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Abstract: The main objective of this model is to focus on how to use the model of fuzzy system to solve fuzzy
mathematics problems. Some mathematical models based on fuzzy set theory, fuzzy systems and neural network
techniques seem very well suited for typical technical problems. We have proposed an extension model of a
fuzzy system to N-dimension, using Mamdani's minimum implication, the minimum inference system, and the
singleton fuzzifier with the center average defuzzifier. Here construct two different models namely a fuzzy
inference system and an adaptive fuzzy system using neural network. We have extended the theorem for
accuracy of the fuzzy system to N- dimensions, and provided a medical application of the fuzzy mathematics
models. Since, liver is the largest internal member in the human body, so diagnosing liver disorder disease is a
high interest to researchers of the fuzzy modeling and the fuzzy system. Therefore, the fuzzy mathematical
models are applied on a real data to the Liver Disorder disease. Consequently, a comparison between three
models: the FS with Mamdani model, ST model, and the ANFIS is made. Therefore, we have obtained the best
result with the ANFIS. Finally, the programs of these models by using MATLAB created and performed.
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I.  Introduction

Fuzzy mathematics provides the starting point and basic language for fuzzy systems (FSs) and fuzzy
modeling (FM) [Ruan and Wang (1997)], while the fuzzy mathematical principles are developed by replacing
the sets in classical mathematical theory with fuzzy sets (FSs) [Samandar (2011)]. The concepts and principles
in fuzzy mathematics are useful in FSs and adaptive neuro-fuzzy systems (ANFSs) [Singh et al. (2009)], [Shing
and Jang (1993)]. Fuzzy variables are processed using a system called a fuzzy inference system (FIS) which
involves fuzzification, fuzzy inference, and defuzzification [Wang (1997)], [Aik and Jayakumar (2008)]. The
FIS collects the rules in the fuzzy rule-base into a mapping from fuzzy set A € Xto fuzzy set BeY
[Sivanandam and Deepa (2008)]. We must construct interfaces that are the fuzzifier and defuzzifier, between the
FIS and the environment because in most applications the input and output of the FS are real valued numbers
such our application in this model to Liver Disorders [Sug (2012) and Gulia et al. (2014)]. The reason to
represent a fuzzy system in terms of a neural network is to utilize the learning ability of neural networks to
improve performance, such as adaptation of FS [Rameshkumar and Arumugam (2011)]. When the expert is
demonstrating, we measure the inputs and the outputs; that is, we can collect a set of input-output data pairs
[Nayak (2004)], [Hndoosh et al. (2012) and (2013)]. Therefore, the knowledge is transformed into a set of input-
output pairs. The task in this work is to model a FS that describes the input-output behavior represented by the
input-output pairs and apply the model to Liver Disorders. We will model the FS by first assigning its structure
and then tuning its parameters [Jose et al. (1999)]. To simulate the modeling system, need a mathematical model
of the Liver Disorders that is described by linguistic variables and its membership functions (MFs) [Chai et al.
(2009)]. We note that the fuzzy modeler can successfully control and handle the real data of any problem. As
well as, the prediction accuracy is improved by defining more FSs for each input variable [Marza and Seyyedi
(2008)]. The advantage of using the FS is that the parameters of MFs have clear physical meanings and we have
models to choose good initial values for them [Dogan et al. (2007). We can recover the fuzzy if-then rules that
model the FS [Belohlavek and Klir (2011)]. These recovered fuzzy if-then rules may help to demonstrate the
modeled FS in a user-friendly manner. The work is divided into four Sections. Section 1 introduces the
fundamental concepts and principles in the general field of fuzzy theory that are particularly useful in FSs and
ANFIS [Sivanandam and Deepa (2008)]. In Section 2, we have provided the detailed mathematical formulas of
the FIS, and we construct interfaces between the FIS and the environment using fuzzifier and defuzzifier models
[Jandaghi et al. (2010)].

In the first part of this Section, we propose and extend the model of the FS, the work of Hndoosh et al.
(2013) and Wang (1998), from 2-dimention to N-dimension using Mamdani's minimum implication with the
minimum inference system, the singleton fuzzifier, and center average defuzzifier [Rojas (1996)]. In the second
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part, we have provided the theorem for accuracy of a proposed model [Hndoosh et al. (2012), (2013), and
(2014)]. This approach requires N-pieces of information in order to model FS to satisfy any pre-specified degree
of accuracy [Kamel and Hassan (2009)]. As well as, we have adapted the structure of the FS and modeled of an
adaptive FS using a neural network through the third part of this Section [Singh et al. (2009)], [Shing, and Jang
(1993)]. In Section 3, we have applied all the previous concepts and models on a real application to Liver
Disorders [Sug (2012) and Gulia et al. (2014)], and we have structured of the applied model at the first part.
Second and third subsection, provided discussion and results for the model of the FS with Mamdani and ST
models and the adaptive FS using neural network, respectively. Consequently, obtained good results of the
models, and created programs for the different models using ‘MATLAB’. Concluding remarks are present in
Section 4. Finally, Appendix is provided the representation of results of the FIS with the Mamdani and ST
models, and the results of the ANFIS with their errors through Table 3.

Il.  Proposal Of A New Model Of A Fuzzy System On N-Dimensions
In this section, proposed a model of a fuzzy system, that is extension of the work of Hndoosh et al.
(2013) and Wang (1997), from 2-dimention to N-dimension [Ruan and Wang (1997)]. Consider the general
membership function of fuzzy set, 4, is a continuous function in R given by:
(0 ifx<a
la(x) ifa<x<b

y(x;a,b,c,d)={ 1 ifb<x<c 1)
d(x) ifc<x<d
0 ifd <x

where [a,d] c Randa < b < ¢ < d,0 < a(x) < 1anon-decreasing function is € [a,b) and 0 < d(x) < 1is
a non-increasing function € (¢, d].
If fuzzy sets A, A2, ...,AN € W c R then, they are called:
1. Complete on W, if there exists A* such that p,x (x) > 0, forany x € W.
2. Consistenton W if u,« (x) = 1 for some x € W implies that p,;(x) = 0, for all k # j.
3. Normal, consistent and complete with general MFs, u,;(x; a;,b;, ¢, d; ). IfA' < A2 < --- < AV, then
G <G4 <d <byforj=12.,N-1
In the next section, we will mode a particular type for medical application of Liver Disorders that have
some properties [Belohlavek and Klir (2011)], and consider N-inputs fuzzy systems. Now the proposed model is
as the following:

2.1 The Proposed Model

Let G(x) be defined G(x): X € R™ — R, that is, a function on the compact set X = [ay,B;] X ... X
[a,,B,] and the analytic formula of G (x) be unknown. Suppose that for any x € U, we can obtain G(x). Now,
to model a fuzzy system that approximates G (x) is main task and model of a fuzzy system as follows:

Step 1:

Define N; (j = 1,2,..,n) fuzzy sets A}, A7, ...,A]N’ € [a-,ﬁj], which are normal, consistent, and complete with

triangular  MFs 1,1 (x; ajl,bjl,q-l),...,/.iANj (xj; a]_N",b]_N",ch"), and Al <A <--< A;Vf with a! = b} =
j

a; and b}NJ = chj = f;, which,

" ell=a1,ef]1=,81, ande{=b{ for j=2,3,..,N; — 1,

. el = aye)? =B, ande] =b) for j=2,3,..,Ny — 1, (2)

. el =a,e" =B, ande/ = b} for j=2,3,..,N, — 1.

Step 2:

Construct I = N; X N, X ... x N,, fuzzy if-then rules in the following form:

R}m i IF x; is A} and x, is A)? and...and x,, is A" Then yis B/1-Jn, 3)

where j;, =1,2,..,Ny, j, =1,2,..,N,, ..., j, =1,2,..,N,, and the center of the fuzzy set B/1-J»  denoted
by y/1-Jn, is chosen as:

yrrin = Gley', . e;") )
This is the case when (3) depends on the Mamdani fuzzy rule [Chai et al. (2009)], and the antecedent of our
model is connected by “and” [Sivanandam and Deepa (2008)], [Marza and Seyyedi (2008)], then the truth-value
evaluation is given by:
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Y, =1 <,uAj1...jn,i (xy ), Hyjtini (x3), e Byjtgni (xn)) ®)
1 2 n

Therefore, from pz:(y) =t (ﬁi,uBi(y)) ,Vy € R, the fuzzy inference produces the fuzzy set of output by:

perrTa(y) =t (ﬁi.ugjl.../n.i (y)) Vy €R 6)

The consequents of all the rules are aggregated in the consequents by the ‘max’ function as:

MEJT/?(}’) = S(ﬂg/l---/nrl (}’). Upj1-jn.2 (y); o Upitegni ()’)) (7)

However, when the consequent of rule is a linear function, then the output of the Sugeno rule depends on
function as follows:

yjl Jn _ﬁ(xlleI" Xn ) (8)
where f; is linear function base on x;, that is defined as:
fi(x1, %0, 0, %) = @bxy + abx, + -+ alx, +al,q, 9

where g; are the parameters, and can be computed by the least square model.

Step3:

Constructing the fuzzy system f(x) from the N; X N, X ...x N, rules of (4) using Mamdani's minimum
implication (MMI) (10a) with the minimum inference system (MIS) (10b), the Singleton fuzzifier (SF) (11), and
the Center Average Defuzzifier (CAD) (12), are as follows:

(o, Coy) =minfuy, (O, g, (], Quy EX XY) (10a)
by () = max [sup min 1y G0 sy G, et Gt )| (10b)
, _f1 if x=x"
Ha (x;l— {9 otherwice an
* _ i=1Y Wi
B Z{=1 Wi (12)

Therefore, we obtain:

Zle ZNn yjl Jn (mm(y Jl(xl) ) }n(x")>>
DA

N )
“=1...Zjn"=1<mm (HAT (Xl),---,ﬂA]r'ln (xn)>>

Since the fuzzy sets A, ... ,A;Vj are complete at every x € X, then there exist j;, j,, ..., j, such that:

min (1 (1), gz (62D, by (5)) # 0. (14)

Consequently, the fuzzy system (13) is well defined. From step 2, we note that the antecedent of the
rules (4) constitute all the possible sets of the fuzzy sets defined for each input variable [Hndoosh (2013)]. The
total number of rules is N,,, that increases exponentially with the dimension of the input space [Jandaghi (2010)].
In the second part, we explain the accuracy of the f(x) modeled above on the unknown function G(x), is
explained [Nayak (2004)], [Kamel and Hassan (2009)]. Here extended the accuracy of the fuzzy system from 2-

dimention to N-dimention, as well as changed the type of fuzzy inference system to a minimum inference
system to suit any application [Wang (1997)].

f) = (13)

1.2. Theorem (The Fuzzy System Accuracy for the Proposed Model)
Let f(x) be the fuzzy system in (13) and G (x) be the unknown function in (4). If G(x) is continuously
differentiable on X = [a4, B;] X [az,,[?2 X o X [an,ﬁn] then:

oG
16 = fll < vt e

1+ a—xz

where the infinite norm ||. ||, is defined as: ld(x)lle, = sup,ex|d(x)| and h; = max; 4, et —el|,( =
1 2.

Proof:

Let X/1-in = [e]!,e]"*"] x [e}2, €)™ x ... x [e)", elm*], Whel‘eh =12,.,Ny—=1, j,=1,2,..,N, — 1,.

jo=1,2,..,N, — 1. Since[a;, 5| = [e},e?] U[e?, &1 U ...U[ej ) j]],] =1,2,...,n., then:
Ni—=1Ny—-1 Np-1

X = [, ] X [ By] X X [, ] = UU Y we, (16)

j1=1 j2= Jjn=1

(15)

”axl

.y
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which implies that for any x € X, there exists X/1-/» such that x € X/1-Jn,

Now suppose x € X/1-in, that is x, € [e]!,e]'™"], x, € [e}?,eJ2"],..., x,, € [e[",e]" "] (since x fixed, j, are
also fixed in the sequel). Since the fuzzy sets A}, A?, ...,A’1Vl are normal, consistent, and complete, at least one
and at most two, qufl(xl) are non-zero for k; = 1,...,N;. From the definition of e{l(j1 =1,2,..,N, — 1),
these two possible non-zero qufl(xl)'s are Wy (x,) and uAJilﬂ(xl). Similarly upto, the two possible non-zero
I gk (x,)'s (fork, =1,..,N,)are Hyin (xn) and pj,+1(x, ). Hence, the fuzzy system f(x) of (16)
si%plified as the following: ’ ’

141 i+l = .
Z]kll=jl ]kn=jn yk-kn <mm (“A’l‘l(xl)' “A’Z‘Z(XZ)' s Hyln (xn))>

fl) = 17)
j1+1 1 ,
s, e T, min (.U'Allfl(xl); e O2), s Byt (xn)>
From (4), we obtain:
j1+1 jn+1|[ min(yA;il(xl),..., qun(xn)) ]|
fx) = Z | . |* G(ef1, ... ekm) (18)
651 T | T - I0T, mm(y b (), uAﬁAxn))J
j1+l  jatl min (HAkl(xl)' . ,uAkn(Xn))
Z -1 (19)
)

j1+1 jnt+1
k1=j1  kn=jn ki=j1 Zn =in min (,Ll kl(xl) 9 #Aﬁn(xn))

we have:
j1+1 jntl

1G(x) — ()] < Z ) Z - miTL(,UAfil(xl),..., 'uA:" (xn)) .

k
T — 166~ Glel, e
Ki=j1  kn=jn k1=j1"'an=jnmm(“A’;1("1)""' “A:n("n))

< max |G(x)—G(ef1,...,e,]f")| (20)

k1=j1y1+1

k —Jan+1
From the Mean VaIue model, may be written (20) as:

I6(x) - f(Ol <, ma || || 1|+|| ” e"2|+---+||a—G
dxqll,, 9x, 1l 2 0x,

k1‘)1)1+1

k —Jan‘H- 1 " i "
Since x € X/1-in, means that x, € [e],e]'*"], x, e [e)?, el ... x, € [e/",e/"*"], we have,
|x1_ell|<|e]1+1 1| |x2_622|<|e]2+1 | ]n+1 ‘{ln|f0r k1=j1:j1+
Lk, =j,,jo+1,...,and k, =j,,j, +1
Then (21) becomes:

|x, — e,’fnl) 1)

,and |x, —ek |<|e

_ _ G _ _
IG(x) — f(X)] < |—” e/t —eft| + ” lef2™ —ef?| + - + ”— e/t —eln| (22)
ox, Il d0x
Since ld()lo, = sup |d ()l then [1G — £1l., = sup |G — 1, we get:
x€X
jit+l '1 - Jntl _ _jn
16 =Fll = ”ax L 15150 1 et vl Haxn BT e el
o] o O o RS 2
flleo < oxll_ ax, |l dx, (23)
From (22), we can conclude that fuzzy systems in the form of (17).
Specifically, since || || axz | | hy,.., h,
small enough such that hy + a—G | hy + -+ | h,, < €. Hence from (15) we have:
6x1 dxp Oxp Il o
sup yex 16— f1 =116 = fll, <¢ (24)
From (23), we can show that, in order to model a fuzzy system with a pre-specified accuracy, we must know the
bounds of the derivatives of G(x) with respect to x4, x,, ..., x,, that is ;: | % , % . In the
1 2 n Moo
model process we need to know the value of G(x) at x, where
x=(e]',el?,...,el") for ji =1,2,..,Ni,  Jo, =1,2,..,Ny, e, jp = 1,2, ..., Ny (25)
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Therefore, this approach requires these N pieces of information in order for the model fuzzy system, to satisfy
any pre-specified degree of accuracy.

1.3. Model of an Adaptive Fuzzy System Using a Neural Network

In this section, we adapt the structure of the fuzzy system that is specified with the structure of some
parameters [Singh et al. (2009)], [Shing and Jang (1993)]. We specify the structure of the fuzzy system to be
modeled. Here, we choose the fuzzy system with a MIS, a SF, a CAD, and a Triangular MF [Samandar (2011)],
then, we obtain:

x —a ¢ —x
; P mln max (mm( (A | 1)) 0)
¥ (mi"“A" (x')) - vAb —q’ g = b
fG) = o6
min i (x; ) x —a ¢ —x
- 1< A( ) Y [min| max(min| 2—%, Z2—2|, 0
Y vo\b —q g —b

where | is fixed, and y aj, ) G ! are free parameters. The fuzzy system (26) has not been modeled because the
parameters ', a bl ¢; are not specified [Wang (1997)]. In order to determine these parameters in some optimal
manner, it is heIpfuI to represent the fuzzy system f(x) of (26) as a feed-forward network [Jose et al. (1999)].
Specifically, the mapping from the input x € U c R™ to the output f(x) € V < R can be performed according
to operations [Dogan et al. (2007)]. Note that, the input x is passed through a minimum triangular operator to
become:

. xj—at ci—x; ) .
z' = max (n\yfn (bi i bﬂ) 0), where z' are passed through a summation operator.
S A A

Let K=Y/ z'and L = Y/, ¥' z'; therefore, the output of the fuzzy system is computed as f(x) = L/K.
Consequently, we summarize the procedures to model a fuzzy system that depends on layers of network as the
following:

Stepl: Structure specification and initial parameters
Select the fuzzy system (26) and determine the number of rule [Rameshkumar and Arumugam (2011)].

The larger number of rule, results more parameters and more computation, but gives better accuracy.
Specify the initial parameters ' (0), a}(O), bj" (0),cj(0), then the initial fuzzy system becomes as in (27). These
initial para-meters may be determined according to the linguistic rules from human experts as in our application.

xlfo - aillhljn () Ciil"J" (0) - xifo

N Ny =j1oin : ;
Zhl:l '"Zjn y-In(0) [mln (max <n\},l<n <b£1j2j3(0) _ aiu’z)’a (0)’ C]J(d---}'n (0) — bil-"jn (0)) ’ O))]

: . (XD =) 6" (0) —x
DR iy [ml”<’”“"<"&i”<b“ Q-G @ b ’k'?(O)> O>>]

f() = (27)

X1

Figure 1: Network representation of the fuzzy system
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Step2: Calculating the outputs of the fuzzy system

For a given inputs-output pair (x2,; ¥ ), p =1,2,.., k=1,2,..,n and at the q*" training stage, ¢ =0, 1, ...,
present x;, to the input layer of the fuzzy system in Figure 1 and compute the outputs of layers, and therefore,
we compute:

First output: Every node produces MF of an input parameter. The node output o{i is explained by:
1=y (i 0 =y (), and 0" = pyn (%), (28)

where x;, x,, ..., x,, are the inputs, Hyits Byjzs s Hyjn A€ linguistic fuzzy sets related with nodes, and o{i is the
1 2 n
degree of MFs of a fuzzy set.

Second output: Every node is a fixed node, whose output is the minimum of all MFs:

Oél.--jn — Zjl---jn’Zjl---jn = ‘n%n (MAj:l“‘j" (’9)) , (29)
where 1,5 ..j» is declared by triangular MF, and then we obtain:
1
o xl’ _ ajl---jn le---jn _ xl’
Z/1in = min| max [ min o= % " (@) __k @) . SR JE (30)
vj vk bll Jn(q) 1 Jn(q) C}]{l---]n(q) _bil---]n(q)

Third output: Depending on (30), the j; ...j,‘" node calculates all rules as:

J1edn — zjp.j (x) 2l (31D
03 =2z X)) =5y Mo il
Zj1=1 Zj::l zj1-n

Fourth output: Every node j; ... j, is an adaptive node with a node MF of output.

ojl I = Fitedn pit-in, (32)
where y/1-n = f. }n(xl,xz,.. x,), and from (9), we get:
yi1in —a{l Tnge, +a“ Tng, + - +a“ ny +afﬁ+1]", (33)

where ajjl Jn (j=1,..,n+ 1.),is the parameter set of the node.

Fifth output: The single node is a fixed node labeled Y , which computes the final output as the summation of
all result ojl"'j"

Z}l Jn .. .
}1 Jn Z Z o — ( J1- ]n ]1 ]nx2+a£1---]nxn +a‘{lh—1]n) (34)
j1=1  jp=1 J1 =1 Z
Suppose
K = Z Z Z}l Jn
J1 Jn—l
L = Z Z 21 ]n(a}l }n 11 Jnxz +afl1"'j"xn +a{lizjn) (35)
j1=1  ja=1
Consequently, the final output is obtained as:
L
=—. 36
fo) = (36)

Here, noted that y/t/» are free parameters to be modeled. When select the initial parameters 8(1), and there
are linguistic rules from experts, then choose y/1-/» (1) to be the centers of the then part fuzzy sets in these
linguistic rules; otherwise, choose 6(1) arbitrarily in the output space Y c R. In this way, we can say that the
initial fuzzy system is constructed from experts.

Step3: Update the parameters
Use the training algorithm to compute the updated parameters 3/1-/n (q + 1), a* /" (q + 1), b}*/"(q + 1),

el (g + 1), wherey = y?, and 2/1-/n, K, L and f equal to those that computed in step2, i.e., compute the
new parameters 6 using the least squares model as:
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0+ 1) =0G) + 0 + D[} - (2(2)) 0] (37)
in which,
Plp+ 1) z(x},)

tp+1) = , (38)
[P(p +1) z(xf,) (z(x,fo))T + 1]
p
P+ 1) = Pp) ~ —— D) oy ()Y (39)
P2y () +1

when p = 1, note that 6(1) is chosen using step 2, and P(1) is a large constant. The modeled fuzzy system in
(26) with the parameters y/1-/» is equal to the corresponding elements in 8(p).

Step4: Repeat by going to step 2 with g = q + 1, until the error |f —y§| < g, or until the q equals a pre-
specified number.

Step5: Repeat by going to step 2 with p =p + 1,p = 1,2, ...; that is, update the parameters using the next
input-output pair (x7o"; & ™).

Keep in mind that the parameters y'1-In are the centers of the fuzzy sets in the consequent parts of the rules, and
the parameters ajjl"'j" and cjjl"'j" are the left and right base points, b]f1"'j", the centers of the triangular fuzzy sets

in the antecedent parts of the rules [Rojas (1996)]. We can improve the fuzzy if-then rules that modeled the
fuzzy system, and improved fuzzy if-then rules may help to explain the model fuzzy system in a user-friendly
manner [Aik and Jayakumar (2008)].

I11.  Application

Liver is the largest internal member in the human body, and it is known that the member is responsible
for more than one hundred functions of human body. The complexity of this member makes it easily affected by
disease of disorder. Therefore, diagnosing liver disorder disease (LDD) is a high interest to researchers and
doctors [1], and fuzzy system has been a good intelligent model to diagnose such disease [Sug (2012) and Gulia
et al. (2014)]. The fuzzy system has very good property that the model is easy to understand. This property of
fuzzy system is important in case that human should understand the knowledge structures fully. This is one of
the main reasons why fuzzy system is accepted in medical domain. There are six continuous attributes as
dependent attributes, (Table 1 for detail of the attributes). The first five variables are all blood tests that are
thought to be sensitive to liver disorders that might result from excessive alcohol consumption. Each line in the
LDD_data constitutes the record of a single male individual.

Table 1: The meaning of variables
Variable Variable Meaning Range
name

X4 mcv mean corpuscular volume [79,103]
Xy alkphos alkaline phosphotase [35,109]
X3 sgpt alamine aminotransferase [5,155]
Xy sgot aspartate aminotransferase [11,68]
Xg gammagt | gamma-glutamyl transpeptidase [5,297]
Xe drinks number of half-pint equivalents of alcoholic beverages drunk per day [0,20]

3.1. Structure of the Model

Consider the multi-inputs x; , (i = 1,2, ...,6), with output y (disorder types of liver that contains simple
liver disorder or acute liver disorder). A fuzzy inference system (FIS) can be defined as:
FIS:X - Y,where XCc R"and Y C R. (40)
The fuzzy system is composed of a fuzzifier, fuzzy rule-base, fuzzy inference, and defuzzifier. In order to apply
a steps of FIS systematically, the inputs x4, x5, ..., X with output y must be described as the following:
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1. Inputs

Inputs-data have treated and measured, and it becomes restricted between zero and one. The first five
variables have five different degrees of linguistic variables: Low (L), Low Medium (LM), Medium (M), High
Medium (HM) and High (H), while sixth input is represented by five linguistic variables, Less (Le), Less
Average (LA), Average (A), More Average (MA) and More (Mo).

2. Output
Output-data are represented the disorder types of liver that contains two types: simple liver disorder
(SLD) or acute liver disorder (ALD), see Figure 2.

3.2. Discussion and Results of the Fuzzy System with Mamdani and ST Models
In this part, we build the proposed fuzzy system step by step on our application:

Step 1:

Define N, (j = 1,2,...,6),where N; = 1,2,3. Let A},..,A%is a fuzzy sets for x;, with triangular MFs,
HA% (xl; a%lb%lcll)l ---:H'Ag(x6; ag;bg;cé), and A]1 < AJZ < e <Z A]{V/ with a]1 = b]1 = 0and ijj = C:].Nj =1.
Therefore, we can define:

. el =0,ep =1, and e} = b?, e} = b3}, e} = b}
. el =0,e5 =1, ande? = b2, e3 = b3, e5 = b3,
. el =0,e§ =1, and e? = b3, e3 = b3, ef = b3, (41)
. el =0,e =1, and el = b7, e = b3, et = b},
1 _ 5 _ 2 _ 12 3 _ 13 4 _ 14
. e; =0,e2 =1, andes = bz, e = bz, e5 = b5,
. et =0,e =1, and e? = bZ.

-
S L i
.l - " ad .
Iﬂ‘- _______ Liver Disorders Iﬂf ________ Liver Disorders_s
== o ez e -
-
4 4 F i 4 £

lﬁ_‘- pnt -~ ype_ LD l—ﬁ—l - BIESS
Figure 2a: The FIS of LD using Mamdani model Figure 2b: The FIS of LD using ST model

Here the Singleton fuzzifier is defined as: SF:x* — A', where x* = {xy, ..., x4}, and the softwaer ‘MATLAB"’ is
used to create the programs of our application. Six vectors of inputs with one vector of output are loaded for 100
observations. For example, the first observation is represented as [mcv=0.8544, alkphos= 0.5088, sgpt=0.12903,
sgot= 0.25, gammagt=0.0303, and drinks =0.025]. Consequently, we have built the first rule such as [If (mcv is
M) and (alkphos is M) and (sgpt is L) and (sgot is LM) and (gammagt is L) and (drinks is L) Then y is SLD].

Step2:
Note that, the fuzzy rule-base consists of (I = 5°) fuzzy if-then rules and the centers of (fi1-jei(xy, ..., x¢)) are

evaluated at the 729 points, and therefore, we obtain:
Ifx; is A}"" and x, is AZ' and ...and x4 is A®" Then y is Bi1-i61

A2 22 . 62 i
Ifx, is A"* and x, is A} and ...and x4is A)”° Theny is Bi1-J62

R ; (422)
. j1,1 . j2,1 . ie1 . P
Ifx, is A" and x, is A?" and ...and x4 is A" Theny is Bi1-ie!
L7
antecedent Consequel’lt

. j1,1 . j2,1 . ig,1 . L
Ifx, is A" and x,is A} and...and x4 is A¢"" Then yis fit-J61(xy,..,%4)

Ifx, is All12 and x, is A"ZZ'2 and ... and x; is Aj(f'z Then yis fi1+162(x,,.., %) (42b)
. 42

NN . il el o
Ifx, is A" and x, is A?" and ...and x4 is A" Then yis fi1-I6!(x,,.., %)

antecedent consequent
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The model (42a) is a system of Mamdani fuzzy rules, while the model (42b) is a system of Sugeno
fuzzy rules. The sets A and B are a fuzzy sets, x;, (h = 1, ...,6) are an input variables, y is the output variable,
and i, (i = 1,...,1), is the number of rules. The fuzzy set A consists of, (4], ..., AL*), fuzzy subsets. It is called
linguistic terms that represented by triangular MFs such as (1) with b = c. The fuzzy operator “and” (t-norm) is
used to connecting between linguistic terms in each rule of the model. The function f/1-76i(x, ..., xe) is a linear
function depends on inputs x; that defined using (9). The first five linguistic terms are represented by Aﬁj (g, =

1,2,...,5) that depends on linguistic variable x;, (h =1, ...,5), see Figure 3, for e.g. the linguistic term for first
input variable defined as the following:

Membership mcionpkds PP | g Meskerstip funcion pots P ports: Wemberstio frclinpkts PRLRORES | gy Vembership nclinpicts PREPOTS | 45y

Ll
Law 8] M HM H H L L M H L LW u H H
i 4

L ¥ M w
i A A A 7 it f \ \ [\ /\
Y i [ 3 !
\ / Jal \ \ , \ ,' J/ \ I\ ,
5\ ! [ | \ f
y / FAY 1 1 N Ff
05F  \ ), / 4 Y 4 05+ ‘ 4 ost \
\‘. fi / 1A \ \ / \ ! % /
\ \ /

v/ /
| \ X
Tyt vrise Tincy input variatle "2 sbghosy’ v T inpud varitle M{soolf

(A) The MFs of an 11 (B) The MFs of an 12 (C) The MFs of an 13 (D) The MFs of an 14
Westerstio fuclimgits Pt 09Tt 18 Memtership functon pits 9ot pols [E] Membership function plots PRIt points: 181

\ \ A A A A /,f\\ il
ALY Y X [ ) /\ :/
VA WA \ /\ \ ‘ /

o

o o oz [a ) 0.4 o5 06 o7 [aE=) oa 1

“\rm.r;'iem"!:i[gam-\agl- ) ) ] mmneme\s[uﬂks c outpLt wariakle "outputd
(E) The MFs of an 15 (F) The MFs of an 16 (G) The MFs of an output

Figure 3: The representation of membership functions of inputs and output

A} = “Low’= (p41(4,0,0,0.18)), A7 = “Low Mediam™= (117 (2;;0.15,0.25,0.4)), A} = “Mediam”, =

(14 (31:035,0.25,0.65)), A = “High Medium™= (1,4(x,;0.60.73,0.85) ) and A] = “High"= (j1,50x,;082,1,1)).
While, we have represented the sixth linguistic term AQ (j; = 1, ..., 5) that depends on linguistic variable x, as
the following:

A} = “Less”= (#Al (x; 0,0 0.1)) AZ = “Less Average”= (,uA% (xg; 0.08,0.2,0.3)), A3 = “Average”

= (ua3(x6;0.25,05,0.7)), A¢ = “More Average”= (,uAé (%65 0.6,0.7,0.83)) and A3 = “More”= (5 (%6;0.8,1,1)).

Moreover, the output is described by triangular MFs, (1551 (¥)), and its linguistic term that represented as the

following:

B! =“SLD” = (uz1(y;0,0,0.75)) and B? = “ALD”= (ugz2(y; 0.25,1,1)).

The fuzzy inference process defines as the following:

FI: A" — BIi-Jsf, (43)
where A’ is an input fuzzy set in the input space X, and B71-7e7 the fuzzy sets in the output space Y. Each one of
the rules specifies a fuzzy set B/1z/3t CY that is given by the compositional rule of inference:

BIT-Tel = A o (A]11%" — pir-Jot), where AJ116" = 41760 x AlI-T64 5 Aj1To (44)
Therefore, from - (g, eer X)) = Hyi (xp) * % Hai (x,,) , we obtain
MA§1..J6,i (X}) = ,uAjil..Je,iXAjél..Je,ix...xAél...jé,i (x1, 0y %6), G =1,2,...,6) (45)

From (MB’ ) = sup {uy () | po, (x, y)}), the fuzzy sets B/1-761 are described by MF:
x€X

UpiT-Tel (Y) = ffg} {P‘A' (x)i M(Af:l---févi_)le...jé,i) (x, 3’)} (46)
]
Consequently, can be re-express (46) as the following
HUBiT-T61 = Hyj1dei_ gt .jei (XJ'IY) =Im Hyit-iei (xj )'#B/1<<<f6-i (J’)>' (47a)
J ]

where Im(.) is an “implementation”. Since, we used Mamdani's minimum implication (10a), therefore, we
obtained:
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Im Hyir-jei (x] ), Upgi1-jei ) | = min {ﬂAh--Ja.i (xj )' Upgi1-jei (}’)} (47b)
j j
or (47) may be written as:
pgrirei(y) = min {IiAjl---is.i (x] ).H3j1---j6.i (3’)} (48)
j

The aggregation operator has been applied in order to get the fuzzy set B that uses the functions ‘max’ (s-norm)
or ‘min’ (t-norm) depending on the type of fuzzy implication. The aggregation operator is denoted by:

B = Ui BT “)
Therefore, the membership function of B is computed using the ‘max’ function as the following:

ug' () = max {ugrzs(v)} (50)
Stepe3:

The defuzzifier performs a mapping as the following:

def =B - f(x), (51

where B’ is a fuzzy set, f(x) is a crisp point f(x) € (Y < R). The center of the area is a final system output that
is defined by the following formula:

j1-Je j1-Je

5 i1 X a] C] —X
; 1-J6 [ [ — — —— —
j1=1""" ]6 1y mun| max ";L%né b]l---]é _ J1Je’  Ji-Jde _ b]l---]e , 0
J : a. C: "
J J ]

Flx) = (52)

S S . . X — ajh---]s Cj]l---]G —x

ji=1 Ljey | U] THAX ";L%né bjl---jé _ J1-de’  J1-de _ bjl---jé » 0

TG % G '

time = 0.134. temperature = 0.228 powder = 0.376 cleanness = 0.293

% | =

1)
erage) (1)
Ltime) and (temperature is Voold) and (powder is more) then (cleanness is Laverage) (1)

an) (1)
51 fimes 15 Limes and (Qemper ature. = coldh and (aweler 15 medlam e (aenes to Laverege] (1)
5.1 time is Ltime) and (temparature is cold) and (powder is mors) then (cleanness s Averags) (1)
)

1211 fime & Liime) and famperature i band) and (bowdor 1 lisoh el Coloieas s Laves agen (11
[13.1f tims is Ltime) and ttemperature is good) and (Rowder is mediam) then (cisarness is Avarage) (1)
1401 ct Ltime) and ¢temperature is good) and (eowder is more) then (cleanness is Average) (1)

I" and and
temperaturs is powder i

cold
good mediam
hot

Vhot Wmore

=] =] | =] i
I nat I nat I not I not
Figure 4a: Representation of the rules editor Figure 4b: The rule view of the FIS

The model of fuzzy system f(x) has been built from the I rules of (42a) using Mamdani's minimum
implication (10a) with the MIS (10b), the SF (11), and the CAD (12) (see Figure 4). We have created two
programs; the first program depends on the Mamdani model, while the second program depends on the ST
model. The programs of FIS have applied, that is given by (52), and obtained a good result of target. Therefore,
we have applied the measure for accuracy of all data. The deference between the actual and target outputs is
given by the formula as the following:

Error = |Rv — FISv|, (53)

w1 -

(a) between 11 & 14 | (b) betvx;een 11&16 | (C) between 16 & 12 | (d) between 12& 13 | (e) between 16 & 14

Figure 5: The output surface for the different inputs
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where Rv is actual output values and FISv is the output target values. The value of accuracy is a very small,
where the average error of Simple LD=0.2047 and the average error of Acute LD=0.1158, when FIS is used the

Mamdani fuzzy rule model. While, when the FIS is used the ST fuzzy rule model, then the average error of
Simple LD=0.1463 and the average error of Acute LD=0.0061. Table 2 represents all the results. The ‘surf
view’ tool is the surface viewer that helps view the input-output surface of the FIS. This conception is very
helpful to understand how the system is going to behave for the entire range of values in the inputs space. Figure
5 shows the output surface for the different inputs.

3.3. Discussion and Results of the Adaptive Fuzzy System Using Neural Network
In this Section, specify the structure of the fuzzy system to be modeled. Here, we choose the fuzzy
system with a MIS, a SF, the CAD, and a Triangular MF that given by the model (52). Model (52) has not been

modeled, because the free parameters y/1-/s,a/'*’¢,b/**/¢,and ¢/*~/* are not specified. These parameters

should be determined in order to represent the f(x). The Model of the adaptive fuzzy system using neural
network may be express as the following:

Stepl: Determine the initial parameters y/1-J6(0), afl"'jé(o) bjl"'jﬁ(o) and c“"'jé(o) according to the
linguistic rules from experts, such as when j =j, =1,(h=1,..,6), then af (0) =0,b}(0)=0,c}(0) =
0.18, similarly for v j,, and j and for each input.

Step2: From a given inputs-output pair (xflo, ...,xé’,o; v ) V p (observe), compute the outputs of layers as the
following:

(i) The node of the first output ojli is represented by:

o' = w1 (1), G = 1,505 007 = g1 (1), G = 5,...,10); 0]° = g1 (1), Gz = 10, ...,15); 0]* =
w1 (1), Gy = 15, ...,20; 0f° = g1 (1), s = 20, ...,25) and 01° = py1 (1), Gs = 25, ...,30),
where o{ " is the degree of MFs of a fuzzy set.

(ii) To compute the second output, we should use the minimum function of all MFs as:

Oél"d(’ = vTﬂ-lle (.uAjll---fé(xl):MAél---jé(xZ): ---:,U'Afél---l'G (x6)>' (54)
Since uAjll...jﬁ is a Triangular MF, therefore, we obtain:
P = f1---f6 jl---jﬁ — xP
00176 = min | max min kO (q) % @ k01 0. (55)
Vji1.je b]l ]6(q) 1 ]6(q) Cil ]6(q)_b£1---]6(q)

(iii) For all rules, we have calculated the j, ...j,"" node as:

P g1is ¢/ (q) —
/ min max(min( ko — (Q) (@) — Xy ) 0)

I v v \pJ*5(q) — a/*7o ()" ¢l ’ﬁ(q) bl (@) \I
odt “’—I ; 0 i (56)
p _ Ji-J6 1-J6 _ P
| D38, fi’? ) o)
vk \b,'"'*(q) — (@ (@) —b,*7°(q)
(iv) The fourth output depends on a node MF of output z/1-/6 with an adaptive node y/1-J6, therefore, we
obtain
0411 e _ 031 Jsf“ o (E X, e, Xg) (57)

Since f;, ;. (X1,%z, 0, Xg) = &) 70x; + @)V oxy + o+ @l o xg + @t 76, then we should determine the
J1-je A2 6 2 2 6 6 7
initial parameters of (a].“ Jovi=1,..7.).

(v) In order to compute the final output, we must take the summation of all results 0411 76 a5 the following:

J1-J6
P 0
Ji-Je _ 2 J1-Je J1-Je Ji-Je Jj1-Je
05 = 35 0 “ T s (a]170%; + a7 0xy + 4 T Oxg + al0) (58)
11 =1 2Ljg 0

j1=1  je=1
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Step3: In step 2, it is specified the initial parameters of 7/1-76(q),a/*/*(q), b}*"’*(q),c/*"’*(q) and q = 0.
Consequently, we update these parameters at g + 1, using the least squares model and repeat all the procedure
in step 2 for compute K, L and f. From (37) to (39), we compute the new parameters as follows:

.. T
6(2) = 6(1) +t(2) [0.462 — (o)) 6(1))
P(2) oJ"7*

- - . T

[P(Z) 02]1---]6(02]1---]6) + 1]
P(1)o)*7¢

S N
[P0 0] 7% (0] %) +1]
Similarly, we can update all parameters of 6 for all training data. Repeat all procedures in step 2 with g = q +
1 ttil the last specific number of q is reached.

From the program of the AFS using a Neural Network that is given by model (52), we have obtained
better results with the AFS using a Neural Network than the result of the FIS. We have applied the measure of
accuracy for all data, and obtained the average error of Simple LD=0.000943, while the average error of Acute
LD=0.0055, (see Table 2). Additionally, obtained the best average testing error of training data (0.00000679)
with epoch 100, and the average testing error of checking data (0.03802), see Figure 6. As well as, Table 3

presents the representation of results of the FIS with Mamdani model, the FIS with ST models, and the ANFIS
with their errors through Appendix.

t(2) =

(59)

P(2)=1- 1% (o)1)’

Training data o FIS output : * — ANFS 0. — Checking data: + FIS output . * — ANFEInfa.  —
15 15
#of inguts: & #of inputs: B
| et SMMTORNEIORE B 3% O EEOERDE b O B #of outputs: 4 1 PO R ¢ " i #of outputs: 1
- # of input mis: - # of input ms:
2 05 53 B3 65 85 89 A 88 85 83 53 68
g 8 5 8
O (0] 05
iR o6 & SSREH JBhh & HERME & & '
15 L L L L | Structure 0 L + L i I Structure
0 A 40 » i al 10l Clear Pt 0 2 4 o b i 10 Clear Pt
naex e

data with 100 epoch

Figure 6a: Representation of the errors of training

Figure 6b: Representation of the errors of

checking data with 100 epoch

Table 2: Representation errors of Simple, and Acute Liver Disorder and average

error for different models.

Average error Average error Average error
Type of model . .
of Simple LD of Acute LD of training data
FIS (Mamdani model) 0.2047 0.1158 0.1603
FIS (ST model) 0.1463 0.0061 0.0762
ANFIS (ST model) 0.000943 0.0055 0.0032
IV.  Conclusion

This work focused on how to use the fuzzy models to solving fuzzy mathematics problems. Here
constructed two different models, namely fuzzy inference system, and adaptive neuro-fuzzy inference system.
Further, suggested an extension FS and ANFS at N-dimension those depended on the MMI with the MIS, the
SF, and the CAD. It is provided the theorem for accuracy of proposed models, as well as, adapted the model of
an adaptive FS using a neural network. In addition, we have provided a medical application of the fuzzy
mathematics models. We have diagnosed the liver disorder disease that is a high interest to researchers of fuzzy
modeling and fuzzy system because the liver is the largest internal member in the human body. Therefore, we
have applied the fuzzy mathematical models on the real data to the liver disorder disease. We have presented
discussion and results for the model of the FS with Mamdani and ST models, and the ANFIS, respectively.
Additionally, we have used the software ‘MATLAB’ in order to perform the results of different models.
Consequently, we have gotten good results for accuracy of these models. The comparison between the three
models the FS with Mamdani model, the ST model, and the ANFIS had presented. We have obtained the best
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result with the ANFIS. Finally, we have presented the representation of results of the different models with their
errors through Appendix. In the future work, we can develop these models of fuzzy system to generate many
outputs or extending the number of input variables. As well as, we can change the fuzzy inference system with
another types, or with different type of fuzzifier or defuzzifier.
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APENDIX
In this Section, present the representation of results of the FIS with Mamdani model, the FIS with ST
models, and the ANFIS with their errors.

Table 3: Representation of results of FIS and ANFIS with their errors
FIS with FIS with ANFIS with

NO. | Real |\ 1amdani model) | EF'SW) | (ST modely | EF1SsT) | (5T modely | EANFISsT)
1. 1 0.915 0.085 1.27 -0.27 1.00E+00 0.00E+00
2. 1 0.916 0.084 1.24 -0.24 1.00E+00 0.00E+00
3. 0 0.197 -0.197 0.225 -0.225 0.00E+00 0.00E+00
4. 0 0.222 -0.222 0.202 -0.202 0.00E+00 0.00E+00
5. 0 0.186 -0.186 0.2 -0.2 0.00E+00 0.00E+00
6. 1 0.907 0.093 1.2 -0.2 1.00E+00 0.00E+00
7. 0 0.2 -0.2 0.192 -0.192 0.00E+00 0.00E+00
8. 1 0.909 0.091 1.19 -0.19 0.998 0.002
9. 0 0.197 -0.197 0.188 -0.188 3.04E-03 -3.04E-03
10. 0 0.208 -0.208 0.183 -0.183 -5.85E-07 5.85E-07
11. 0 0.238 -0.238 0.177 -0.177 1.81E-05 -1.81E-05
12. 0 0.196 -0.196 0.177 -0.177 0.00E+00 0.00E+00
13. 0 0.208 -0.208 0.172 -0.172 0 0
14. 1 0.912 0.088 1.17 -0.17 9.99E-01 1.00E-03
15. 0 0.184 -0.184 0.165 -0.165 1.21E-06 -1.21E-06
16. 1 0.187 0.813 1.16 -0.16 1.00E+00 0.00E+00
17. 0 0.197 -0.197 0.156 -0.156 0.00E+00 0.00E+00
18. 0 0.202 -0.202 0.155 -0.155 -4.40E-08 4.40E-08
19. 0 0.224 -0.224 0.151 -0.151 3.60E-07 -3.60E-07
20. 0 0.205 -0.205 0.151 -0.151 -3.10E-08 3.10E-08
21, 0 0.202 -0.202 0.149 -0.149 4.98E-05 -4.98E-05
22. 0 0.185 -0.185 0.149 -0.149 -1.00E-08 1.00E-08
23. 0 0.205 -0.205 0.148 -0.148 0.00E+00 0.00E+00
24, 0 0.21 -0.21 0.147 -0.147 1.70E-08 -1.70E-08
25. 0 0.197 -0.197 0.144 -0.144 2.06E-07 -2.06E-07
26. 0 0.203 -0.203 0.144 -0.144 2.28E-03 -2.28E-03
27. 0 0.199 -0.199 0.143 -0.143 5.26E-04 -5.26E-04
28. 0 0.197 -0.197 0.141 -0.141 1.20E-08 -1.20E-08
29. 0 0.216 -0.216 0.141 -0.141 0.0384 -0.0384
30. 0 0.2 -0.2 0.14 -0.14 -1.10E-08 1.10E-08
31. 1 0.905 0.095 1.14 -0.14 0.948 0.052
32. 0 0.202 -0.202 0.139 -0.139 -1.10E-08 1.10E-08
33. 0 0.199 -0.199 0.138 -0.138 -71.54E-07 7.54E-07
34. 0 0.196 -0.196 0.138 -0.138 0 0
35. 0 0.185 -0.185 0.136 -0.136 -4.60E-08 4.60E-08
36. 0 0.254 -0.254 0.135 -0.135 -1.07E-07 1.07E-07
37. 0 0.21 -0.21 0.135 -0.135 6.10E-08 -6.10E-08
38. 0 0.2 -0.2 0.134 -0.134 0.00E+00 0.00E+00
39. 0 0.204 -0.204 0.132 -0.132 -3.33E-07 3.33E-07
40. 0 0.192 -0.192 0.131 -0.131 8.91E-07 -8.91E-07
41. 0 0.174 -0.174 0.13 -0.13 9.00E-08 -9.00E-08
42. 1 0.908 0.092 1.13 -0.13 1.00E+00 0.00E+00
43. 1 0.917 0.083 1.13 -0.13 0.992 0.008
44, 1 0.908 0.092 1.13 -0.13 1.00E+00 0.00E+00
45, 0 0.405 -0.405 0.128 -0.128 -2.37E-07 2.37E-07
46. 0 0.205 -0.205 0.126 -0.126 5.00E-09 -5.00E-09
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[1].
g
[4].
[5].
[6].
[7].
[8].
[9].

47. 0 0.204 -0.204 0.126 -0.126 2.48E-07 2.48E-07
48. 0 0.192 -0.192 0.126 -0.126 0 0

49. 0 0.178 0178 0.125 -0.125 -0.000193 0.000193
50. 0 0.172 0.172 0.125 -0.125 0.000215 -0.000215
51. 0 0.216 0216 0.124 -0.124 2.32E-07 2.32E-07
52. 0 0.178 -0.178 0.123 -0.123 2.55E-05 2.55E-05
53, 0 017 017 0.122 0.122 -2.00E-08 2.00E-08
54, 0 0.2 0.2 0.117 0.117 4.70E-08 -4.70E-08
55. 0 0.214 0.214 0.117 0.117 -4.30E-08 4.30E-08
56. 0 0.192 -0.192 0.116 -0.116 -6.00E-07 6.00E-07
57. 0 0.2 0.2 0.113 -0.113 4.70E-07 -4.70E-07
58. 1 0.913 0.087 111 011 1 0

59. 1 0.91 0.09 111 011 1 0

60. 1 0.909 0.091 1.11 0.11 0.993 0.007
61. 1 0.91 0.09 11 0.1 1 0

62. 1 0.904 0.096 11 0.1 1 0

63. 1 0.911 0.089 1.09 -0.09 1 0

64. 1 0.907 0.093 1.09 -0.09 1 0

65. 1 0.912 0.088 1.06 -0.06 1 0

66. 1 0.909 0.091 1.05 -0.05 1 0

67. 1 0.91 0.09 1.04 -0.04 1 0

68. 1 0.907 0.093 1.04 0.04 1 0

69. 1 0.911 0.089 1.03 -0.03 1 0

70. 1 0.907 0.093 1.01 0.01 1 0

71. 1 0.928 0.072 0.995 0.005 1 0

72. 1 0.909 0.091 0.99 0.01 1 0

73. 1 0.916 0.084 0.989 0.011 1 0

74. 1 0.904 0.096 0.983 0.017 1 0

75. 1 0.916 0.084 0.979 0.021 1 0

76. 1 0.912 0.088 0.965 0.035 1 0

77. 1 0.909 0.091 0.963 0.037 1 0

78. 1 0.909 0.091 0.959 0.041 1 0

79. 1 0.917 0.083 0.956 0.044 1 0

30. 1 0.905 0.095 0.956 0.044 1 0

31, 1 0.913 0.087 0.955 0.045 1 0

82. 1 0.901 0.099 0.954 0.046 1 0

83 1 0.907 0.093 0.951 0.049 1 0

84, 1 0.909 0.091 0.918 0.082 1 0

35. 1 0.909 0.091 0.915 0.085 1 0

36. 1 0.909 0.091 0.903 0.097 1 0

37. 1 0.909 0.091 0.903 0.097 1 0

38. 1 0.909 0.091 0.896 0.104 1 0

39. 1 0.909 0.091 0.89 0.11 1 0

90. 1 0.907 0.093 0.884 0.116 1 0

o1, 1 0.925 0.075 0.883 0.117 1 0

92. 1 0.914 0.086 0.882 0.118 0.925 0.075
93. 1 0.912 0.088 0.881 0.119 1 0

94, 1 0.905 0.095 0.88 0.12 0.856 0.144
95. 1 0.915 0.085 0.878 0.122 1 0

96. 1 0.2 08 0.872 0.128 1 0

97. 1 0.918 0.082 0.87 0.13 1 0

98. 1 0.921 0.079 0.864 0.136 1 0

99. 1 0.918 0.082 0.859 0.141 1 0
100. 1 0.921 0.079 0.85 0.15 1 0
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