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Abstract

Exotic nuclei are nuclei with ratios of neutron number N to proton number Z much larger or much smaller than
those of nuclei found in nature. In exotic nuclei the binding or interaction is due to the nucleon-nucleon
interaction without the exchange of any third particle between the two interacting nucleons. In the study of such
systems, the qualitative behavior of the energy gap has been studied in terms of the nucleon-nucleon
interactions, called the pairing correlations that lead to the finite pairing energy, energy gap and the
importance of such a relation has been studied, especially in neutron-rich (N>Z) nuclear systems. The
dependence of pairing gap on the asymmetry parameter (; ) whether small or large has been studied. To

calculate the numerical values for the energy gap for nuclei, nuclear potentials have been used to ascertain the
effect of the nuclear potentials and the physical quantities involved. A formula has been derived which
correlates nucleon separation energy and energy gap using some known nucleon-nucleon interactions. Pairing
in infinite neutron matter and nuclear matter show that in the lowest order approximation, where the pairing
interaction is taken to be the bare nucleon-nucleon (NN) and (PN) interaction, the pairing interaction and the
energy gap can be determined directly. This is due to the almost separable character of the nucleon-nucleon
interaction. Since the most recent NN interactions are charge-dependent, we have solved gap equations for
nucleon-nucleon interaction (for proton-proton, neutron-neutron, and neutron-proton) pairing in nuclear
matter. The results are, however, found to be close to those obtained with charge-independent potentials.
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I.  Introduction

Nuclei with ratios of neutron number N to proton number Z much larger or much smaller than those of
nuclei found in nature are called exotic nuclei (Pastore et al., 2013). Studies of nuclear matter under extreme
conditions have been revisited in which the nuclei are quite different in some way from those found in nature,
are at the forefront of nuclear research (Bohr, et al., 1958). Such extreme conditions include nuclei at high
temperature and at high density (several times normal nuclear density), as well as those with larger or smaller
N/Z ratios. The N/Z ratio depends on the nature of the attractive nuclear force that binds the protons and
neutrons in the nucleus and its competition and complex interplay with the disruptive Coulomb or electrical
force that pushes the positively charged protons apart (Meng, et al., 2017).

Stable nuclei lie in the so-called valley of beta-stability. As the N/Z ratio decreases (proton-rich nuclei)
or increases (neutron-rich nuclei) compared to that of the stable isotopes, there is, respectively, energy for a
proton or neutron in the nucleus to undergo beta (B *, B *) decay to move the nucleus back toward stability
(Kobyakov & Pethick, 2013). Most knowledge of nuclear structure and decay has been gained from nuclei in or
near the valley of beta-stability. Exotic nuclei exhibit decay modes not seen near stability, such as proton
radioactivity and beta-delayed particle emission. (After beta decay, the highly excited nucleus can emit one or
more particles, such as one or two protons, an alpha particle, or one or two neutrons.)

In nuclear physics, a measure of the pairing energy (also called pairing gap) is the systematic
staggering of the ground state energies between nuclei with even numbers of neutrons (or protons) and those
with odd numbers (Dong et al., 2013). Explicitly for the case of (fermions) neutrons, in systems with even

neutron number, N, all neutrons are paired, while for odd N, one nucleon is not paired. This pairing gap, A , can

: . . 1
be expressed in terms of the second difference, i.e, A = (- 1)N + 1{ E(N)-—[E(N +1)+ E(N - 1)]}
2

@)

where E (N ) is the ground state energy of the system with N neutrons. Equation (1) can be written in terms of

the neutron separation energy S (N ) ;
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S(N)=E(N)-E(N -1) ®)
Equation (1) can now be expressed in terms of the neutron separation energy, i.e,
A_W{ZE(N)—E(N +1)- E(N -1)}

S o e e ) T - E )

B e - s - ey = S s sy ®

To calculate A from equation (3), we have to know the separation energy S of a neutron, and for a nucleus of

mass A = N + Z , itis given by (Gezerlis et al., 2015)

S, (A)= f+(A—1)i 4
dA

where f is the binding energy per nucleon, i.e,

f - (A)Mass number of the nuclus

The pairing energy of a pair of nucleons (neutrons or protons) is a consequence of the pairing interaction
between the nucleons. A finite-range interaction in the pairing channel is essential for the existence of the
pairing energy due to pairing correlations (Baldo & Schulze, 2007).

(B)Binding energy of the nucleus (5)

PAIRING IN UNIFORM NEUTRON SYSTEM
The pairing properties of neutron supper-fluid according to the BCS (Floerchinger et al., 2008) model are
characterized by the pairing energy gap which satisfy the integral equation (Dean & Hjorth-Jensen, 2001)

1 3 Alx)
A= d’xv(p - x) (6)
/ 2(e()= . ) + Alx)’

(p) (271' )3
whereov (p — « ) is the matrix element of the interaction in the superfluid channel calculated between waves,

¢(x ) is the single-particle-energy as a function of the momentum while ¢_ is the neutron Fermi energy
(Pastore, Margueron, Schuck, & Vi™nas, 2013).

NON-UNIFORM NEUTRON MATTER
Single particles energy can be calculated in H-F approximation and the Fermi energy proximity of the neutron

Fermi wavenumber « , is (Carlson, Chang, Pandharipande, & Schmidt, 2003)

, (I( 2 Kz )
elx)-e. " ——= @)
2m (K‘N)
where the effective mass at the Fermi surface is defined as (Gezerlis & Carlson, 2010)
mh
2m’ (k) = ull ®)
(de(x)/ d/c)“KN
The ratio between the effective and bare mass at the Fermi surface is (Floerchinger et al., 2008)
-1
om
LKN): 1+ %Z yiNviNCi + Zm z yiPViPCi (9)
m 4z °h hiky
where
4
2 I_ r72 2 r 2 2 —|
v o= T 1 25 e (k)] (10)
Ky ) | 2 2 ]

And (Gubbels & Stoof, 2008)
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Then some of the quantities can be calculated asc, = T 5 while y, =v,+2v,+v, +2v, and
4

1

y” =v,—2v,. The values ofk, and k,  are obtained using the relations k, :(37[2,0N);and

1

2 — . .
k, = (37°pP)° (Aissaoui etal., 2009).

I1.  Results And Discussions
Thus, we calculate the energy gaps for isotopic chains of Ca, Ni, Mo and Ytt. Using equation (4), where we can

write A’ = (N +1+2);

df (N +1,Z
S(N +1)= f(N+1,2)+ (N +1+z-1)¥ (12)
dA
df (N +Z
S(N)=f(N,Z)+(N +z-1)g (13)
dA
Substituting for S (N +1) from equation (12) and S (N ) from equation (13) in equation (3), we can calculate
the values of A for  different  chains  of isotopes, like  (Cherop et al,

40 420 430 4de o 460, 58N 60N 61N 62N 64N 58N 920 940 o 95 %611, 98
2019)30Ca, 55Ca, 35Ca, 55Ca, 35Ca, 38N, SgNi, S§Ni, 55N1, SeNi, 3aNi, 25Mo, 33Mo, 33Mo, 25Mo, 33Mo,
19000, 1055 — 1405

_ 1
The equation 2 = 7€ 7P (14)

is used to determine the pairing gap. The following data from table 1 is used in calculating the pairing gap. If the
energy window at the Fermi surface is 3 MeV (Draayer, et al., 2018), and the number of single particle states is
14, then the density of states at the Fermi surface is

14 _1
K ) = =~ 3.7(MeV
ple F ) 3MeV (Mev ) (15)

The value of G=0.260MeV. The pairing gap A=0.8MeV. Thus

1

0.8MeV — 77673.7(Mev ) 'x0.260 Mev ne 0.962

U

1.04
e

n=08xe  MeV =22634MeV

0.8MeV =

(16)
The number of particle states and number of neutrons that are active for* Dy , ** Dy and ™ Yb , **Yb nuclei
are in table 1.

Table 1: Table of Yb and Dy particle states

Yb Dy
Nsp (Number of particle states) 14 1 10 10
G(MeV) 0.26 027 | 032 0.284
n, (Number Of neutrons that are active) 16 12 10 10
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If the number of single-particle states or the energy window at the Fermi surface is 14, then

14 _
ple, K)= ———=1(Mev )
14 MeV 17
Which means that there is one energy state in an energy gap of 1 MeV and
ple, K)G =0.260 (18)

Hence using Eq. (17) aﬁd Eqg. (18) we get

9

0.8MeV = ——— orp = 0.8MeV xe’

0.26

= 39 .52 MeV (19)

e
which is quite large as compared to the value obtained in Equation (16).
There are also exotic nuclei with very large » that exist in the inner crust of the neutron stars, such as

250 500 110 1800

Zr CpZr ,Snoand”, Sn ,i.enp = 0.68,0.84,0.000909 ,and  0.944444  respectively.

40 ! 40

PAIRING ENERGY OF THE NEUTRON PAIR P,

Pairing energy of the neutron pair is defined as the binding energy of the second neutron minus the
binding energy of the first neutron when the neutrons are added one after the other.The calculation of proton
pairing gaps is a challenging problem due to the coupling of protons to the denser neutron background (Haensel
et al., 2017). An important effect is that the proton effective mass, and therefore the density of states that enters
the pairing strength in the exponent in the expression for the gap, is smaller than the neutron effective mass in
neutron rich matter, my,<my, (Chen et al., 1993). This decreases the proton 'S, gap significantly for a particular
proton density, n, compared to the neutron gap for a neutron density equal to n, (Pastore et al., 2011). In
addition to effective-mass effects, the coupling to the denser neutron background amplifies the repulsive
contributions to the pairing interaction from nucleon-nucleon forces and decreases the proton 'S, gap further
(Clark et al., 1993).

The situation regarding induced interactions is less clear. (Zhou et al., 2004) found out that the induced
interactions are repulsive with a stronger reduction of the proton 'S, gap compared to the neutron one, whereas
(Baldo & Schulze, 2007) found attractive induced interactions. A systematic study of proton pairing in neutron-
rich matter incorporating the discussed many-body effects consistently remains an important outstanding
problem (Hammer et al., 2013).

Let us take the nucleus X (N,z) where binding energy isB(N,z). Then by definition

B(N +2,Z)-B(N +1,2) (20)
The binding energy of the second neutron is the difference

B(N +2,Z)-B(N +1,2) (21)
The binding energy of the first neutron is the difference

B(N +1,Z)-B(N,Z2) (22)

Now the pairing energy P, of the neutron pair is the difference of equation (21) and equation (22), i.e

P, =B(N +2,Z)-B(N +1,Z)-B(N +1,2)+ B(N,Z)

N
=B(N +2,2)-2B(N +1,Z)+ B(N,Z) (23)
In terms of separation energy, if a neutron is removed from the nucleus X (N +2,Z ) togive X (N +1,2Z),
then the separation energy is say S, , then

1

S, =B(N+2,Z)-B(N +1,2) (24)
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Figure 1: Energy gap, neutron-proton separation energy versus atomic mass for Molybdenum Isotopes

Similarly, when a second neutron is removed from the nucleus X (N +1, Z ), then the separation energy for the

second neutron say S . , it will be,

2
S, =B(N +1,Z)-B(N,Z) (25)
The pairing energy of the neutron pair is P,, is the difference of equation (24) from equation (25), such that
P, =B(N+2,2)-2B(N +1,Z)+B(N,Z) (26)
25
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Figure 2: Proton, Neutron separation energy versus atomic mass for Calcium Isotopes.
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Figure 3: Neutron separation energy versus atomic mass for 40Ca—38Ca, 38Ni— 38Ni, 32Mo — 199Mo
isotopes

The energy gap A, separation energy calculated has been fitted to nucleon-nucleon scattering data the
potentials are specified according to the legend at the middle panel. Energy gaps in the exotic nuclei, obtained
by solving the derived gap equation with a free-particle spectrum for the for the normal states.

I11.  Conclusion

In exotic nuclei the binding or interaction is due to the nucleon-nucleon interaction without the
exchange of any third particle between the two interacting nucleons. The qualitative behavior of the energy gap
has been studied in terms of the nucleon-nucleon interactions, called the pairing correlations that lead to the
finite pairing energy, energy gap and the importance of such a relation has been studied, especially in neutron-
rich (N>2Z) nuclear systems. To calculate the numerical values for the energy gap for nuclei, nuclear potentials
have been used to ascertain the effect of the nuclear potentials and the physical quantities involved. The derived
formula correlates well with nucleon separation energy and energy gap using some known nucleon-nucleon
interactions. Pairing in infinite neutron matter and nuclear matter showed that in the lowest order approximation,
where the pairing interaction is taken to be the bare nucleon-nucleon (NN) and (PN) interaction, the pairing
interaction and the energy gap can be determined directly. This is due to the almost separable character of the
nucleon-nucleon interaction. Since the most recent NN interactions are charge-dependent, we have solved gap
equations for nucleon-nucleon interaction (for proton-proton, neutron-neutron, and neutron-proton) pairing in
nuclear matter. It is well known that the separation energy and the energy gap, A , also depends on the nucleon-
nucleon interaction for the isotopes studied. Thus, we established that there exists a definite relationship

betweenV (r) and A. The experimental and the theoretically calculated results are, however, found to be close

to those obtained with charge-independent potentials, however, more experimental studies should be done on
other isotopes whose data are not available. It is difficult to predict pairing gaps for the protons because it is
bedeviled by the fact that the protons are the minority in the exotic nuclei, consequently induced interactions
due to the surrounding neutrons play a large part, but its role is poorly understood.
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