1% E=0) D

sifi{—ai |xi(t)|+i)(|ai,- |+1by | +1c; DF; by = ;)]
=

+2Fj(|ai,- 1y 115 D 1y @ 11y, (t—75) D}
=

+i:77,-{—ﬂ,- |y,-(t)|+i(|d,-i [+ 1K 14115 DG; 1 =0y |
=

+Zl)ei(|b,-i [+ 111 DO @ 1=1% E=0) D

= &ean I 1+ (ay [+ 1oy [+]cy DF; Iy; O

i=1 =

> =By 1Y O 1+ d i [+ kg [+ 115 DG 1% O [
i=1

i

DOI: 10.9790/0661-2105035159 www.iosrjournals.org

57 | Page



Global Asymptotic Stability of Delayed Bidirectional Associative Memory Neural Networks with

=Y LG+ n(dj 1+ 1k [+115; DG} X ()]

i=1 j=1
£ B+ G (ay [+1by |+ lcy DR} YO
j=1 i=1
<= %O 1=22 1y 01, 9
i=1 j=1
where,
#Zgigrr‘]{fiai _Zﬂjqdji |+|kji |+||ji NGi}>0, 4 :121jignm{77jﬂj —Zfiq aj [+ by | +]cy DF}>0.

j=1 i=1
By the standard Liapunov-type Theorem in functional differential equations[24], the trivial solution of (6)
is global asymptotically stable, and therefore, (u*,v*) is global asymptotically stable for (1). The proof is

completed.

V. Aillustrative example
Consider the following BAM neural networks with fuzzy logic:
2 2 2
j=1 = i=1
2 2 2
Vi =—-PBjv; +Zdjigi(ui(t_o-s))+/\kjigi(ui(t_o-s)) +\/1i9i (Ui (t-05)+3, j=12, (10b)
i=1

i=1 i=1

where
. 10 ] 15 0
azdlag(al,az)z{o Ja ﬁ:dlag(ﬁl’ﬁ2)2|:0 1.5}
0.1 -0.2 02 0.2 -0.2 -01
A= (@) = {0.2 01 }, B =(bj) 2. :{02 _0.3} C =(Cjj)2x2 :[_02 01 } ;
0.1 -01 0.2 0.2 03 -0.3 .
D= i ) 2x2 :{0.2 01 } K= (kji)2><2 :{0.3 0_2] L=( ji)2><2 :{0_2 02 } , fi(u) = S|n((\/§/2)u)+u )

fo(u) =sin(u), g3 (U) = g, (u) = (e* —e™)/(e" +e™).
It is easy to verify that f,(u), f,(u) and g,(u), g,(u) satisfy Assumption (A) with

F, =1++2/2,F, =1and G, =G, =1,therefore

1.707 O 10
F =diag(F,, F,) = , G =diag(Gy,G,) = :
iag(Fy, Fy) { 0 1:| iag(G;, G,) {0 J

Thus, we obtain
1 0 -0.854 -05
a —[IA|+|B|+|CIF 0 1 -06 -05
:L[ID|+IKI+IL|]G B }: -06 -06 15 0
-0.7 -05 0 15

is a M-matrix, so by Theorem 2, neural network (10) is globally exponential stable.

VI. Conclusion
In the paper, the stability for a class of bidirectional associative memory neural networks with
fuzzy logic and time delays has been presented. The sufficient condition related to the existence of unique
equilibrium point and its global asymptotic stability for the class of bidirectional associative memory
neural networks are derived by using M-matrix theory and Liapunov functions. Furthermore, the obtained
sufficient condition is delay-dependent, it is easy to test the conditions of the criterion in practice.
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